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Preface 
 

In this teaching material the authors’ opinion of visualization of calculus by using of package 

GeoGebra is presented. The material can be used for both by complete beginners, as well as 

by students that already has gone through calculus course. This teaching material represent 

the modernization of the following course at University of Novi Sad: Calculus for physics, 

chemistry, mathematics, informatics, pharmacy student. 

It is an addendum to the book [4]. All definitions and exercises can be found in this book in 

Serbian.. 

  



1. Functions 

1.1. Basic Notions 

Definition of Functions 

Let A  and B  be two nonempty sets. By definition, a relation f  from A  into B  is a subset 

of the direct product .BA   

A relation f  is a function which maps the set A  into the set B  if the following two 

conditions hold: 

 for every Ax  there exists an element By  such that the pair ),( yx  is in ;f   

 if the pairs ),( 1yx  and ),( 2yx  are in ,f  then necessarily .21 yy    

EXAMPLE 1  

Determine the domain fD  for the following functions:  

;52)()  xxaa ; 
29)() xxbb  ; ;4)() 3  xxcc  

;52)()  xxdd  
4

4
)()

2 


x
xee . 

SOLUTION:  
On Figure 1.1 (linked by Domain) we visualized exercises. Each graphs is presented in 

different colors and the intervals on x-axes, representing the corresponding domain. 

The GeoGebra Applets can be obtained by using the hyperlink Domain. 

 

Figure 1.1 

 

file:///G:/ACTUAL/2010-IPA-HU-SRB/Implementation/P0-teaching-materials/Greymatter-szamara/D-takaci/2Functions/BasicNotion/Definition.pdf
1Functions/BasicNotion/Domain-23a)-e).ggb
1Functions/BasicNotion/Domain-23a)-e).ggb


Composite of Functions  

Let two functions BAf :  and CBg :  be given. Then the function CAfg :  

given by  

Axxfgxfg     )),(()(  

is called the composite function of the functions g  and .f   

EXAMPLE 2  

 The functions f  and g  are given as: 

.32)(,1)(b);2)(,3)(a) 2  xxgxxfxxxgxxf   

Determine ),)(( xgf   ),)(( xfg   ))(( xff   and ))(( xfff  . 

SOLUTION  
On Figure 1.2 (linked by Composite-a) we denoted by:  

),)(()( xgfxh   ),)(()( xfgxp   ))(()( xffxp   ).)(()( xfffxr   

The graphs of these functions are presented in different colors. 

On Figure 1.3 (linked by Composite-b ) we denoted by:  

 ),)(()( xgfxh   ),)(()( xfgxp   ))(()( xffxp   ).)(()( xfffxr   

 The graphs of these functions are presented in different colors. 

 

Figure 1.2. 

1Functions/BasicNotion/Comp-24a).ggb
1Functions/BasicNotion/Comp-24b).ggb


 

Figure 1.3 

 

Inverse Function  

Suppose the function ,: BAf   is a bijection. Then, for every By  there exists a unique 

element Ax  such that ).(xfy   Now, the relation from B  to A  given by  

)}(|),{(:1 xfyABxyf 
 

is a function on B  which will be called the inverse function for .f  The inverse function is 

also a bijection and it holds  

.),(   )()(1 BAyxyxfxyf 
 

EXAMPLE 3  
Determine the inverse function g , for the given function ,f  

 

 
).,1()1,(,

1

1
)(d));,0(,)(c)

);0,(,)( b));,(,13)(a)

2

2









x
x

x
xdxxxf

xxxfxxxa
 

SOLUTION  

On Figure 1.4 (linked on Inverse) the graphs of the given functions are drawn in different 

colors, the function g  is inverse to the function a , the points A and 'A  are symmetric in 

respect to line given by xy  . The slider h enables moving the points A  and B  and 

their symmetric points.  

1Functions/BasicNotion/Inverz-25.ggb


 

 

Figure 1.4 

Odd and Even Function  

Let us suppose that the domain A  of a function ,: BAf   is symmetric. Then f  is an 

 even function, if for every Ax  it holds );()( xfxf    

 odd function, if for every Ax  it holds ).()( xfxf    

Geometrically, the graph of an even function is symmetric to the y  axis, while the graph 

of an odd function is symmetric to the origin. 

EXAMPLE 4   
Determine which of given functions are odd or even functions:  

 

.3)(f);1)(e)

;ln)(d);11)(c)

;sin)(b);1)(a)

/14

1
122

2

2

xexfxexf

xfxxxxxf

xxxfxxf

xx

x
x










 

SOLUTION  
The graph of function in exercise a) is drawn and the point A’ is symetric with the point 

A(a,f(a)), with respect to y-axes. The coordinates of the points A can be changed by using 

slider a (Figure 1.5 EVEN).  

The functions in a), and e) are even and it can be visualized by changing function. 

The functions in b) and d) are odd (Figure 1.6 Odd1. 

The function in f) is neither even nor odd. 

1Functions/BasicNotion/EVEN1.ggb
1Functions/BasicNotion/Odd1.ggb


 

Figure 1.5 

 

 

Figure 1.6 

 

Extreme  

A function BAf :  is monotonically increasing (resp. monotonically decreasing) on the 

set AX   if for every pair of elements 1x  and 2x  from the set X  it holds  

)).()(   )()( 21212121 xfxfxxxfxfxx   

A function BAf :  has a local maximum (resp. local minimum) in the point Ax 0  if 

there exists a number 0  such that  

).)()((  )()(  )),(( 0000 xfxfxfxfAxxx  
 

A function BAf :  has a global maximum (resp. global minimum) in the point Ax 0  

if  



).)()(( )()(  )( 00 xfxfxfxfAx   

On Figure 1.7 (linked on  Exstreme) Extreme the function h  has local minimums at 

, , , , ,A C E G I  and local maximums at the points , , , ,B D F H J . Global 

minimum is at ,I and global maximum is at the point ,H  

 

 

Figure 1.7 

 

Concave functions  

A function ,: BAf   is called concave upward on the interval Aba ),(  if for every pair 

),(, 21 baxx   and for every )1,0(  it holds  

).()1()())1(( 2121 xfxfxxf  
 

Geometrically, if a function f  is concave upward on the interval ),,( ba  then the segment 

connecting any two points on its graph is above the graph. 

A function ,: BAf   is called concave downward on the interval Aba ),(  if for every 

pair ),(, 21 baxx   and for every )1,0(  it holds  

).()1()())1(( 2121 xfxfxxf    

 Geometrically, if a function f  is concave downward on the interval ),,( ba  then the 

segment connecting any two points on its graph is under the graph.  

On Figure 1.8 (linked on Concave) two functions are consider: .)(,)( 22 xxgxxf  The 

first one is concave upward and the second one is concave downward. The points ,, BA and 

,, DC belong to the graphs of f  and g , respectively. The segment connecting points ,, BA  

on f  is above the graph, while the segment connecting points ,, DC  on g  is above the 

graph.  

1Functions/BasicNotion/Exstr.ggb
1Functions/BasicNotion/ConcaveFunc.ggb


Let us remark that the tangent line on the graph of f , at the point ,B  is under the graf, 

while the tangent line on the graph of g , at the point ,D is above the graph. 

The points ,, CA  and ,, DB can be changed by using sliders a and b , respectively. 

 

 

Figure 1.8 

Periodic Function  

A number 0  is called the period of the function BAf :  if for all Ax  the points 

x  and x  are also in A  and it holds  

).()(  )( xfxfAx    

The smallest positive period, if it exists, is called the basic period of the function .f  Clearly, 

if we know the basic period T  of a function, then it is enough to draw its graph on any set 

AX   of the length .T   

EXAMPLE 5  
Determine which of given functions are periodic:  

 
.3sin33cos)(d);tan)(c)

;sin)(b);5sin2)(a) 2

xxxfxxf

xxfxxf




 

 

SOLUTIONS A)  
The function is periodic with period Zkk ,5/2  . On Figure 1.9 linked on Period the 

graph of function is drawn and the points  

 )),(,( afaA  )),5/2(,5/2(  kafkaB   )),(,(  kafkaC   

)).3/2(,3/2(  kafkaD   

ConcaveFunc.ggb
1Functions/BasicNotion/Period-27.ggb


Let us remark that points A  and B  have the same second coordinate, meaning that 5/2 k

is the period of the function. The points C  and D  illustrate that k  and 3/k are not the 

periods for the given function (the second coordinate differ). By using slider k we change the 

integers k, and by using slider a we change the value of x. 

The values k  and 3/k  are periods for the function in b) c) and d), respectively. Using 

the same GeoGebra applets one can illustrate it by changing the function. Of course, some 

other function can be considered. 

 

Figure 1.9 

 

1.2. Polynomials 

The function  

),(,,)( 01

1

1 CR  

 xxaxaxaxaxP n

n

n

nn   

where the coefficients ,,,1,0, nja j   are real numbers, is called polynomial of degree 

,Nn  if .0na   

By definition, the constant function is a polynomial of degree zero. 

 

On Figure 1.10 we consider the graph of polynomial of six degree (linked on Poly6) 

,,)( 23456

6 R xhfxexdxcxbxaxxP
 

For different values of coefficients  

,,,,,,, hfedcba
 

1Functions/Polynom/Poly6.ggb


gave by sliders with different color. For  

,36,0,49,0,14,0,1  hfedcba
 

we have  

)3)(3)(2)(2)(1)(1()(364914 246  xxxxxxxpxxx
 

 

Figure 1.10 

 

EXAMPLE 6   
Draw the graphs of the following functions:  

 

 

.)(,)(,)(e)

;)(,)(,)(c)

;)()(,)(b)

;)(,)(,)(a)

53

53

642

642

xxhxxgxxf

xxhxxgxxf

xxhxxgxxf

xxhxxgxxf









 

SOLUTION 

In general, (Figure 1.11, linked on PolyK) we consider the function ,)( kxaxf   and by 

using sliders one can change the coefficients and the powers ,, ka  of polynomial f

respectively.  

On Figure 1.12 (linked on Poly246) the polynomials of degrees 2, 4, and 6 are drawn, for k=1. 

Taking k=-1 one can get the solution for b). But the changing of graphs with the change of 

coefficients can be followed in GeoGebra files. 

On Figure 1.13 (linked on Poly135) the polynomials of degrees 1, 3 and 5 are drawn. 

Let us remark that all four functions have the 2 common points A and B. 

 

Poly6.ggb
1Functions/Polynom/Poly-K.ggb
1Functions/Polynom/Poly246.ggb
1Functions/Polynom/Poly135.ggb


 

 

Figure 1.11 

 

 

 

Figure 1.12 



 

Figure 1.13 

 

1.3. Rational Functions 

The rational function is the quotient of functions  

,0)( ,
)(

)(
)(  xQ

xQ

xP
xR m

m

n  

where )(xPn  and )(xQm  are polynomials of degree n  and .m   

EXAMPLE 7  
Draw the graphs of the following functions on the same pictures:  

.)(,)(,)(b)

;)(,)(,)(a)

642

53

111

111

xxx

xxx

xmxlxk

xhxgxf




 

SOLUTION 
On Figure 1.13 (linked on RacFunc) both examples are drawn and with two sliders a and k, 

one can analyze rational functions kxaxR )( , for different values a and k (negative in this 

case).  

1Functions/RatFunctions/RacFunc.ggb


 

Figure 1.14 

 

1.4. Exponential and logarithmic function 

Exponential functions are the functions of the form .1,0,,)(  aaRxaxf x  

Logarithmic function .1,0),,0(,log)(  aaxxxf a   

EXAMPLE 8  
On Figure 1.15 (linked on explog) the graphs of functions  

ahedachxcxgabxf d

x /1,,ln),(log)(,)(   

are drawn. Let us remark that the functions f and g  are inverse, and it is visualized such 

that the point 'E  is symmetric with the point E  with respect to the line .: xyd   

 

1Functions/ExpLog/explog.ggb


 

Figure 1.15 

The graph of the function 
2)()( axbexf   is drawn on Figure 1.16 (linked on Normras), with 

its maximum at )).(,( afaA  

 

Figure 1.16 

1.5. Trigonometric Functions 

Trigonometric functions are of the form  

Z,k  ,kx      x,cot =y

Z,k  /2,kx    x, tan=y

 Rx   ,x  cos=y

 Rx    x, sin =y 












 

1Functions/ExpLog/Normras.ggb


On Figure 1.17 (linked on Sin) the graph of the function sinx =f(x) is drawn by using 

trigonometric circle. The point d),M(  is on this given circle, corresponding to the angle 

alpha. The point A has the absisa ,x  and the length of ordinate is the same as 

sinMC . By using slider  we change the angle and the point A, with trace included is 

drawing the of the function .sinx =f(x)  

On Figure 1.18 (linked on CosKx) the graph of the function  cos(kx) a=f(x)  is drawn by 

using sliders a and k . 

 

 

Figure 1.17 

 

 

 

Figure 1.18 

  

1Functions/TrigonometricFunctions/Sin.ggb
1Functions/TrigonometricFunctions/Cos(kx).ggb
Sin.ggb


1.6. Inverse Trigonometric Functions 

Inverse trigonometric functions are of the form  

 

].,0[,,cot

],2/,2/[,,arctan

],,0[],1,0[,arccos

],2/,2/[],1,0[,arcsin

















D

D

D

D

CRDxarcy

CRDxy

CDxy

CDxy

 

 

On Figure 1.20 (linked on ArcSinCos) the graphs of the functions 

,arccos)(,arcsin)( xxfxxf   are drawn.  

 

 

 

Figure 1.20 

 
 

On Figure 1.21 Arctan the function xxf tan)(   and its inverse one ,arctan)( xxf   are 

drawn, and the points A  and B , which are symmetric in respect to the line given by .xy 
 

1Functions/InvTrig/Arcsin-Arccos.ggb
1Functions/InvTrig/Arctan.ggb


 

Fugure 1.21 

 

1.7. Curves given in parametric forms 

CYCLOID:  
On Figure 1.22 the Cycloid, linked by Cycloid, ),cos1(),sin( tayttax   is drawn 

by using the point ))cos1(),sin(( tattaA   and two sliders ta,  enabling their changes.  

 

Figure 1.22 

 

ASTROID:  

On Figure 1.23 the Astroid, linked by Astroid, ,sin,cos 33 taytax  is drawn  

1Functions/Paramet/Cikloida.ggb
1Functions/Paramet/Astroida.ggb


 

Figure 1.23 

 

DESCATES CURVE:  

On Figure 1.24 the Decartes leaves, linked on DecLeav, .
1

,
1 3

2

3 t

at
y

t

at
x





  is drawn  

 

Figure 1.24 

  

DecartesLeaves.ggb
DecartesLeaves.ggb
1Functions/Paramet/DecartesLeaves.ggb


1.8. Curves given in polar Coordinates 

On Figure 1.25 Lemniscata Bernoulli, linked on BernLemnis, )2cos(2 tar   is drawn.  

 

Figure 1.25 

 

On Figure 1.26 Cardioid : )cos1( tar   linked on Cardioid, is drawn. 

 

Figure 1.26 

 

 

1Functions/PolarCoor/Bernoulli-Lemnis.ggb
Kardioida.ggb
1Functions/PolarCoor
Kardioida.ggb


 

Figure 1.27 

 

On Figure 1.27 Archimedean Spiral linked on, Spiral: ,atr  , is drawn. 

2. Limits and Continuity 

2.1. Sequences  

A sequence is a function .: RN a  It is usual to write  

.)(    ),(: NN  nnn aannaa  

In package Geogebra the sequences can be visualized by using sliders, and animations. On 

Figure 2.1 (linked onSeq) we drew the graph of the sequence ,
1

n
an   by using slider ,n and 

the point ),
1

,(
n

nA  with the trace on. In fact the point A has the )),(,( nfnA  coordinates 

meaning that one can change the function f and the sequences is changed also, as on Figure 

2.2. 

ArhimedSpiral.ggb
1Functions/PolarCoor/ArhimedSpiral.ggb
2LimitsContinuity/Sequences/Seq1n.ggb


 

Figure 2.1 

 

 

 

Figure 2.2 

EXAMPLE 9  
Show that the following holds: 

5 2 4 2 2

5 3 3

2 3 1 3 2 1 8 3 1

3 2 1 2
lim 2, lim , lim 0.n n n n n n

n n nn n n n

     
     

    

SOLUTION  

Three points A , B , C , with trace included and with the coordinates  

),(
23

132
5

25





nn

nnnA , ),(
1

123
3

24





n

nnnB  ),(
2

138
3

2





n

nnnC  

are considered. The slider n , has included animation and the graph of the three sequences  

2

138

1

123

23

132
3

2

3

24

5

25

,,










 
n

nn
nn

nn
nnn

nn
n hgf . 

It is visualized (linked on Exampl9) that  

2LimitsContinuity/Sequences/Exampl1.ggb


0limlim

,limlim,2limlim

2

138

1

123

23

132

3

2

3

24

5

25


















n

nn
nnn

n

nn
nnnnn

nn
nnn

h

gf

 

 

 

Figure 2.3 

 

EXAMPLE 10  

Show 

2

1
12/32

2
3211 )(lim,)(lim,)1(lim 











  eee n

n
n

n

n

n
n

n

n

nn

 

SOLUTION  

On Figure 2.4 (linked on Example10) three points A , B , C , with trace included and with 

the coordinates  

))1(,( 1 n

nnA  , ))(,( 2

2
32  n

n
nnB  ))(,(

1
1 n

n
nnC



 

are considered. The slider n , has included animation and the graph of the three 

corresponding sequences. 

2LimitsContinuity/Sequences/Exerc2.ggb


 

Figure 2.4 

 

EXAMPLE 11  

Show 

2

1
))ln1(ln(lim,0)

ln1ln
(lim

)
1

1
(lim,0)

1

1
(lim 2

2

2
22




















nnn
n

nn

e
n

n

n

n

nn

n

n

n

n

 

SOLUTION  
On Figure 2.5 (linked on Example11) the points  

))(,(
2

2

2

1

1 n

n

nnG



, ))(,(

2

1
1 n

n
nnE



, ),( ln1ln

n

nnnF 
, ))ln1(ln,( nnnnD    

With the trace included, the graph of corresponding sequences can be drawn.  

2LimitsContinuity/Sequences/SEq3.ggb


 

Figure 2.5 

2.2. Continuous function  

DEFINITION OF CONTINUITY  

(the visualization is shown on Figure 2.6, and linked on DefinitionCont). A function 

.: RR Af  is continuous at a point Ax 0  iff for every ,0  there exists a 

),(,0    such that for every Ax  it holds: 

.|)(|||0 0   Lxfxx  

 

Figure 2.6 

2LimitsContinuity/Continuity/DefinitionCont.ggb


If the point Ax 0  is an accumulation point of the set ,A  then the following two definitions 

can also be used: 

DEFINITION BY HEINE  
It is (linked on Heine), (Figure 2.7). A function RR Af :  is continuous at a point 

,0 Ax   where 0x  is an accumulation point of the domain ,A  if for every sequence Nnnx )(  

of elements from A  it holds that  

,0))()((lim 0  xfxf nn  

 

 

Figure 2.7 

 

3. Derivative of the function 

3.1. On the visualization of the first derivative of function 

Let f  be a real function defined on an open interval ),( ba  and let ).,(0 bax   Then the 

following limit  

h

xfhxf
xf

h

)()(
lim)( 00

0
0





 

(provided it exists) is called the first derivative of f  at the point .0x  The number h  in is 

called the increment of the independent variable x  at the point ,0x  while the difference 

)()( 00 xfhxf   is called the increment of the dependent variable at the point .0x   

2LimitsContinuity/LimitsFunctions/Hajne.ggb


On Figure 3.1, linked on Deriv1, we consider the function 2)( xxf  , and the points 

)),(,( afaA and 






 

h

aghaf
aB

)()(
, , depending on ,a  and ,h which can be changed with 

the sliders. We can fix one of slider, for example ,h  and move ,a then we can the graph on 

Figure1. The trace is included for point B . If we fixed ,a  and change ,h , then we are so 

close to value of the first derivative at the point .a  

On Figure 3.2, linked on Deriv2, we consider the function 
h

xghxf
hag

)()(
),(


  of two 

variable representing differential quotation, depending on ,h  and .x  If we move ,h  with 

„animation on”, we obtain the lines as close to the red line, the graph of first derivative as .h  

 

Figure 3.1 

 

Figure 3.2 

3Derivative/DefIzvx2.ggb
3Derivative/DefIzvx22.ggb


Tangent line 

If a function R),(: baf  has a first derivative at the point ),,(0 bax   then the line  

),)(( 000 xxxfyy   

where ),( 00 xfy   is the tangent line of the graph of the function f  at the point 

)).(,( 00 xfxT   

 If it holds ,0)( 0  xf  the line  

)(
)(

1
0

0

0 xx
xf

yy 


  

is the perpendicular line of the graph of the function f  at the point ))(,( 00 xfxT . 

If a function f  has a first derivative at a point ,0x  and  0  is the angle between the 

tangent line at the point 0x  and the positive direction of the x  axis, then it holds  

).(tan 0xf   

The slope of the tangent line of the graph f  at some point is exactly the value of the first 

derivative of f  at that point. 

On Figure 3.3, linked on GeomDer we considered the points ))(,( 00 xfxA  and 

))(,( 00 xfhxB   on the graph of a function f . Then the slope of the secant line through A  

and B  is equal to 

 

h

xfhxf
ks

)()( 00 
 , 

while the slope of tangent line of f at the point A , 

h

xfhxf
k

h
t

)()(
lim 00

0





 

is equal to the first derivative of f at 0x . 

 

3Derivative/GeomDer.ggb


 

Figure 3.3 

On Figure 3.4, linked on GeomInter, we consider the function 2)( xxf  , and the points 

)),(,( afaA  and ))(,( afaB  , depending on ,a  which can be changed with the slider. The 

tangent line t  at the point A is constructed and the angle , between the tangent line and 

x axes is considered. It can be follows that tan is equal to the slope of tangent line at A . 

 

 

Figure 3.4 

 

 

3Derivative/GeomInter.ggb


Differential of the function 

A function Rbaf ),(:  is differentiable at the point 0x , if its increment y  at the point 

),(0 bax   can be written in the form  

,)()()( 00 hhrhDxfhxff   

 for some number D  (independent from ),h  and it holds 0)(lim 0  hrh . 

On Figure 3.5, linked on diferencijal, the function RRf : , points )(,( 00 xfxA  and 

))(,( 00 hxfhxB   are consider with the sliders ,0x  and .h  The points )0,( 01 xA  and 

)0),(( 01 hxB   are the projections of A  and B respectively onto the x -axis. Also, the point 

))(,( 00 xfhxG  , and the point F , the intersection of the tangent line and vertical line 

parallel to y axes through the point G . Since it holds 

,
 

tan
AG

FG


 h

FG
xf  )( 0

,  

i.e., hxfFG )( 0
  and dxxfdy )( 0

  

 it follows that FG is the geometric interpretation of the differential of the function f at the 

point .A  In Figure 1 we took ,20 x  and .7.1h   

 

 
Figure 3.5 

 

 

 

 

3Derivative/difencijal1.ggb


Application of derivatives - Graph of Functions 

In following the graphs of considered functions are drawn on corresponding figure and on 

the links to GeoGebra files. Besides, determine: 

 The domain of the function f . 

 Is it odd or even function. 

 The zeros of the function f . 

 The first derivative of the function f . 

o The critical points of f . 

o The monotonicity of function f . 

 The second derivative of function f.   

o The extremes of .f   

o The concavity of .f   

o The points of inflection of f . 

 The asymptotes of f   

o vertical asymptotes. 

o horizontal asymptotes. 

o slanted asymptotes. 

 

In following the graphs of considered functions are drawn in black color, their first 

derivative in red color, and second derivative in green color. 

EXAMPLE 12   

 The graph of the function ,)( 34 xxxf   is linked on Graph1 and drawn on Figure 3.6 

 

 

Figure 3.6 

3Derivative/Graph573.ggb


 

 What is the difference between the points ,, CA  and the point B , as they represent 

the zeroes of the function? 

 Read from the graphs the connection of the function f , and it first derivative 'f  in 

the sence of monotonicity and extremes. 

 Read from the graphs the connection of the function 'f , and it first derivative ''f  in 

the sence of monotonicity and extremes. 

 Read from the graphs the concavity of the function and its inflection point. 

 Where are the asymptotes?  

 

EXAMPLE 13   

The graph of the function 1894812)( 246  xxxxf  is linked on Graph2 and drawn on 

Figure 3.7. 

 

Figure 3.7 

 The function is polynomial of 6
th

 power, but it has only 2 zeroes. Explain. 

 Read from the graphs the connection of the function f , and it first derivative 'f  in 

the sence of monotonicity and extremes. Add extremes by using GeoGebra. 

 Read from the graphs the connection of the function 'f , and it first derivative ''f  in 

the sence of monotonicity and extremes. 

 Read from the graphs the concavity of the function and its inflection point. 

 Determine the zeroes of the derivative and explain graphically. 

 Where are the asymptotes?  

 

 

 

 

3Derivative/Graph575.ggb


EXAMPLE 14   

 The graph of the function 
2)2(

)(



x

x
xf  is linked on Graph3 and drawn on Figure 3.8. 

 

 

Figure 3.8 

 

 Explain the zero of the function, of the first and second derivative, the point ).0,0(I  

 Read from the graphs the connection of the function f , and it first derivative 'f  in 

the sence of monotonicity and extremes.  

 Read from the graphs the connection of the function 'f , and it first derivative ''f  in 

the sence of monotonicity and extremes. 

 Read from the graphs the concavity of the function and its inflection point. 

 The vertical asymptotes are? 

 The slanted asymptotes are? 

 

EXAMPLE 15  

The graph of the function 
xexf /1)(   is linked on Graph4 and drawn on Figure 3.9. 

3Derivative/Graph576.ggb
3Derivative/Graph581.ggb


 

Figure 3.9 

 

EXAMPLE 16   

The graph of the function 
xxexf /1)(   is linked on Graph5 and drawn on Figure 40. 

 

Figure 40 

 

EXAMPLE 17   

The graph of the function xxxf 33 cossin)(   is linked on GraphS and drawn on Figure 

4.11. 

 

 

3Derivative/Graph583.ggb
3Derivative/Graph584.ggb


 

Figure 4.11 

 

4. Integral 

Area problem 

EXAMPLE 18  

Let us consider the function .)( 2xxf  Determine the area between the graph of the function 

f , the interval ,0],,0[ aa  and the lines determined by lines ,0x  and .ax   

SOLUTION  
First we divide the interval ,0],,0[ aa on n subintervals and calculate the sum of the 

area, of rectangular determined by the points  

nii
n
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a
fi
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a
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n

a
fi
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a
i
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,...,1,0,,))1((,,))1((),1(,0),1( 


































  

called lower sum and dented by LP . 

On Figure 4.1, (linked on LowerSum), two slider are introduced ,a and n and LP is calculate 

for 4n , and 6.1a .  

4Integral/LowerSum.ggb


Figure Figure 

4.1 

On Figure 4.2, (linked on UperSum), two slider are introduced ,a and n and UP , the upper sum, 

calculated for the points  

,,...,1,0,,)(,,)(),1(,0),1( nii
n

a
i

n

a
fi

n
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i

n

a
fi

n

a
i

n
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 calculate for 10n , and 5.2a .  

Figure 4.2  

From both applets it can be followed that the numbers LP , UP  are closing to the number ,P  

denoted the area are we asked for.  

4Integral/UperSum.ggb
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