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9. Functions of several variables

9.3 Finding a local extremum

I Theoretical basis I

THEOREM 9.3.1 Necessary condition for local extremum

Let the function f(x,y) be differentiable at (xo, Yo). If f(x,y) has a local extremum at (Xo, Yo),
then

At (xy) _ ([ 2f(xy) =
([ a):(y )(x,y):(xO,yo)_([ 3)3(’y )(x,y)=(xO,yo)_O

The points that satisfy this equality are called critical points.

e Remark.
The conversion is not true. Remember the function f(x, y) = x> — y? at (0,0).

THEOREM 9.3.2 A sufficient condition for local extremum

Let the function f(x,y) be defined in a neighborhood (xg, Vo), the first and second order
partial derivatives exist and are continuous at (Xo, Yo). Assume that (X, Yo) is a critical
point, that is it satisfies the relation

af(x,y) _ (T 9fxy) =
([ aiy ])(XyY)=(Xo~YO)_([ 6§y ])(x,y):(xO,yo)_O'

1. Assume that

[ﬂzf(x,y) Aty _(0’72f(x,y))2 -0
29 2% IYIX ) wpooyn
62f( , ) -
R ](x,y):(xO,yo)>O’ then f(x,y) has a local minimum at (o, Yo).
A (x,y) ;
If [T’?’](X’y):(x()’yofo, then f(x,y) has a local maximum at (Xo, o).
2. If
(Pioy) #iy) _(aZf (%, Y) )2 0
ax? ay? dy Ix kp=0oyo)

then f(x,y) has neither local minimum nor maximum at (Xg, Yo).
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THEOREM 9.3.3 A special case for polinomials

Let f(x, y) =ai(x+b1)?"+ ax(y +by)®>™, where n and m are positive integers. If a;>0
and a, > 0, then f(x,y) has a local minimum. If a; <0 and a, <0, then f(x,y) has a local
maximum. If a; a; <0, then f(x,y) isa saddle.

I Exercises and problems I

SOLVED PROBLEM 9.3.1

Find the critical points of the function
fOC ¥ = (x=2)* +(y - 5)%;

o SOLUTION

Calculate the first order partial derivatives, and solve the system

Afxy) _ .  ofxy) _
=0 =0

dx =D[F[x, Y], X]
dy =D[F[X, Y], Y]

4 (-2+x)3

2 (-5+vy)

Solve[{dXx == 0, dy == 0}, {X, Yy}]

{{(X->2,y-5}, (X>2,y->5}, {(X>2,y->5}}
Finally, plot the graph around the obtained point:

Plot3D[f[X, V], {X, 1, 3}, {y, 3, 7},
BoxRatios » Automatic, AxesLabel -» {X, y, z}1;
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e Find the critical points using the FindRoot command

We read initial values for the critical point from the graph:
{Xo, Yo} = {2.5, 4};
FindRoot[{dXx == 0, dy == 0}, {X, X0}, {Y, Yo}]

(X >2.00578, y > 5.}

PROBLEM 9.3.2

Find the critical points of the function. Use the theorems and/or experiments to decide if
they are minimum or maximum points.

(D) f(x,y):=x*+y>-3xy

@ focy)=xt-y -y

() foL y) =X -y =3xy

(4) f(x_ y):=sin(xy)

() f(x_, yJ) 1=cos(y* +X)

(6) f(x_ y):=xe

M e y)=ye™

@) f(X,y)i==X+2yX+X+2y*+y+6
Q) f(x,y)i=x2+2x+2y>—y=-2xy

(10) f(x,y):==X2+2yx+2x+2y*+7y+6

(A1) fx,Ly):=x242x+2y*—y—xy;




