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9. Functions of several variables

9.2 Partial derivatives

I Theory I

DEFINITION 9.2.1

Consider the function f(x, y) in a neighborhood of the point (xg, yo). If the function
g(x) = (X, Yp) is differentiable with respect to x (Yo is fixed, see the definition in the first
section on the derivative Definition, geometrical meaning, tangent line), then g'(xg) is
called the partial derivative of f(x, y) at (o, Yo) With respect to x.
If the function h(y) = f (X, y) is differentiable with respect toy (Xp is fixed), then h' (yg) is
called the partial derivative of f(x, y) at (o, Yo) with respectto y.

e Notations

fu(x, y) = 20 fyx, y) = S5

e Geometrical meaning

e Tangent plane

The tangent plane is determined at (xo, yo) by the direction vectors (1, 0, f,(Xo, Yo)) and
(0, 1, f.(Xo, Yo)). The equation of the tangent plane at (Xo, Yo) is

2120 = f,(X, Yo) (X = Xo) + fy(Xo, Yo) (¥ — Yo)
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e Example: f(x,y)=-x?- y?; tangent plane at (-0.5,-0.5).
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e Second order derivatives

The derivatives

Py . d (81‘ (X, y))
a2 X X

Pfxy 0 (af(x, y))
ay2 "y ay

are the pure, and

3t y) g(af(x, y))
0yox y oX

Py g(af(x, y))
axdy X Ay

are the mixed second order partial derivatives.

THEOREM 9.2.2
If all the second order derivatives are continuous at (xg, Yo), then

Pty Py
dyox — Ixdy.

I Mathematica statements I

See the differentiation statements in the section: A short introduction to Mathematica.

More details about the differentiation are in the Mathematica help: DI...].
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I Exercises and problems I

SOLVED PROBLEM 9.2.1

Calculate the first and second order derivatives of the following functions. What is the
tangent plane at the given (Xq, Yo). Plot the graph of the function and the tangent plane.

2 L2000 m .
f(x_, y_) = cos?(y) +sin’(x); {Xo, Yo} = {—E 0};

o SOLUTION
e The derivatives

dx = ox F[x, y]

2 Cos[x] Sin[x]

dy = 8y F[x, y]
-2Cos[y] Sin[y]
dxx = 0x ,x T[X, Y]

2 Cos[x]?-2Sin[x]?
dyy = 8y,y F[X, Y]
~2Cos[y]?+2Sin[y]?
dxy = 8x,y FIX, y]

0

e The tangent plane

Plane[x_, Y_] = F[X0, Yo] +
(dX /. {X>Xg, Y- Yo}) (X-Xg) + (dy /. {X> X0, Y->VYo}) (Y-Yo)

1+% (1+\/§)2+% (—1+\/§) (1+\/§) (% +X)
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pltf = Plot3D[f[x, y], {X, -x, O},

{y, —%, %} PlotPoints » 30, AxesLabel -» {x, y, z}];

pltpl = PIot3D[PIane[x, vl,
{x, -, —1}, {v, Z, 1}, Shading - False] ;
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PROBLEM 9.2.2

Calculate the first and second order partial derivatives of the following functions. Find the
equation of the tangent plane at the given {xg, Yo}. Plot the graph of the function and the
tangent plane. Use the solution of the previous problem.



func2d_part-der.nb

A fx_y)=x2=y% {Xo Yo} = (-1, 1};

2_\2 1
@) fx,y)=e™Y {xo, Yo} = {E-? 0};
(3) fO, y) =cos(x—y)+sin(xy); {xo, Yo} = {0, %};

PROBLEM 9.2.3

Calculate the first and second order partial derivatives of the following functions.
(D) fe yo) =y +log(y X°) +sin(x);
(@) f(x,y):=x"Y 4 log(y? + X);
B3 f(x,y):=cosx) +Vx;
(D fxy) = +tan(x y?);

(5) f(x_ y):=e*y+log(yx?)




