12. The Antiderivative: Indefinite Integrals

Definitions, basic rules

If F'(x)=f(x), that is, the function f(x) is the derivative of F(x), then the function F(x) is
called the antiderivative of f(x). Besides F(x), any function (F(x)+C) is also an
antiderivative of f(x), where C is an arbitrary constant, since (C)'=0. By the indefinite
integral of f(x) we mean the set of all antiderivatives of f(x), in notation:

jf(x)dx: F(X)+C < F'(x)=f(x)

where F(x) is one of the infinitely many antiderivatives and C is an indefinite

integration constant.

The rules of indefinite integration come from the rules of differentiation, most basic
are the following:

j(f (x) + g(x)) dx =j f(x) dx+jg(x)dx jcf (x)dx = cj f(x)dx  (c constant)

I.e., integration can be done term by term and the constant coefficient can be extracted.
These two readily imply the rule for a difference and the rule for a linear combination

of functions with an arbitrary (but finite) number of terms:

j(cl fL(X) +Cp Fo (X) +..) dx = clj f, (X) dx + cz_[ fo (X) AX +...

Rule for the linear transformation of the independent variable

+C

if [f()dx=F()+C, then [ f(ax+bydx = F(a;<+b)

frequent special cases: I f (x+b)dx = F(x+b) + C and I f(ax)dx = Fax) (:X) +C

(when a=1 and b=0, respectively).

The so called fundamental integrals can be obtained by reversing the derivative rules
for the elementary functions (see table below). Note that not every elementary



function’s integral occurs among the fundamental integrals (In X, tan x and cot x are
missing). Finding the antiderivatives using the fundamental integrals and the above

basic rules is called basic or fundamental (indefinite) integration.

Fundamental integrals *

Power and exponential functions Trigonometric functions
a+l
_[ x%dx =2 4C (a=—1) Isinxdx:—cosx+C
a+l
jidx:ln|x|+C (case a=-1) Icosxdx:sinx+C
X
a* 2 1
J a*dx=—+C (a>0, a=l) I(Cot X +1) dx =I ——dx=-cotx+C
Ina SIN~ X
X X 2 1
j e"dx=e"+C (case a=e) _[(tan x+1)dx:_[ —dx=tanx+C
COS“ X

* o and a are real constants, e=2,71828...

EXAMPLE:
5 3 4 X —X : 7 9
I3x —X+X2X +2—-—+2" =667 +55in2X -8COS(X—¢) = ———+—— dx =
X sin“Xx  €os” 2x
6 2 3 X —X _
:32——);—+‘°{/§X4—+2x—4ln|x|+|22—6€1+5 COSZX—8sin(x—§)—7(—cotx)+9tanzx+C
= n —
3

Integration by substitution:

J F@CNY' () dx= [ f(u)du=F(u)+C=F(g(x)+C

This method is used for a product where a composite function is multiplied by the
derivative of its inner function. Here we substitute two things: the inner function g(x) by
an auxiliary variable u, and the derivative of the inner function du/dx = g'(x) multiplied

by the differential dx, that is:
u=g(x), du=g'(x)dx.

The new integration problem obtained by substitution with the new variable u is
hopefully simpler than the original, and if we can find the antiderivative of f(u), denoted
by F(u), then by back substitution of u by the inner function g(x), we can get the

solution to the original problem.



Example:

X -3 _ “3dy —
IS’—l—XZ dx = [(-3) - x*) 3 (=2x)dx = [ (-})u olu_-%z

where, after a simple modification we applied the substitution u=1-x°, du=—2xdx.

Integration by parts (partial integration):

[ /0090 dx = F()g00) — [ () g'(x)dx

This method is used for such a product, where we know the antiderivative of one factor
f'(x) (it is f(x)), and the derivative of the other factor g(x) makes the new problem on the
right side of the rule simpler than the original left side. The method cannot always be

used successfully; typical examples when it works are: xX*log,x, xa*, xe®*, xsinax,

xcosax, etc. When integrating f’(x), occasionally it is useful to choose a nonzero
integration constant for its antiderivative f(x) to make possible the simplification of the

function to be integrated in the right side of the rule.
Ex. 1:

2

jzxm (x+1) dx = (x2=1) In (x+1) —j(x2—1)idx = (x%=1)In(x+1) —j(x—l) dx = (x2—1)In(x+1) - X 1 x+C
x+1 2

Here, for f'(x)=2x we chose the antiderivative as f(x)=x’-1 instead of x°, which choice

allowed us a simplification in the present case.
Ex. 2: two-step Ixze‘x dx = —e*x? — I (—eX)-2xdx = —e *x? +_|.e‘x~ 2xdx =

= e *x? —e7*.2x —j(—e‘x)~2dx =—e*x?—e X 2x—2e X +C=—eX(x? +2x+2)+C

where in both partial integration steps we used the choice f'(x)=¢™.

Ex. 3: two-step implicit e.g. e*sin x, e*cos x (presented in the lecture)

PROBLEM 1 FUNDAMENTAL INTEGRATION
Find the indefinite integral of the given function using fundamental integration. When

necessary, first modify / simplify the function using identities to transform it into a

linear combination of fundamental integrals!

V3Vx 0 1-3x+2x°—x>
2

X X

a) 2x*—9x+12 b)




_1
) \/ﬂ—3x+e2—x 2

Jx

1
cos2——
9) cosy -~

sin(x—2006)

m)
2005

p) x(x+1)®

(o)

PROBLEM 2

-2 9
+(x+10
“pe 00

e) (x°—2X)(x%+2%)

n-3e*+e*>-3"

h) er

k) 2005 *+x200°

cos’ (nx)—e**"
e* cos” (nx)

n)

1
sin? 2x

3—4sind x
sin? x

f)

|) 3 _5e—2X+l
2x -1

) tan? x

er —872X

0) 5

COS 2X
SinX + Ccos X

X3 +1
X+1

Y

INTEGRATION BY SUBSTITUTION

Integrate the function using the method of substitution. (Some modification might be

necessary!)

al) tanx

3-6x-2x°

tan 7x
cos?*(mx)

2442

3-4Jx
2(\f__ 1)2

y2) €os2X

a2) cot x

(%/; 4 1)2005
Ve

COS X

sin? x

m) Xy X241

COS X —Sin X
COS X +Sin X

2sin x
2—C0S X

X) (4x — 2x3) Ix? -2

71) sin® x

b) xsin X2

f)ln_x

i) Jeotx—2

sin? x
n) e*sine*

X+Sin 2x
x2—C0s 2x

V) tan® x + tan x

22) cos3x

3
c) x% X

1
9) ——
xIn x

s—
sin?(x2+1)

yl) sin? x



PROBLEM 3 INTEGRATION BY PARTS

2005
a) 19X b) X 1092% ¢) VxInx d) '”—X

) in2
e) x.2X f (@x-De™ 9) M h) xsinX

cos®x
2

i) (x+1) cos 2x i) sin? x K) coszg ) In“x
m) (xtIn x)? n) X2 c0s 2x 0) x22*
0) (x?+2)sin g) & sinx ) 2 cos x 9 4x cos®x
) In(In X) u) €0s(Inx)

X

SOLUTIONS

Fundamental integration

a) 2x°-3x%+112x+C  b) 24-2x+C ¢) -Z-3In|x+2x-3 x*+C d)

J2x=2x? +262 xf—ln|x|+C ¢) 1x°~1.4%+C f) —3cot x+4c0sx+C Q)

2sinX—In|x-1+C h) -se™+3e 4"+ 1:(2)"+C i) Sn)2x-1+2e 2xic )
2(x-1) 1+ 01(x+10)1%+C k) -

220057 %L x 204 C ) tanx—x+C m)
- 3-C0s(x—2006)+C  n) e~ tan(mx)+C 0) 1(e*+e?*)+C p)
—(x+1)10—1(x+1)9+C q) -3cot2x+C  r) sin x+cos x+C  s)

lx2 9x3+ x3+ln|x|+C t) 3 1y3 %x2+x+C

Integration by substitution

al) —Injcosx|+C  a2) In[sinx|+C b) —%cosx2+c c) —%e‘X3+C d)
SWXHDIHC €) Z@XH)™HC 1) LIn*x+C  g) In[inx+C  h)
—cos(INX)+C i) —(sinx)+C j) ~2(cotx—2):+C k) —e 9 +C 1)
—%In‘3—6x—2x3‘+c m)%(x2+1)%+c n) —cos e*+C 0) %ez'"‘x‘+C:%x2+C p)

Atan’ ix+C @) In[sinx+cosx|+C ) %In‘xz—c052x‘+c S) —%ctg(x2+1)+C

3
t) ﬁln(zx+\/§)+c u) 2In(2-cos x) +C v) Jtan’ x+C w) —(X2—1)‘1+C 0



7
—%(x2—2)3+C yl) 2x—2sin2x+C  y2) Ix+sin2x+C z1)
Lcos®x—cos x+C  22) -1sin’x+sinx+C

Integration by parts

a) x(lgx—;125)+C =xlg(x/e) +C  b) 5 x****(log, X—5555777) +C  ©)

3
2.5 2 12 1 X 1 —2x
§x2(lnx—§)+C d)EIn x+C e)EZ (x—m)+C f) —xe™"+C )
tanx-In(sin®x)—2x+C h) —2xcosJ+4sinZ+C i) 3(x+1)sin2x+;cos2x+C
) %(x—sin xcosx)+C k) Z+sinJcosZ+C 1) x(IN?x-2Inx+2)+C m)

2 X2 1yei X
~5(n*x+2Inx+2)+C n) (5--7)sin2x+-cos2x+C 0)

2 : 2 1 A= X(ai
2" (735 x —|n§2x+ﬁ)+c p) 2xsinx—x“cosx+C q) —5€ *(sinx+cosx) +C

r) L 2"(sinx+(In2)cos ) +C  5) x*+xsin2x+3c0s2x+C 1)

(Inx)-(In(Inx)-1)+C u) $x(sin(Inx)+cos(Inx)) +C




