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Problems in Mathematics
&
Experiments with Mathematica

5. Indefinite Integral

5.2 Integration techniques

I Summary of the rules I

e Integral of elementary functions

Remember that the Mathematica notation sometimes different form the traditional notation.
See the chapter A short introduction to Mathematica.

fx"dx:f;:+c (@+-1)
1
[+ dx=log|x|+C

fsinxdx:C—cosx

feosxdx =C +sinx
[~ dx=C +tanx

c0s2 X

[=5— dx=C - cotanx

sin® x

[a*dx= & +C
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e Rules for operation on functions

fef=c [t multiplication by a constant
[d+9)=[f+[g sum
[f'g'=fg - [fg’ integration by

parts (conversion of the
differentiation of a product)

ff(g(x)) g' X)dx = integration by substitution
ff(y) dy (conversion of the chain rule)
(y = 9(x),

dy =g'(x) dx)

fff((—;()) dx = substitution: y = f(x)

log |[f(x)| +C

[P0 f () dx = substitution : y = f(x)

- f™(x) +C

n+1

e Integration of rational fractions. Theorem of expansion to fractions with
minimal denominators

Let Pn(x) and Qm(x) are polynomials, where n<m. Let

Qn0 = (Mioy x=x0%) ([ ], 0¢ +a”), (my+2my =m)

1=02
Then
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Mathematica interpretation: Apart function.

e Examples.
1
Apart(—)
X(X+1)
E
X 1+X
1
Apart(——]
xX=-1DX+2)
1 1

3(-1+x) 3 (2+X)
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I The Mathematica statements
InputForm Trad. Form Meaning
Integrate(f(x], x]  [f(x)dx The indefinite

integral of f (x)

I Exercises and problems

PROBLEM 5.2.1 Use elementary techniques.

(¢H) flezdx
) fo.sx/?dx
(©)) f(—6x2+4x—log(6))dx
@ (x 3)d
— ——|dx
fS X
1

©) f(?»x5+x3 log(3) — 6 x> — x + " (x+2)3+sin(%))dx

(6) f(3x+sin(x)+\/§)dx

2
. fM .

) fl x? p

— — — |dx

-7

(€©)) fx(2x+3)cﬁx
1 1

(10) f(———(2x2—7x)x]cﬂx
x 3

(11) ftan(x)cos(x)dx

(12 f (53* = x3)d x

1
(13) f(sx -3 x2 Iog(3))dx
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dx

—x2 1y
(1) f x=log(2) + 3 X log(2)

x12

(15) f(—log(yr) log(x) + sin(r) log(x) — x sin(xr) + log(r) sin(x)) d x

(16) f(x2+%]2dx
an f_z dx
(18) f# dx
(19) fx2 [x— %]cﬂx
(20) fxz(\/_ ——1-)dx
D) fwdx
(22) fx“[l—\aj_ix]dx
23) IMJX
4 fxz[l—?lx]cﬂx
fxzdx—fngl_;—dx
5X14/5 X3

+

14 3

PROBLEM 5.2.2 Integrate by substitution.

sin(x)
(@D f dx

Cos(X)
) fsin(Zx)cﬂx

Q) f X cos(x%) d x
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(C)) fsin(x) cos?(x) d x

) f X e dx

©® [eosi(Vx)ax
X

@) ftan 1(E)dx

©)) f "0 x cos(x?) d x

1
9 d
S f x log(x) X

(10) fcos(log(sin(x))) cot(x) d x

PROBLEM 5.2.3 Integrate by parts.

(@D fx sin(x) d x
) f x2 sin(x) d x
(©)) f@zx(x2 - X)dx
4 f cos(x) 10* d x
5) f 3 x% cos(x) d x

€0s(X) X
() f( —Etan(Z))Lﬁx

eX

SOLVED PROBLEM 5.2.4
Expand the following fraction to fractions with minimal denominators.
1

X(X=3)(X+2)

f(x):=
o SOLUTION
e The way of manual expansion
Expand
1

fix 1:=
X(X=3)(X+2)
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Consider the equation

1 A B C
eqn= == — 4+ +
X (X=-3) (X+2) X (X -3) (X +2)
1 o B +A+ C
(-3+X) X (2+x)  -3+X X 2+X

Together[eqn[[2]]]

~BA-AX+2BXx-3Cx+AxX2+Bx2%2+Cx?
(-3 +X) X (2+X)

The coefficients on the left- and right-hand sides must be identical. We obtain a system of
linear equations for the variables A, B and C.

Collect[Numerator[Together[egn[[2]]1], {X, X"2}]
-6A+ (-A+2B-3C)x+ (A+B+C) Xx?

Solve[{-6A==1, ~A+2B-3C==0, (A+B+C) == 0}, {A, B, C}]

1 1 1
{{A%fg, B E,Ceﬁ}}

Compare the obtained coefficients with the result obtained by Mathematica:
Apart[T[x]]
1 1 1

+

15 (-3+x) 6x 10 (2+X)

PROBLEM 5.2.5

@

@

€)

€Y

Expand the following fraction to fractions with minimal denominators.
1

X(X=3)(X+2)
2Xx+1

X(1=x)> (X +3)

X2+ x-1
X (X —3)2 (X2 +3)
1

X+2)(X2+2)

SOLVED PROBLEM 5.2.6 Use the method of minimal denominators

1
f—cﬂx
X (X = 1)°
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o SOLUTION

Expand the fraction to partial fractions

Apart[l/ (X (X-1)"2 (x"2+2) (X*2+3)"2)]

1 ~ 1 . 1 .
48 (-1 +x)? 18 (-1 + x) 18 x
4+ X -3-X -27 -8x

18 (2+x2) ' 24 (3+x2)2 144 (3+x?)

Now, each term can be integrated independently.

1
f—cﬂx
X (X = 1)°

1
-1+Xx

-Log[-1+X] +Log[x]

PROBLEM 5.2.7

1
1 d
@ f(—x+2)(x—1) X
@ [ S
——dx
X (X + 2)°
3) f X+2 d
— . dx
xX+3h(x=-1
X2 + X
@ [——
X (X — 1)
PROBLEM 5.2.8 Mixed problems
1
(€)) fcos(x)[x———]dx
sin(x) = 1)°
1
(@) fex[x——]dx
(e + 1)
1
(€©)) f«ex(x— ]dx
eX-1
(@) fx(log(x)—\jx2+1)dx

5 X | sin(x) L d X
® [ r—
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(6) fsin(x) (cos(x) - ——]dx
(cos(x) — 1)°




