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3. Limit and continuity

3.2 Basic rules and techniques: polynomials and rational fractions

I The arithmetic of limits I

THEOREM 3.2.1 Finite limits

Let a be finite or oo, and limy_, , f (X) =L, limy_, 5 g (X) = M, where M and L are finite.

limy_a f (0= g(X)

lime, fO£limL,gX)=L+M
limy,,cf (X climy,, f(X)=cL
IimX—>a (f (X) g(x)) Iimx—>a f (X) Iimx—n’:l g (X) =LM

; fx _ limy,a f (%)
limy 2 f (%) - limy a2 g (X)

= &, provided M #0

THEOREM 3.2.2 Infinite and zero limits

Here, we summarize the arithmetical rules for infinite and zero limits. Assume that
lime, o f (X) and limy_, 4 g (x) are nonzero numbers, zero, or infinity. Then

00 + 00 = 00 — 00, undefined
C-00 = 00, c>0 0- oo, undefined
C-00 = —o00, c<0
X0 =
= =0, [c| < oo =, undefined
2=0 0<|c| < oo 3 undefined
c _ c :
—5 = o undefined

Here, limy_, , f(X) = +0 means that f (x)>0 for x, close to a.

THEOREM 3.2.3 Limit of a compaosite function
If limy. o g(X) = Aand f(x) is continuous at A, then limy_, , f(g(X)) = f(A).

THEOREM 3.2.4 A simple criterion for monotone functions

Let f(x) be monotone for x<a and close to a. Then

lim f(x)

x—a—-0

exists. If f(x) is bounded, then the limit is finite. The same statements hold for the
right-hand side limit.
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I Arithmetic of continuity I

THEOREM 3.2.5 Basic continuous functions
The elementary functions (powers, trigonometric functions, exponential and logarithmic
functions, absolute value) are continuous on their domain.

THEOREM 3.2.6

The sum and product of continuous functions are continuous. The fraction is continuous if
the denominator is not zero at the given point. If g(x) is continuous at a and f(x) is
continuous at g(a), then the function f(g(x)) is continuous at a.

I Exercises and problems I

SOLVED PROBLEM 3.2.1 Limit of continuous functions
Find

limx?=x—-1
X—=1

o SOLUTION

The function is continuous at a=1. Consequently, the limit is equal to f(1)=-1.

PROBLEM 3.2.2

Find the following limits.

) limx*-x-1

x-1

@) limx*-2x-3

x-0

@) i Xx=1
im
=0 x+1

sin(x)

4) i
@@ M ——

(5) limlog(x)(2-x%

X—1
tan(x
(6) Ilim )
X—1 eX
log(—x
() lim 9%
X—-—e X
xXf=x3+x2-1
@3) Ilim

X—=-1 X=1
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Vx4+2x3-1
® lim
x--1 X+2

3 2
A0) |im < M
X2 X—-=1

SOLVED PROBLEM 3.2.3 Limit of a polynomial at oo
Find

lim x3=2x%+1

X—o00

o SOLUTION

The expression in this form results in a limit of form co-co. To get a better form, take the
highest power out. Now

The Ilimit of the first factor is oo, and limy,. (—% + Xig + 1)=1. Consequently,
My X2 — 2 X2 + 1=c0.

e Remark

The previous example shows the large scale behavior of polinomials. For large x, a
polynomial behaves similarly to its dominant term, that is, the term of the highest power.
This technique will be used in the following problems for functions containing polynomials.

e General method to find a limit of a rational fraction at a o

A o
-, N=m

: ag X"+an_1 X" 1+...+a
limy_o oot o -0, n<m

bm XM+am_1 XM=-1+...4+bg
sign(g—;) c00, N>m

SOLVED PROBLEM 3.2.4 Limit of a generalized polynomial at co.

Find
Iim\j X3—xX —=x2+1
X=00 +
o SOLUTION

The expression results in a limit of form co-c0. T0 get a better form, take the highest power
out. Now

It is obvious, that the limit is -co.
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o
SOLVED PROBLEM 3.2.5 Limit of rational fractions at oo.
Find the following limits.
3_ 42
X® = X+ X
@ lim ——
xo00 2x2—-3Xx+1
o SOLUTION
The expression results in a limit of form =. Take the dominant power out in both the
numerator and denominator:
=X +x B(l- <+ %) B 1-1+ 5
2x2-3x+1 XZ(Z_%_,_XLZ) 2_%+XL2_
. . . . - 3_y2
The limit of the fraction is % Consequently, limy_ ., 577377~
o
2x4+x2+1
@ lim —
X—00 5 X5 —_ 3
o SOLUTION
The expression results in a limit of form =. Take the dominant power out in both the
numerator and denominator:
2xt+x2+1 Q2+ 5+ 5) 1 2+ 5+ =
5x°-3 55— ) X 5-3 .
The limit of the second fraction is £. Since limy_,., = = 0, we have lim. %Zm
o
2x4+x2+1
A lim —
X—>00 5 X5 —_ 3
o SOLUTION

The expression results in a limit of form
numerator and denominator:

1 1 1
23 +x2+1 K@+ +5w) 245+

—. Take the dominant power out in both the

X=X (L~ 5)

The limit is obviously equal to 2.

PROBLEM 3.2.6
Find the following limits.
x3-2x-1

- X

lim

X—=o00 X

@

1-
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X0 =x2+21
@ lim — —
Xo—oo 2 X2+ X
—“2xX24+2x+1
3) Iim
X—>00 X2 — X
x2+3x2+1
@ Ilim ———
x=eo  x2 —3x3
5x’ —=2x
G lim —mm—

X——00 X7 =X
x*=5x+1
() lim
X=00 X4 + X
SOLVED PROBLEM 3.2.7 Limit of rational fractions at finite places

Find the limits of the function

at the places, where it is not defined.

o SOLUTION

First, plot the function to have a conjecture:

3

Plot[ v {x, -3, 2}, PlotRange -> {-10, 10}];

10
7.5
5
2.5

-3 -2 —1_2_5 1 2
-5
\ -7.5
-10

It seems that the only problematic point is xo = —2.
To be sure, factorize the denominator, and find its zeros:
Factor [X? + X - 2]
(-1 +X) (2+X)
It gives that the function is not defined at xo = —2 and x; = 1. We have to find the limits
_ x3 = x
lim ————
x>-2 X2 4 X —2

and
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Consider the case xg = —2. The limit can be written as

. X3 — X X3 —x . 1

lim ——— = lim lim
x>-2 X2+ X—=2 xo-2 X—=1 x>-2 X+2

X3 =X 1 e .
lim =2, butfor , only the half — side limits exist. Consequently, the limit
x--2 X — X+2

_ x3 = x

lim

x2-2 X2 4 X —2

does not exist, but the half-side limits are

o x3 - x . .
lelt[—, X » -2, Direction -> —1]
X2 X -2
(e0)
) x3 - x . .
lelt[ , X =» -2, Direction -> 1]
X2 +X -2
—

Now, consider the limit

3

X" =X

lim ————
x>l X2 4 X =2
The expression, in this form, results in a limit of form % We also need to factorize the
numerator:
X3 —x= x(x—1)(x+1).

Consequently, if x # 1, then the fraction can be simplified:

Simplify[ %
impli —_—
P [x2+x—2]
X (1 +X)

2+X

: x3—x  _ lime 1 x(1+X) — 2
Hence, limy.. X+x=2 ~ lim_; (2+x) ~ 3¢

With Mathematica:
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e General method to find limits of rational fractions at finite places

1. The denominator is not zero at the given point X:
Calculate the limit by substituting X, into the formula.
2. The denominator is zero, but the numerator is not, at Xg:
Apply the rules for the limit .
3. The fraction is 2 at Xo:
Simplify the fraction to relative prime numerator and denominator, and
you can apply one of the above cases.

PROBLEM 3.2.8

Find the limits of the following functions at the places, where they are not defined. Plot the
functions to have a conjecture, and also use Mathematica to simplify the fractions. Then
compare your result with the limits obtained by Mathematica. Be aware, some points, where
the function is not defined, cannot be found by the graph (explain, why!).

1
D fo)= ——
—X + X
342X+ X2
@ fx)yi=——
-2+ X+ X2
2+3Xx+ X2
A fx)yi=——
—4 + X2
@ 100 = —%
X)i= ——
- 2X2 4+ x3
24 X+ X2
G fx)= — ——
2-3x+x3
) fo0)i= — 2
X)= — —
- —1-x+2x2
M o0 i
X )=
- 14+2X+2x2+x3
1+ X+ X2
@) fx):=

14+2X+2x2+x3



