M7. Abrak programkaodiai
2.1 A fékezetlen inga mozgasa

2.2 A linearis matematikai inga

o 2.1 abra
Clear [k, var, matinga, x1, x2, y1, y2, t0, t1, Vmatinga, ContourSwi ngVmat,
SwingFieldmat, IC, PendulumTrajmat, PendPlotxmat, PendP lotmat ];
k=1;

var = {X,y };

matinga : = {y, -kzx};

X1l =-m X2 =myl =-3,y2 =3;
t0 =O; t1 =4Pi;

k2 x?2

y2
Vmatinga [{X_, y_ }]1=—+
2 2

ContourSwingVmat = ContourPlot  [Vmatinga [var ], {X, x1, x2 1},
{y, y1, y2 }, ContourShading - False, ImageSize - 120, AxesLabel - {X,y }1;
SwingFieldmat = VectorFieldPlot [matinga, {x, X1, x2 '}, {y, yl, y2 1}, Axes - True,
ScaleFactor - 1, PlotRange - {-m, =}, ImageSize - 120, AxesLabel - {x,y }I;
IC =Table [ N[{O.,,u }1, {u, 14, 3,0.2 }1;
PendulumTrajmat [t_ ] = ODESolve [matinga, var, IC, {t, t0, t1 }1;
PendPlotxmat =
Plot [PendulumTrajmat [t][[AlL 1 1], {t tO, tl1 }, ImageSize - 120, AxesLabel - {t, x }1;
PendPlotmat = ParametricPlot [PendulumTrajmat [t ], {t tO, t1 },
PlotRange - {-x, =}, ColorFunction - (Hue[#3/ (2Pi )1 &),
ColorFunctionScaling - False, ImageSize - 120, AxesLabel - {x,y }1;
Row[ { PendPlotxmat, Show [SwingFieldmat, ContourSwingVmat, PendPlotmat 1}1

2.3 A nemlinearis matematikai inga

o 2.2 abra
A 2.2 abra programkddja a 2.1 abra programkodjdtasonld, annyi eltéréssel,
hogy itt
fizinga: = {y, -k?Sin [x]};

X1l =-m X2 =49 myl =-3;y2 =3;
t0 =0; t1 =10

y? =
Vfiz [{x_, y_ }]=—+ j Sin [u] du;
2 o

IC =Table [ N[{O., u }1, {u, 1.4, 2.8, 0.2 }1;
illetve a harmadik koordinata szetint szinezinky&rs normaljuk le 2-vel.

o Interaktiv illusztracio

Manipulate |
DynamicModule [(eqnsl, eqns2, soll, sol2, x, y, t, s },
eqnsl = {x' [t]=Yy[t],y" [t]=-rugx [t], X [0] =Wl y [0] =w2};
eqns2 = {x' [t1=y[t],y" [t]=-rugSin [x[t]], X [0] ==wl, y [0] == w2};
soll [s_1={x[s],y [s]} /.NDSolve [egnsl, {x,y }, {t 0,60 }1];
sol2 [s_1={x[s],y [s]} /.NDSolve [egns2, {x,y }, {t 0,60 }1];
Column [ {Row[ {
Graphics [{Point [{0, 0 }], Line [{{0, 0}, {Sin [soll [p]l[[1, 1]]], -Cos[soll [p]1[[1, 1111}}1.
Darker [Red], Disk [{Sin [soll [p][[1,1]]], -Cos[soll [p]l[[1, 1111}, .05 1},
PlotRange - {{-1.2, 1.2}, {-1.2, 1.2 }},
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PlotLabel - Style ["Linearis inga", Tiny 1, ImageSize - {140, 140 }],
Graphics [{Point [{0, 0 }], Line [{{0, 0}, {Sin [sol2 [p][[1,11]]],
-Cos[sol2 [p]r[[1,111]1}}]1, Darker [Brown, 0.5 1,
Disk [{Sin [sol2 [p]1[[1,11]], -Cos[sol2 [p][[1, 1111}, .05 1},
PlotRange - {{-1.2, 1.2 }, {-1.2,1.2 }},
PlotLabel - Style ["Nemlinearis inga", Tiny 1, ImageSize - {140, 140 }]
L
Row/[ {
Show[Plot [Evaluate [soll [t][[1, 1111, {t O, p }, AxesOrigih - {0, 0},
AxesLabel - {"t", "x" }, PlotRange - {{0, 60 }, {-r, r }}, PlotStyle - Red,
ImageSize - {140, 140 }], Plot [Evaluate ([sol2 [t]1[[1,11]], {t O, p 1},
AxesOrigin - {0, O }, AxesLabel - {"t", "X" }, PlotRange - {{0, 60 }, {-r,r }},
PlotStyle - Darker [Brown, 0.3 ], ImageSize - {140, 140 }],
Graphics [{Darker [Brown], PointSize - 0.05, Point [{p, sol2 [p][[1, 11]1}]1}]
, Graphics [{Darker [Red], PointSize - 0.05, Point [{p,soll [pl[[1, 111}1}11,
Show[ParametricPIot [Evaluate [soll [t]1[[1]1]1], {t O, p 1}, AxesOrigin - {0, 0 },
AxesLabel - {"x","y" }, PlotStyle - Red, ImageSize - {140, 140 }], Graphics [
{Darker [Red], PointSize - 0.05, Point  [{soll [p1[[1,111,s0ll [pl[[1, 211}1}1,
ParametricPlot [Evaluate [sol2 [t]1[[1]1]1, {t O, p }, AxesOrigin - {0, 0 }, AxesLabel -
{"x", "y" '}, PlotStyle - Darker [Brown, 0.3 1, ImageSize - {140, 140 }], Graphics [
{Darker [Brown], PointSize - 0.05, Point [{sol2 [p][[1,11]1,s0l2 [pl[[1, 211}1}1,
ContourPlot  [y? /2 +rug (1 -Cos[x1), {X, -m }, {y, -m =},
ContourShading - False, Contours - {2rug },
ContourStyle - {{Blue, Opacity [0.2 ]}}], PlotRange ~ {{-x r }, {-m, =}}]

}]} Frame - All ]

1.
{{rug, 1, "Rugalmassagi egyiitthatd k3",
0, 5, Appearance - "Labeled", ImageSize - Tiny }
{{wl, 2, "Kezdeti kitérés" }, -m, =, Appearance - "Labeled", ImageSize - Tiny },
{{w2, 2, "Kezdeti sebesség" }, 0, 2, Appearance - "Labeled", ImageSize - Tiny },
{{r, 7, "Kicsinyités" }, 2, 20, Appearance - "Labeled", ImageSize - Tiny },
{{p, 0.01, "Id é"}, 0.01, 60, ControlType - Manipulator,
Appearance - "Open", AnimationRate - 1, ImageSize - Tiny },
AutorunSequencing - {8}, SaveDefinitions - True, ControlPlacement - Bottom ]

3. Fékezett ingamozgas

3.1 A fékezett linearis matematikai inga

o 3.1 abra
A 3.1 abra programkddja a 2.1 abra programkodjdtasonld, annyi eltéréssel,
hogy itt
a=0.2;
matcsinga: = {y, -ay -k2x};

t0 =0; t1 =20;

illetve a harmadik koordinata szetint szinezinky&r®s normaljuk le 2-vel.

3.2 A fékezett nemlineéaris matematikai inga

o 3.2 abra

A 3.2 abra programkddja szintén a 2.1 abra progéaigkoz hasonlo, annyi
eltéréssel, hogy itt

a=0.2;

fizingcs : ={y, -ay -Sin [x]};
X1 =-m x2 =3myl =-3;y2 =3;
t0 =0; t1 =20
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y2 X
Viiz [{x_,y_}]=— +jsm [u] du;
2 o

illetve a harmadik koordinata szetint szinezinky&rs normaljuk le 2-vel.

o Interaktiv illusztracio

Az interaktiv illusztracié programkddja a 2.3 résazlialalhato interaktiv illusztra-
cié programkddjahoz hasonld, annyi eltéréssel, lithgggyenleteink:

egnsl = {x" [t] =y[t],y" [t]l=-ay[t]-rugx [t], x [0] =wl,y [O] ==w2};
eqns2 = {x' [t]=y[t],y" [t]=-ay[t]-rugSin [x[t]], x [0] ==wl, y [0] ==w2};

4. Ingamozgas periodikus kiils 6 eré
hatasara

4.1 Fékezetlen ingamozgas periodikus kills 6 eré hataséara

0 4.1.1 Fékezetlen linearis matematikai inga

o 4.1 abra

A=l;k =l; V=2;
Column [
{Table [Plot [Evaluate [{x[t],y [t1} /.NDSolve [{x' [t]==y[t]l,y' [t]-= -k?x[t]+ACos[vt],
Xx[0] ==0,y [0] ==a}, {x[t1,y [t1}, {t O, 60 }][[1, 1 ]]],
{t, 0, 60 }, PlotRange - {-15a, 1.5a 1}, AxesLabel - {t,x 1}, PlotLabel -
StringJoin  ["x (0)=0 ", "y (0)=", ToString [a]], ImageSize - 120], {a 3, 6,3 )],
Table [ParametricPlot [Evaluate [{x[t],y [t]} /.NDSolve [{Xx' [t] ==Yy][t],
y' [t]=-x[t] +ACos[vt], x [0] ==0,y [0] ==a}, {X[t]l,y [t]}, {t, 0,60 3}11,
{t, 0, 60 }, PlotRange - {-1.5a, 1.5a }, AxesLabel - {x,y },
ImageSize - 120], {a, 3, 6, 3 }]}]

o 4.2 abra

Table |
Column [
{Row[ {Show[Plot [(A (-Cos[kt 1))/ (k*-v?) /. {A» 1,k - 1}, {t, 0,30 1}, PlotStyle - Red,
ImageSize - 90, AxesLabel - {t, x }, PlotLabel - StringJoin  [" v=", ToString [v]]],
Plot [(A (Cos[t v1))/ (k? -v®) /. {A> 1,k - 1}, {t 0,30 1},
PlotStyle - Darker [Brown, 0.5 ], ImageSize - 90, AxesLabel - {t, x )]]}]
Plot [(A (-Cos[kt ] +Cos[t v]))/(k?-v?) /. {A> 1,k > 1}, {1 0,30 },
ImageSize - 90, AxesLabel - {t, x }]}], {v, 0.65, 1.19, 0.27 }]

o 4.3 abra

AtSin [kt ]
Plot [—/. (A> 1,k -» 1}, {t, 0,100 },
2k

AxesLabel - {t, x }, ImageSize - 120, PlotLabel - "k =v=1, A =1"]

o Interaktiv illusztracio

Manipulate [Column [{

A (-Cos[kt ])
Show[PIot [T {t, 0, T }, PlotStyle - Red, ImageSize - 200, AxesLabel - ({t, x )],
k% - v
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A (Cos[t v])
Plot [— {t, 0, T }, PlotStyle - Darker [Brown],
k2 - 2

ImageSize - 160, AxesLabel - ({t, x )]]
A (-Cos[kt ] + Cos[t v])

Plot [ , {t, 0, T 1}, ImageSize - 200, AxesLabel - {t, x }]}]
k2 - v2
{{A, 1.2, "Amplitado" }, 1, 2, ImageSize - Tiny, Appearance - "Labeled" 1},
{{k, 4000, "Természetes korfrekvencia" },
1000, 8000, ImageSize - Tiny, Appearance - "Labeled" 3},
{{v, 4002, "Kuls & hatas korfrekvenciaja" }, 1000, 8000,

ImageSize - Tiny, Appearance - "Labeled" 1},
{{T, 6.5, "Ild é"}, 1, 10, ImageSize - Tiny, Appearance - "Labeled" 3},
A (-Cos[kt]) A (Cos[t v])
Button ["Lejétszés", EmitSound [Sound [Play [{ + } {t,0, T )]”
k2 - v2 k2 - v2

ImageSize - Tiny ] ControlPlacement - Bottom ]

o Interaktiv illusztracio

Manipulate  [Row[{Plot [Evaluate [{x[t],y [t]} /.
NDSolve [{x' [t] ==y [t],y"' [t]=-rugx [t] +ACos[vt], x [0] ==wl, y [0] == w2},
{X[t1,y [t1}, {t, O, T 3}, MaxSteps - 100000, MaxStepSize -0.0571[[1, 1111,
{t, 0, T }, PlotRange - {-r, r }, AxesLabel - {t,x }, ImageSize - 120],
ParametricPlot [Evaluate [{x[t],y [t1} /.
NDSolve [{x' [t] ==y [t],y"' [t]=-rugx [t] +ACos[vt], x [0] ==wl, y [0] == w2},
{x[t],y [t]}, {t, O, T }, MaxSteps - 100000, MaxStepSize -0.05 711, {t, 0, T 1},
PlotRange - {-r,r }, AxesLabel - {x,y }, ImageSize - 1201}, Frame - True ],

{{v, 1, "Kuls & hatas korfrekvencigja" }, 0.0, 10., 0.05,

Appearance - "Labeled", ImageSize - Tiny },

{{A, 1, "Kils & hatas amplitidéja" }, 0, 5, Appearance - "Labeled", ImageSize - Tiny },
{{rug, 1, "Rugalmassagi egyiitthato (k%)™ Jo

0.1, 2, Appearance - "Labeled", ImageSize - Tiny }

{{wl, 0, "Kezdeti kitérés" }, -m, =, Appearance - "Labeled", ImageSize - Tiny },

{{w2, 1, "Kezdeti sebesség" }, 0, 2, Appearance - "Labeled", ImageSize - Tiny },

{{r, 5, "Kicsinyités" }, 5, 100, Appearance - "Labeled", ImageSize - Tiny },

{{T, 5, "ld &"}, 5, 200, Appearance - "Labeled", ImageSize - Tiny },
ControlPlacement - Bottom ]

0O 4.1.2 Fékezetlen nemlineéaris matematikai inga

o Interaktiv illusztracio

Az interaktiv illusztracio probgramkddja az 4.163z utolso interaktiv illusztra-
ciojanak programkodjahoz hasonld, annyi eltéréssagy itt egyenletiink alakja:

(X' [t]==y[t],y" [t]=-kSin [x[t]]+ACos[vt], x [0] =wl, y [0] = w2}

o 4.4 abra

Table [
Plot [Evaluate [{x[t],y [t]} /.NDSolve [{x' [t] ==y [t],y' [t]=-Sin[x[t]]+ Cos[t], x [0] =w,
y[01 =1}, {x[t],y [t]1}, {t 0,60 3}1[[1, 1711, {t O, 60 }, PlotRange - {-10, 40 },
AxesLabel - {t, x }, PlotLabel - StringJoin  ["x (0) =", ToString [wll,
ImageSize - 100], {w, 0, 6,3 }]

o 4.5 abra

Row[ {Plot [Evaluate [{x[t],y [t1} /.
NDSolve [{x' [t] ==y[t],y' [t]=-Sin [x[t]] +Cos[1.32t ], x [0] =0,y [0] =1},
{X[t1,y [t1}, {t 0,500 3}1[[1,111], {t O, 500 }, PlotRange - {-60, 20 },
AxesLabel - {t, x }, PlotLabel - StringJoin  ["v=1.33" ], ImageSize - 120],
Plot [Evaluate [{x[t],y [t]} /.NDSolve [{x' [t] ==y [t],y' [t]=-Sin [x[t]] +Cos[1.35t 1],
X[0] =0,y [0] =1}, {x[t]l,y [t1}, {t 0,500 }I[[1 1111, {t O, 500 1},
PlotRange - {-5, 5 }, AxesLabel - {t, x }, PlotLabel - StringJoin  ["v=1.35" ],
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ImageSize - 120]1}1]

o 4.6 abra

Clear [A, v];
v =2;
Table [Plot [
Evaluate [{x[t],y [t]} /.NDSolve [{x' [t]==y[t],y' [t]=-Sin [x[t]] +ACos[vt], x [0] ==0,
y[0] ==0}, {x[t],y [t]1}, {1 0,60 }I1[[1111], {tO, 60 1},
PlotRange - {-3, 12 }, AxesLabel - {t, x }, PlotLabel - StringJoin  ["A =", ToString [Al1,
ImageSize - 100], {A, 3.07, 3.13, 0.03 11

4.2 Fékezett ingamozgas periodikus kils 6 er6 hatasara

0O 4.2.1 Fékezett linearis matematikai inga

o 4.7 abra

Clear [a, k, v, A1l;
a=1k =1; v=2;A =1;
Column [{Table [
Plot [Evaluate [{x[t1,y [t]} /.NDSolve [{x' [t]==y[t],y' [t]=-ay[t]- k2 x[t] +ACos[vt],
X[0] =0,y [0] =b}, {x[t],y [t]}, {t 0,60 3}][[L 111],
{t, 0, 60 }, PlotRange - {-b/2, b}, AxesLabel - {t, x }, ImageSize - 120,
PlotLabel - StringJoin  ["x (0)=0 ", "y (0)=", ToString [b]]], {b, 3,6,3 }],
Table [ParametricPlot [Evaluate [{x[t],y [t]} /.NDSolve [{x' [t]==Y[t],
y' [t]=-x[t]+ACos[vt], x [0] ==0,y [0] =b}, {x[t],y [t]1}, {t O, 60 1}11,
{t, 0, 60 }, PlotRange - {-1.2b, 1.2b }, AxesLabel - {x,y },
PlotLabel - {0, b }, ImageSize - 1201, {b, 3, 6,3 1}1}]

o 4.8 abra

Table [Plot [
Evaluate [{x[t],y [t]} /.NDSolve [{x' [t] ==Yy[t],y" [t]=-02y [t] -Xx[t] +ACos[t], x [0] =0,
y[0] =0}, {x[t],y [t]}, {t 0,60 3}1[[1, 11]], {t O, 60 },
PlotRange - {-10, 10 }, AxesLabel - {t, x }, PlotLabel - StringJoin  ["A =", ToString [Al1,
ImageSize - 1001, {A, 1, 2,05 }]

o Interaktiv illusztracio

Az interaktiv illusztraciéo programkodja a 4.1.2 zagolso interaktiv illusztra-
ciojanak programkodjahoz hasonld, annyi eltéréssagy itt egyenletiink alakja:

(X' [t]==y[t],y" [t]l=-ay[t]-kx[t]+ACos[vt],x [0]=wl,y [0] = w2}

O 4.2.2 Fékezett nemlineéaris matematikai inga

o Interaktiv illusztracio

Az interaktiv illusztracié probgramkddja a 2.3-é&sz interaktiv illusztraciojanak
programkaddjahoz hasonlo, annyi eltéréssel, hoggdggenleteink:

eqnsl = {x' [t] =y[t],y" [t]l=-ay[t]-rugx [t]+ACos[vt], x [0] ==wl, y [0] =wW2};
eqns2 = {x' [t] =y[t], y' [t]==-ay[t] -rugSin [x[t]] +ACos[vt], x [0] ==wl,y [0] ==w2};

5. Ingamozgas periodikus hosszvaltozas
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hatasara

5.2 A mozgas vizsgalata

o 5.1 abra

Row[ {Plot [2 + 1Sign [Cos[2Pit 11, {t 0, 25 1}, ImageSize - 100, AxesLabel - {t, x }1,
Plot [2 + Cos[2Pit 1, {t 0, 25 }, AxesLabel - {t, x }, ImageSize - 100],
Plot [2 +1Sin [2Pit ], {t 0, 25 }, AxesLabel - {t, x }, ImageSize - 100]}]

o Interaktiv illusztracio

Manipulate [DynamicModuIe [(eqnsl, eqns2, soll, sol2, x, y, t, s, I, p, 11, 12, I3 },
11 [t_1=h0+e€Sign [Cos[2Pi /T (t -t)11;
2 [t 1=h0+eCosS[2Pi /T (t -T)];
I3[t 1=h0+eSin [2Pi /T(t -1)];

I [t_1=Which[ll ===1,11 [t], I ===2,12 [t], True, I3 [t]11;
yIt]

eqnsl:{x’[t]:: LY [t]=-l[t]1X[t] -ay[t], x [0] =wl, y [0] ==wz};
| [t12
yIt]

eqnsZ:{x’[t]== ,
I[t12

y'[t]=-l [t]Sin [x[t]] -ay[t], x [0] =wl, y [0] =:W2};

soll [s_] ={x[s],y [S]} /.NDSolve [egnsl, {X, ¥y }, {t, 0, TT }, MaxSteps - 20000 ];
sol2 [s_] ={x[s],y [S]} /.NDSolve [egns2, {x,Vy }, {t, 0, TT }, MaxSteps - 20000 ];
Animate [
Row[ {
Column [ {Graphics [{Point [{0, 0 }1,
Line [{{0, 0}, {l [p]Sin [soll [p1[[1, 1111, -l [p]Cos[soll [pI1[[L1, 1111}}1,
Darker [Red], Disk [{l [p] Sin [soll [p]1[[1, 1111, -l [p] Cos[soll [pl[[1, 1111}, .05 1},
PlotRange - {{-(hO +e€ +0.1),h0 +e+0.1}, {-(h0+e+01),h0 +€+0.1}},
PlotLabel - Style ["Lineéaris inga", Tiny 1, ImageSize - {120, 120 }],
Plot [Evaluate [{l [t],soll [t]1[@1, 17}1, {t O, p +0.1}, AxesOrigin - {0, 0 },
AxesLabel - {"t", "x" }, PlotRange - {{O, TT }, {-r,r }},
PlotStyle - {Red, Blue, Black }, ImageSize - {120, 120 }],
Show[ParametricPlot [Evaluate [soll [t]1[10]1, {t, O, p +0.1}, AxesOrigin - {0, 0 },
AxesLabel - {"x","y" }, PlotStyle - Red, ImageSize - {120, 120 }1,
Graphics [{Darker [Red], PointSize - 0.05, Point [{soll [p][1, 11, soll [pl@l, 27}1}1,
PlotRange - {{-r,r }, {-r,r }}1}, Center 1,
Column [ {
Graphics [{Point [{0, O }], Line [{{O, 0},
{l [p] Sin [sol2 [p][[1, 1111, -l [p]Cos[sol2 [p]1[[1, 1111}}1, Darker [Brown, 0.5 1],
Disk [{l [p] Sin [sol2 [p1[[1, 1111, -l [p]Cos[sol2 [p][[1, 1111}, .05 1},
PlotRange - {{-(hO + e +0.1),h0 +e+0.1}, {-(h0+e+01),h0 +€+0.1}},
PlotLabel - Style ["Nemlineéris inga inga", Tiny 1, ImageSize - {120, 120 }],
Plot [Evaluate [{l [t],sol2 [t]1[@1, 110}], {t O, p +0.1}, AxesOrigin - {0, 0 },
AxesLabel - {"t", "x" }, PlotRange - {{O, TT }, {-r,r }},
PlotStyle - {Red, Blue, Black }, ImageSize - {120, 120 }],
Show[ParametricPlot [Evaluate [sol2 [t]1[10]1, {t, O, p +0.1}, AxesOrigin - {0, 0 },
AxesLabel - {"x","y" }, PlotStyle - Brown, ImageSize - {120, 120 }],
Graphics [ {Darker [Brown ], PointSize - 0.05, Point  [{sol2 [p][1, 17, sol2 [plO1, 21}1}1,
PlotRange - {{-r,r }, {-r,r }}1}, Center 1}1,
{{p, TT -0.2, "t" }, 0, TT - 0.1, ImageSize - Tiny }, AnimationRunning - False,
DefaultDuration - TT, DisplayAllSteps - False ]
I
o1 (t)"}, {1-"Lépcs &s",2 -"Cos", 3 -"Sin" }},
{{a, 0, "a" 1}, 0, 1, Appearance - "Labeled",
ImageSize - Tiny }, {{hO, 1, "h ("},
0.1, 2, Appearance - "Labeled", ImageSize - Tiny },
{{e, 0, " €"}, 0, hO, Appearance - "Labeled", ImageSize - Tiny },
{{T, 2, "T" 1}, 0.1, 5, Appearance - "Labeled", ImageSize - Tiny },
{{t, 0," t"}, 0, 5, Appearance - "Labeled", ImageSize - Tiny },
{{wl, 0, "x (0)"}, -m =, Appearance - "Labeled", ImageSize - Tiny },
{{w2, 1, "y (0)"}, O, 2, Appearance - "Labeled", ImageSize - Tiny },
{{r, 2, "Kicsinyités" }, 0.5, 15, Appearance - "Labeled", ImageSize - Tiny },
{{TT, 5, "Ild é"}, 2, 100, ImageSize - Tiny , Appearance - "Labeled "},
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AutorunSequencing - {8}, ControlPlacement - Bottom ]

41



