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POWer Set

A - 2 set
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A- aset

POA) X | X C A)
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Power set

A - aset
P(A) :={X | X C A}

P(A) is a collection of all subsets in A, it is called a power
set of the set A.
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Power set

A - aset
P(A) :={X | X C A}

P(A) is a collection of all subsets in A, it is called a power
set of the set A.

Relationship C is said to be inclusion:



Power set

A - aset
P(A) :={X | X C A}

P(A) is a collection of all subsets in A, it is called a power
set of the set A.

Relationship C is said to be inclusion:
XCY <« (W)(xeX=xeY)
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> A={a b}
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EXampIes
> A={a b}

P(A) = {0, {a}, (b}, {3, b}}



EXampIes
> A={a b}

P(A) = {0, {a}, (b}, {3, b}}

> B:{a,b,c}



Examples
» A={a,b}

P(A) = {@7 {3}7 {b}7 {aa b}}
» B={a,b,c}

P(B) = {0,{a},{b},{c},{a, b}, {a,c},{b,c},{a b, c}}
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Examples
» A={a,b}
P(A) = {(2)7 {a}. {b},{a, b}}
» B={a,b,c}

P(B) = {0,{a},{b},{c},{a b}, {a,c}, {b,c},{a, b,c}}
» P(0) =?
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Examples
» A= {a, b}
P(A) = {(2)7 {a}. {b},{a, b}}
» B={a,b,c}
P(B) = {0,{a},{b},{c},{a, b}, {a,c},{b,c},{a b, c}}
» P(0) =7
P(0) = {0}
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On a power set P(A) we define set operations:
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On a power set P(A) we define set operations:
For X,) Y CA
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On a power set P(A) we define set operations:
For X,) Y CA

XNY:={x|xeXAx¢e Y} - intersection
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On a power set P(A) we define set operations:
For X,) Y CA

XNY:={x|xeXAx¢e Y} - intersection
XUY :={x|xeXVxe Y} - union
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On a power set P(A) we define set operations:
For X,) Y CA

XNY:={x|xeXAx¢e Y} - intersection
XUY :={x|xeXVxe Y} - union

Ca(X) :=A\ X ={x| x€ AAx & X} - complement of X
with respect to A



On a power set P(A) we define set operations:
For X,) Y CA

XNY:={x|xeXAx¢e Y} - intersection
XUY :={x|xeXVxe Y} - union

Ca(X) :=A\ X ={x| x€ AAx & X} - complement of X
with respect to A

It is also denoted by Ca(X) = X.
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(P(A),n,U,”,0,A,Q)

Let X,Y,Z C A. Then:



(P(A),n,U,”,0,A,Q)

Let X,Y,Z C A. Then:

XNY=YNX, XUuY=YUX
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(P(A),n,U,”,0,A,Q)

Let X,Y,Z C A. Then:

XAY=YNX, XUY=YUX
XN(YNnz)=(XnY)nz,
XU(YUZ)=(XUY)uZz
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(P(A),N,U,7,0,A,C)
Let X,Y,Z C A. Then:

XNY=YNX, XUuY=YUX

XNn(Yynz)y=(Xnvy)nz,
XU(Yuz)y=(Xuyvyyuz
XN(YUuzZ)y=(XNnyY)u((xXn2z)

XU(YNnZ)=((XuY)n(XuU2Z)



(P(A),N,U,7,0,A,C)
Let X,Y,Z C A. Then:

XNY=YNX, XUY=YUX
XN(Ynzy=(Xnyvy)nz,
XUu(Yuz)y=(Xuvyuz
XN(YUZ)=(XNnY)u(Xn2z)
XUu(Ynz)y=(Xuy)n(xXu2z)
XNX=X, XuX=X



(P(A),N,U,7,0,A,C)
Let X,Y,Z C A. Then:

XNY=YNX, XUuY=YUX
XN(Ynz)=(Xnyvy)nz,
XU(Yuz)y=(Xuyjyuz
XN(YUZ)=(XNnY)u(Xn2z)
Xu(YNnz)=(Xuy)n(Xu2)
XNX=X, XuX=X
XNX=0, XUX=A



(P(A),N,U,7,0,A,C)
Let X,Y,Z C A. Then:

XNY=YNX, XUuY=YUX
XN(Ynz)=(Xnyvy)nz,
XU(Yuz)y=(Xuyjyuz
XN(YUZ)=(XNnY)u(Xn2z)
Xu(YNnz)=(Xuy)n(Xu2)
XNX=X, XuX=X
XNX=0, XUX=A
XNA=X, XUb=X.



A power set can be represented by a diagram:
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A power set can be represented by a diagram:

{a,b,c}

-
o]
{a} \1} / {c}

0

(P({a, b, c}), ©)
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(P({a, b, c, d})’ g)

{a,b, ¢, d}



Boolean algebra
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Boolean algebra

B = (Ba /\7 \/, /’ 07 1)’
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Boolean algebra

B=(B,AV,"0,1),

B - a nonempty set, A, V - binary operations, ’ - a unary

operation, 0 and 1 - constants, and the following axioms hold:
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Boolean algebra

Axioms

Boolean algebra
B - (Bv/\a\/v /7071)7

B - a nonempty set, A, V - binary operations, ’ - a unary
operation, 0 and 1 - constants, and the following axioms hold:

b1:
b2:
b3:
b4:
b5:
b6:
b7:
b8:
b9:

XAy =yAX
xVy=yVXx,
xAN(yVz)=(xAy)V(xAz)
xV(yANz)=(xVy)A(xVz)

(commutativity laws)

(distributivity laws)

xN1=x (properties of 0 and 1)
xV0=x
!/ __
X C X/ - (1) (properties of the complement operation)
xVx' =
0+#1.
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By = ({0,1},A,V, ’,0,1) - a two-element Boolean algebra
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«O>» «F>» «E» «E>» A

By = ({0,1},A,V, ’,0,1) - a two-element Boolean algebra
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«O>» «F>» «E» «E>» A

By = ({0,1},A,V, ’,0,1) - a two-element Boolean algebra

"TIA|l1l O vi|il 0
110 111 0 111 1
0|1 010 O 0|1 O
1
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Example with positive integers
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Example with positive integers

30
AN
XX
2 \O / 5
(D(30), ged, lem, 30/x, 1, 30) 1

1

O» «4F» « =
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Language of Boolean algebras
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Language of Boolean algebras

Boolean terms - definition:
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Language of Boolean algebras

Boolean terms - definition:
» variables x, y, z,.

and constants 0,1 are Boolean terms;
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Language of Boolean algebras

Boolean terms - definition:
» variables x, y, z,.

and constants 0,1 are Boolean terms;
» if A and B are Boolean terms, then also (AA B), (AV B) are
(A") Boolean terms;

it
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Boolean algebra

Terms

Language of Boolean algebras

Boolean terms - definition:
» variables x, y,z,... and constants 0,1 are Boolean terms;

» if A and B are Boolean terms, then also (AA B), (AV B) are
(A") Boolean terms;

» Boolean terms are obtained only by the finite number of
applications of the previous two rules.

B. Segelja MATHEMATICS BEHIND CHIP



EXampIes
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> XI/\(.yVZ/)I
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| 4 XI/\(.yVZ/)I
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> XI/\(.yVZ/)I

» 1AX
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> XI/\(.yVZ/)I

» 1AX

> (U VY AW AV)) VY
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Examples
» X' AN(yvZY
» (xV(yAX))Vz
» 1AX

» (V) AW AV))VY
» (Xt Ax5 A X))V (X5 Ax3Axs)V (X1 AXxg)
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From sets to zeroes and ones:
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From sets to zeroes and ones:

Characteristic function
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From sets to zeroes and ones:

Characteristic function
A - set,

BCA
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From sets to zeroes and ones:

Characteristic function
A-set, BCA

/CB:A—){O,].}
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From sets to zeroes and ones:

Characteristic function
A-set, BCA
Kg:A—{0,1}

ZaxeA

1 ifxeB
ICB(X)'_{O if x ¢ B.



From sets to zeroes and ones:

Characteristic function
A-set, BCA
Kg:A—{0,1}

ZaxeA

1 ifxeB
ICB(X)'_{O if x ¢ B.

To each subset of A there corresponds a characteristic function
and vice versa.




Example
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Example

A={ab,c,d} B={ac}
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Example

A: {aa b7c7 d} B — {a, C}
KB=<3 boc d

1010)
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Example
A:{aab7c7d} B:{B,C}
a b c d
’CB—<1 0 1 0)
a b c d
Kﬁ—(o 00 o>

«O0>» «Fr «E>» «E» = Dac



Example
A:{aab7c7d} B:{B,C}

(fe1%)

>

B
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I
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c
0
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1
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P({a’ ba C}) {’CX | X C {37 b7 C}}




1111

0000

{Kx | X C{a,b,c,d}}
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There are as many characteristic functions on a set of n elements
as there are subsets: 2".
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There are as many characteristic functions on a set of n elements
as there are subsets: 2".
n=1

2l =2
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There are as many characteristic functions on a set of n elements
as there are subsets: 2".
n=1
«0)>r «F» «=Z)» « =) = Q>
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There are as many characteristic functions on a set of n elements
as there are subsets: 2".

n=1 0 1 2l =27

B 00 10 ,

n=2 01 11 2" =4
000 100

B 00 1 10 1 .

n=3 010 110 =8
01 1 11 1






1100
1101
1110

1111

0 00O

0 001

0010

0 011

1100
1101
1110

1111

0100
0101
0110

0111



1100
1101
1110

1111

0 00O

0 001

0010

0 011

1100
1101
1110

1111

0100
0101
0110

0111

24 =16



Words made of zeros and ones are used in digital technology.
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These are binary codes.

Words made of zeros and ones are used in digital technology.
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These are binary codes.

Words made of zeros and ones are used in digital technology.

Example of binary code:
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«O>» «F>» «E» «E>» A

These are binary codes.

Words made of zeros and ones are used in digital technology.

Example of binary code:
0 00O 1100
0 011 1111



«O>» «F>» «E» «E>» A

These are binary codes.

Words made of zeros and ones are used in digital technology.

Example of binary code:
0 00O 1100
0 011 1111

Single words are code words.



Counting with code words is performed coordinatewise, using
two-element Boolean-algebra operations:

By = ({0,1}, A, Vv, ",0,1).
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«O>» «F>» «E» «E>» A

two-element Boolean-algebra operations:

By = ({0,1}, A, Vv, ",0,1).

Counting with code words is performed coordinatewise, using

! All 0 vil 0
110 111 0 171 1
0|1 0|0 O 01 O




Example
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Example
¢:{0,1}3 = {0,1}

x|y |z]| elxy 2)
0l0]0 1
0olo]1 0
ol1]o0 0
011 1
1]0/o0 0
1101 1
11110 0
1011 0

«0)>» «F» «=Z)>» « =) = Q>



Example
¢:{0,1}3 = {0,1}

x|y |z]| elxy 2)
0l0]0 1
0olo]1 0
ol1]o0 0
011 1
1]0/o0 0
1101 1
11110 0
1011 0

fx,y,2) = (X Ay NZ)YV (X' Ay Az)V(xAY A2).

«0)>» «F» «=Z)>» « =) = Q>



Logical circuits
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Logical circuits

AND-gate:

X1
o

O——
Xn

X1 AXo N ...\ Xp

«O» «Fr «=>»

«E>»

Q>



OR-gate:

——o0 x1 VXxo V- -V Xy

«0O>» «Fr» «E>» «E)>» N o



OR-gate:

————o0 X1 VX2 V-V X,

Inverter or NOT-gate:

X O |

«0)>» «F» «=Z)>» « =) = Q>




OR-gate:

o0 x3VXxo V

-V Xp
Inverter or NOT-gate:

X O |

() /
/ X
«0)>» «F» «=Z)>» « =) = Q>




Definition of a logical circuit:
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Definition of a logical circuit:

» Gates (AND, OR and NOT) are logical circuits;
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Definition of a logical circuit:

» Gates (AND, OR and NOT) are logical circuits;

> If A A1, As,..., A, are logical circuits, then also objects
connected by gates as presented are logical circuits.
A1 A1

Lr

«0O0» «4F»r <«
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it
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Q




Boolean functions

Logical circuits

Definition of a logical circuit:

» Gates (AND, OR and NOT) are logical circuits;

> If A A1, As,..., A, are logical circuits, then also objects
connected by gates as presented are logical circuits.
A1 Al =

— . A
An ] An_L

» Logical circuits are obtained only by a finite number of
application of the previous two rules.

B. Segelja MATHEMATICS BEHIND CHIP



Example
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Example
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(xV (y A2)Y

)73)_|>_@ (XV(yIAZ))/




Half adder and adder
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Half adder and adder

Addition of numbers represented in binary system;
two single-digit binary numbers:
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Half adder and adder

Addition of numbers represented in binary system;

two single-digit binary numbers:

X y|x@dy|r
0 0 0 0
0 1 1 0
1 0 1 0
11 0 1




Half adder and adder

Addition of numbers represented in binary system;

two single-digit binary numbers:

X y|x@dy|r
0 0 0 0
0 1 1 0
1 0 1 0
11 0 1

x®y=(xVy)A(xAy) and r=xAy.




Half adder
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Half adder

x@y=(xVy)A(xAy)

«0O>» «Fr» «E>» «E)>» .

r:X/\y



Half adder
x®y=xVy)A(xAy) r=xAy

yC

XDy
X O—— —o XDy
L -
Y o—

u]
]
it
a
it
it
N
¥l
Q




Addition of numbers represented in binary system;
three single-digit binary numbers::
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Addition of numbers represented in binary system;
three single-digit binary numbers::

x|y|z|xoysz|R
000 0 0
0]0(1 1 0
0|10 1 0
0]1(1 0 1
1700 1 0
11011 0 1
1]1]0 0 1
1111 1 1




Addition of numbers represented in binary system;
three single-digit binary numbers::

x|y|z|xoysz|R
000 0 0
0]0(1 1 0
0|10 1 0
0]1(1 0 1
1700 1 0
11011 0 1
1]1]0 0 1
1111 1 1
X

R=(XAyAN2)V(xANY ANZ)V(XAyANZ)V(xAyAz)=

12N G4



Addition of numbers represented in binary system;
three single-digit binary numbers::

x|y|z||xEBy€Bz|R
0,00 0 0
001 1 0
0110 1 0
0|11 0 1
1{0]0 1 0
1|01 0 1
1|11]0 0 1
111 1 1

R=(XAyANz)V(xXAY NZ)V(xANyANZ)V(xANyAz)=

(xAY)V (A (K Ay)V(xAy')

12N G4



Addition of numbers represented in binary system;
three single-digit binary numbers::

x|y|z|xoysz|R
000 0 0
0101 1 0
0|10 1 0
0|11 0 1
1700 1 0
11011 0 1
1]1]0 0 1
1111 1 1

R=(XAyAN2)V(xANY ANZ)V(XAyANZ)V(xAyAz)=
(xAY)V (A (X Ay)V(xAY)))
(KAy)V(xAy)=x@y ; xAy=r,

«O)» «F»r « > < » Q>



Addition of numbers represented in binary system;
three single-digit binary numbers::

x|y|z|xoysz|R
000 0 0
0101 1 0
0|10 1 0
0|11 0 1
1700 1 0
11011 0 1
1]1]0 0 1
1111 1 1

R=(XAyANz)V(xXAY NZ)V(xANyANZ)V(xANyAz)=
(xAy) V(A (X Ay)V(xAY)))

X'AY)V(xAY)=x®y i xAy=r,

R=rv(zA(x&y)); r - reminder, transfer. -



Adder
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Adder

r=xAy R=rV(zA(x®y))

<O> <> «=» «=» QA



Adder
r=xAy R=rV(zA(x®y))

X [}

Xo:— x®y :

, | PS |, PS lx@y) AR :
1 L - ©°

O ! —l :

z 1 L/ !

X 1

Or «(Fr» « > « =



Adder
r=xAy R=rV(zA(x®y))

, L XDy D
X ot = "
PS PS
y 1 r 3 (X@Y)/\_Z\:
1 ———©
so ! ] . R
1 _/I




Example
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Example

Construction of a logical circuit for the addition of three
two-digit binary numbers.
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Example

Construction of a logical circuit for the addition of three

two-digit binary numbers.

ai dao

by bo

@ a a
d3 dr di do

«0» «4F)» « =)
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Example

Construction of a logical circuit for the addition of three

two-digit binary numbers.

ai dao
b1 bo
@ a a
d3 dr di do
Algorithm for the addition:
aadbPc = do
nda®b = d
di ®c = di
nd®r = d

(transfer rp)
(transfer 1)
(transfer ry)

(transfer d3)



ap o . do
bpo— S /
I(
Co o 0 dl o dl
PS rn
aqo—— . d2
n PS

b]_ O o d3
Cio

«Or «Fr o«
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Field GF(2)



Field GF(2)

Galois Field (E. Galois, French mathematician, 1811-1832.)
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Field GF(2)

Operation @& and

Galois Field (E. Galois, French mathematician, 1811-1832.)

on the set {0,1}, represented by tables:



Field GF(2)

Operation @& and

— o|é

Galois Field (E. Galois, French mathematician, 1811-1832.)

on the set {0,1}, represented by tables:
01 -10 1
01

10

0
1

= O

0
0




Field GF(2)

Operation @& and

Galois Field (E. Galois, French mathematician, 1811-1832.)

on the set {0,1}, represented by tables:
©|0 1 -0 1
00 1 0|0 O
110 1/0 1
The structure ({0,1},®,-) is a field.




Field GF(2)

Galois Field (E. Galois, French mathematician, 1811-1832.)
Operation @ and - on the set {0,1}, represented by tables:
01 -0 1
01 0
10 1

— o|é

= O

0
0

The structure ({0,1},®,-) is a field.

When applied, field operations are performed faster then
Boolean algebra operations.

o»r <9 »

v
it
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