7. Formal differentiation rules

Derivatives of elementary functions

Elem. function

f (%)

Its derivative

(f(x)) = 1'(x)

(f(a(x)"= f'(a(x))-9'(x)

Composed with inner function

Composite function
example

Power function
Xll
(o real constant)

(Xa)l — axa—l

(9(x))*) = (g™ -g'(x)

(a-xy ) -
11— x2) ?(=2x)

Root function

Ux Use 4/x = X" to reduce roots to power functions
(8 #0is real)
Exponential XN/ _ X 909/ — (900 .q’ 29%)" = (29 In2). L
et @) =" na @y =@“na)-g | (@) =@"n2)
(0O<a#1real XY/ _ aX 900y — @800 |y S\ x x
constant) (e7)'=e () =e"-g'(x) ) =e*(-n=-e
Logarithm
function " , g'(x) .
log, X)' = , | == 0 -
l0g. X (log, X) <Ina (log, 9(x)) a()na 9(x) > (lg(cosx)),:ﬁ
(0O<a#1real if x>0 logarithmic derivative of g(x):
constant)
1. _9'(x) e*
Inx = log, x Inx)'==, if x>0 (Ing(x))'==——=, hag(x)>0 In(1+e*)) =
g (Inx)' =~ 500 (in(+e")' =
sin x (sinx)" = cos x (sing(x))' =cosg(x)-g'(x) (sin(lnx))’:cos(lnx))-%
_ _ (cos(x*—1)) =
COS X (cos x)" = —sinx (cosg(x))' =-sing(x)-g'(x) )
—sin(x* -1))-2x
(tgx)'=— g'(x) tg?x+1
t COS*” X tg9(X))' =——— tg(tgx))’ =
anx 2 (tgg(x)) 0052 (g(x) (tg(tgx)) c0s?(tgx)
=tg°'x+1
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ctgx C9="Gx | @ggeoy P oes gl o=
=—ctg’x -1
General rules
1. Constant factor rule: (cf (x))" =cf'(x)
2. Sumrule: (fF)+g(xX))'=f'(X)+9'(x)
3. Difference rule: (f(X)—g(x))' = f'(x)—g'(x)
4. Product rule: (F(x)-g(x) = F'(x)g(x) + f(X)g'(X)
5. Quotient rule: [; E:))j g '(X)g((xg)(;);(x)g'(x)
6. Chain rule (composite function): (f(g(x))' = f'(g(x))-g'(x)
7. Logarithmic differentiation: f'(x)=f(x)-(In f(x))

Using logarithm we can reduce product to sum, quotient to difference, power to product,
e.g.:

(x* =1)sin’® x

A £/(x) = f(x)- (In(x* =1) + In(sin® x) — In(e* +¢?)) =
e" +e

a) f(x)=

~ (x*-Dsin®x [ 3x? +25inxcosx e*
e’ +e’ x¥-1 sin’ x e’ +e?

b) f)=Vx=x = f’(x):f(x)-(lnxi)'zf(x)-(x*llnx)'zf(x)-(—x*zlnx+x*1§)

o~ 1—Inx
= ‘\/;- X2
PROBLEM 1
Differentiate these functions using rules for fundamental operations:
x2 X
a) 1+X+?+E b) 3sinx —tgx +27° c) 2*(v2x —3/x)
2 , , pX _ x2005

d) (3tgx—xsj-lgx e) sin“ X +cos” x f) W

sin X —cos X h) X'+ x? -2 N xctgx

sin X + cos X 2x° — x% +9x X +In x

i) Jx(e* +1)

Iogov5 X




PROBLEM 2
Differentiate these functions using the chain rule for composite functions:

a) log,(—x) b) e C) cos% d) v—4x
e) (ex _Xe)2,71828 f) e—cosx+sinx g) Sin 2X+C052X h) ZOO?XZOOG_X
i) cos (cos x) Dep(-ix*) k) exp(e) 1) exp (—4 x*)
100
m) Y1+ ~/1++/x n) In 1=x 0) yflog, % p) (1+Lj
1+x 100
q) sin(cos (7)) r) tg(ctg(x"))
PROBLEM 3
Differentiate these functions using the appropriate rules:
Lo L rt b . I e2x_e—2x
a) 1e™ 147" tg3x —ctg2 c)In,|—————
) 3¢ - ) X' (tg3x~ctg2) =
d) 3 log, (L+ x°) g XX +x-1 f) (L4 x2W1- X
J: 2x* +2
sin 2x s N e X 27
> h) esin2x ) X*In(1+e*)—e-x
COS“ X
4/ 4 4 2 2
i) @etgx—lgx)~ K) Ux* —x ) CoS x+2cosx
tg4x X
sinx : 3 th
m) e*™ In (sin x) n) ctg(tgx)—tg(ctg x) 0*) 3 Tox
(1-2x%)sin . )
) q*) (cos X)" r) x* 42
e Vx’ +1

s*) (sinx+cosx )™ t*) Ux

Domain of definition, differentiability, derivative

PROBLEM 4
What is the domain of definition and where is it differentiable? Determine the derivative!

(also plot the graph of the original function and give its range.)

a+t) Yx-1 b) log, (1—cos? x) c+) e d) ctg/x



e) v/sinx f+) veosx—1+1 9) 1=x h) L

2+ X X2 —3x+2
i) 27%.x72 i) In(tgx) k+) ox+l l+) "x
—1++/x

Equation of tangent line

PROBLEM 5
Detemine the tangent line of f (x) at Xg! (+-problem: also plot the graph of f (x) and its

tangent line.) Approximate the value of f (x) using the tangent line equation at x=xg+0.1

or at x=xq—0.1.
2
at) f(X)=+vx-1, x, =5 b+) f(x)=—%+3x—4, X, =1
ct) f(X):2X+5, X, =0 d+) f(x)=1-cos2x, x,==%
X+2

e) f(X)=In(x*+2x-2), x,=1 f) f(x)=2xe*" +1, x,=-1



