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6. Definite integral

6.1 Definition, geometrical meaning, properties

Definitions, basic properties

è The lower, upper and Riemann sums
Let  the  nonnegative  function  f(x)  be  continuous  on  the  interval  [a,b].  Let   the  positive
integer number n be given, let h= b-aÅÅÅÅÅÅÅÅÅÅn , and let x0 = a, x1 = a + h, ..., xi = a + i h, ..., xn = b. 
Let fi

êêê
= sup 8 f HxL : x e @xi, xi+1D} and  fi = inf  8 f HxL : x e @xi, xi+1D}. 

The sums 

      Sn = ⁄i=1
n fi h    and    S

êê
n =⁄i=1

n fi
êêê

 h 
are  lower  and  upper  approximation  of  the  area  between  the  graph  of  the  function  and  the
x-axis, respectively.  It can be proved that 

lim
nØ¶

Sn = lim
nØ¶

S
êê

n.

This  common limit  is  considered  the  area  of  the  region  between  the  graph  of  f(x)  and  the
x-axis. A sum of form 

   Sn=⁄i=1
n f HxiL h 

where xi § xi § xi+1, is called a Riemann sum. It is obvious that 

Sn § Sn § S
êê

n



è Animation of the lower sums (electronic version only)
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Uniform partition into 5 subintervals
Left edge of subinterval used for height
Mesh = 0.2
Riemann Sum = 0.24
Definite Integral = 0.333333

è Animation of the upper sums (electronic version only)
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 DEFINITION 6.1.1
In  general,  let  the   function  f(x)  be  defined  on  the  interval  [a,b].  The  function  f(x) is
Riemann integrable on [a,b] if

lim
nØ¶

Sn = lim
nØ¶

S
êê

n.

This common limit is called the definite integral or Riemann integral of f(x) on [a,b], and it
is denoted by

‡
a

b
f HxL „ x

For  other  integral  approximations,  see  the  section  Numerical  integration:  Integral
approximation formulas.

è Geometric meaning

If  f(x) ¥ 0, then Ÿa
b f  HxL „ x is nonnegative and gives the area between the graph of f(x) and

the x-axis. If  f(x) § 0, then Ÿa
b f  HxL „ x is nonpositive. In general, Ÿa

b f  HxL „ x is the signed
area.
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è Basic properties
Let f(x) and g(x) be integrable on [a,b]. 

Ÿa
a f HxL „ x = 0

f HxL ¥ 0 fl Ÿa
b f HxL „ x ¥ 0

f HxL ¥ g HxL fl Ÿa
b f HxL „ x ¥ Ÿa

b gHxL „ x

Ÿb
a f HxL „ x := -Ÿa

b f HxL „ x

Ÿa
b f HxL „ x + Ÿb

c f HxL „ x = Ÿa
c f HxL „ x

Ÿa
b k f HxL „ x = k Ÿa

b f HxL „ x

Ÿa
b f HxL „ x + Ÿa

b gHxL „ x = Ÿa
bH f HxL + gHxLL „ x

è Mean value of a function
The mean value of a function on an interval [a,b] is defined by the formula

M  H f L :=
1

ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
b - a

 ‡
a

b
f  HuL ‚ u.

It  is  obvious  that  Ÿa
b M H f L „ u = M H f L Hb - aL = Ÿa

b f HuL „ u.  This  is  a  natural  generalization
of the weighted aritmetical mean to integrable functions.

Area function, the Fundamental Theorem

 DEFINITION 6.1.2 Area function
Let f(x) be integrable on the interval [a,b]. The function 

‡
a

x
f HxL ‚ x

is  called  area  function.  For  any  other  a1 e@a, bD,  the  additivity  of  the  integral  provides   the
formula

‡
a

a

1
f HuL ‚ u + ‡

a1
x
f HuL ‚ u = ‡

a

x
f HuL ‚ u

intdef_def.nb 3



è Animation of the area function I. (electronic version only)
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è Animation of the area function II. (electronic version only)
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 THEOREM 6.1.3 Fundamental Theorem
Let  f(x)  be  integrable  on  the  interval  [a,b].  If  f(x)  is  continuous  at  x0 eHa, bL,  then  the  area
function Ÿa

x f HxL „ x is differentiable at x0 and 

d
ÄÄÄÄÄÄÄÄÄ
dx

 ik
jj‡

a

x
f  HxL ‚ xy{

zz 
ƒƒƒƒƒƒƒƒƒx= x0

= f  Hx0L

Consequently, the area function is an antiderivative of  f(x).

è Application: variation of a function
The derivative f(t) (the speed of the change of a process)  of a function F(t), and the initial
value FHt0L  are  given. Then F(t) is described by

F HtL = F Ht0L +‡
t0t

f  HuL ‚ u.

The variation of FHtL between t0 and t1 is

FHt1L - FHt0L = Ÿt0t 1
f HuL ‚ u.

Exercises and problems

See the problems in the section Numerical integration: Integral approximation formulas.
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