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3. Limit and continuity

3.5 Comparison of growths

I Compare the growth: investigate limy_,f(X) —g(x)

Let f(x) and g(x) be given around (but not necessarily at) a given point a. Assume that
limy_, 4 g (X)=limy 5 f (X) = co.

The problem is that which function converges faster to the given limit.

e Method
Take f(x) —g(x) and find lim f(x) — g(x).
X—a

If limfx)—g(X)= A< oo, then f(x) ~ g(x) + A around a.
X—a

If limf(x)-g(X)= oo, then f(x)> g(x) around a.
X—a

If lim f(x) — g(x) does not exist,
X—=a

then f(x)and g(x) cannotbe compared by this method around a.

f(x)

I The relative growth rate: investigate limy_, 900

Let f(x) and g(x) be given around (but not necessarily at) a given point a. Assume that
lime_a g)=lim_, f(X)=0

or
lime 2 g(X)=limy, o f (X) = .

The problem is that which function converges faster to the given limit.
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e Method
Take m and find lim &9
g(x) x->a g(X)
. X
If lim——- = A>0, then f(x) ~ Ag(x)around a.
x>a g(X)
- foo
If lLrT;W = 0, then f(x) < g(x) around a.
- foo
If lLrT;W = oo, then f(X)> g(x) around a.
If lim M does not exist,
X—-a g(X)

then f(x)and g(x) cannotbe compared by this method around a.

I Special case: Asymptotes at infinity

DEFINITION 3.5.1

Let limy, 5 f (X) = co. The linear function y=ax +b is the asymptote of f(x) at oo if

lim_a f(X)— (ax+b)=0.
e Method to find the asymptote

Stepl. lim T =a

X—a X

Step2. lim f(x) —ax=Db

X—a

I Problems

PROBLEM 3.5.1

Consider the fractions of functions in the problems of the previous sections and in the
section L'Hospital rule. Compare the growth rate of the numeratior and the denominator.

PROBLEM 3.5.2

Find the asymptote for the following functions.

X2 =2x+1
@ fx)yi=—
x-1
2x2+x+1
@) fx)=———
X =2
3_ 2
A f(x):=

2x2 -1



