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Preface

This publication is prepared for the participants of the School of Intensive Courses,
which will take place in the period 4-9 April 2008 at the Faculty of Sciences, Novi
Sad. It is planned that the seven contributors teach their courses at the School. The
School is organized under auspices of the one year project entitled

“Development of computer-aided methods in teaching mathematics and natural
sciences”.

This project (No. 06SER02/02/003) is funded by the European Union, within the
Neighbourhood Programme Hungary-Serbia, and is hosted at the Faculty of Sciences,
Novi Sad. The overall objective of the project is promoting and making available in
several languages the existing means and methods of computer aided teaching and its
practical results obtained so far.

It is important to emphasize that the project is one of the two mitror projects, the
other being hosted by the University of Szeged. In Szeged, another series of courses
will be held in the period 25-20 March 2008.

The aim of the courses, both in Novi Sad and Szeged, is to develop methods of
computer-aided modeling in teaching mathematics and natural sciences. It is planned
that the exchange of listeners and teachers between two host institutions is to enable
amuch closer cooperation between Faculty of Natural Sciences, Novi Sad, and
University of Szeged. The intensive courses will be imbedded in further improvement
of teachers’ education and the curricula of university studies at all levels including
PHD studies.

We, the contributors of this book, wish to thank to Prof. Miroslav Veskovi¢,
Dean of the Faculty of Sciences, Novi Sad, to Prof. Marko Nedeljkov, Director of the
Department of Mathematics and Informatics in Novi Sad, and also to many other
colleagues for their support, help and useful advices during the preparation of the
book.

As the project manager of the Project within whose auspices the School will
take part, I wish to express my thanks to Ms. Bojana Mili¢evi¢, Coordinator of the
Neighbourhood Programme Hungary-Serbia, to Mr. Zoran Krtini¢ and Mr. Relja
Burzan from the Local Office of the Neighbourhood Programme Hungary-Serbia, for
their support in preparation of the School, and their useful advices that helped
improve the documentation relevant for the implementation of the Project.



Last but not least, my special thanks go the contributors of this book, for their
continuous and successful work on developing the courses and preparation of the

texts.
Novi Sad, March 2008

Dr Arpad Takaci, Project Manager
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Dr Arpad Takaci






Glava 1

Modeliranje i1 simulacija

1.1 Modeliranje

Modeliranje je nacCin reSavanja problema koji se pojavljuju u stvarnom svetu. Pri-
menjujemo ga kada nije moguce vrSiti eksperimente u realnom okruzenju (svemirska
istrazivanja) ili kada je skupo napraviti prototip. Pomocu modela sistema dobijamo od-
govor na pitanje ”Sta ako?” i mogucnost da optimizujemo sistem pre implementacije.

Modeliranje predstavlja jedan od osnovnih procesa ljudskoga uma i izrazava nasu
sposobnost da mislimo i zamisljamo, da koristio simbole i jezike, da komuniciramo,
da vrSimo generalizacije na osnovu iskustva, da se suoCavamo sa neocekivanim. Ono
nam omogucava da uoavamo obrasce, da procenjujemo i predvidamo, da upravljamo
procesima i objektima, da izlaZemo znacenje i svrhu. Upravo zato, modeliranje se naj-
ceSte posmatra kao najznacajnije konceptulano sredstvo koje Coveku stoji na raspola-
ganju.

Model je apstrakcija realnosti u smislu da on ne moze da obuhvati sve njene as-
pekte. Model je uproScena i idealizovana slika realnosti. On nam omogucava da se
suoCimo sa realnim svetom (sistemom) na pojednostavljen nacin, izbegavajuci njegovu
komplekstnost i ireverzibilnost, kao i sve opasnosti koje mogu proisteCi iz eksperi-
menata nad samim realnim sistemom. Model je opis realnog sistema sa svim onim
karakteristikama koje su relevantne iz naSeg ugla posmatranja.

Treba reci da je modeliranje ne samo nauka, nego i vestina i umetnost. U stvari,
kod pravljenja nekog modela je najbitniji izbor odgovarajuceg u mnostvu potencijal-
nih. Dodajmo da u procesu modeliranja nije najvaznije napraviti sveobuhvatni model,
veC je mnogo Korisnije napraviti najprostiji model koji sadrzi esencijalne elemente re-
alnog sistema koji se modelira. Drugim reCima, u procesu modeliranja treba uociti i
izdvojiti one elemente i karakteristike sistema koji su bitni za naSe istrazivanje i oni
Ce biti obuhvaceni modelom, dok Ce ostali elementi i karakteristike biti zanemareni.
Zbog toga, model ne sadrzi samo objekte i atribute realnog sistema vec i odredene
pretpostavke o uslovima njegove validnosti. SuviSe sloZeni ili savrSeni modeli, ¢ak
iako su ostvarivi, najéesce su preskupi i neadekvatni za eksperimentisanje. Sa druge



strane, suviSe pojednostavljeni modeli ne odslikavaju na pravi nacin posmatrani sistem,
a rezultati koji se dobijaju njihovom primenom mogu da budu neadekvatni i pogresni.
Zato, treba pazljivo odabrati nivo apstrakcije tako da rezultuju¢i model $to vernije
odslikava posmatrani sistem, ali i da njegova sloZenost i cena ne budu ogranicavajuci
faktor.

Neformalni opis modela daje osnovne pojmove 0 modelu i, mada se tezi njegovoj
potpunosti i preciznosti, on to najcesce nije. Prilikom izgradnje neformalnog opisa,
upravo radi eliminisanja pomenutih nedostataka, vrsi se podela na objekte, opisne pro-
menljive i pravila interakcija objekata.

Obijekti su delovi iz kojih je model izgraden; opisne promenljive opisuju stanja u
kojima se objekti nalaze u odred enim vremenskim trenucima; u opisne promenljive
takode spadaju i parametri koji opisuju konstantne karakteristike modela; pravila it-
eracije objekata definiSu kako objekti modela utiCu jedan na drugi u cilju promene
njihovog stanja.

Anomalije koje se javljaju prilikom neformalnog opisa modela najce$ce su nekom-
pletan, nekonzistentan ili nejasan opis modela. Ukoliko model ne sadrZi sve situacije
koje mogu da nastupe, tada je opis nekompletan. Ukoliko su u opisu modela za istu
situaciju predvidena dva ili viSe pravila ¢ijom se primenom dobijaju kontradiktorne
akcije, tada je opis nekonzistentan, a ako u jednoj situaciji treba obaviti dve ili vise
akcija, a pri tome nije definisan njihov redosled, tada je opis modela nejasan.

Za Sire savladavanje i razumevanje teorije modeliranja i racunarske simulacije, Ci-
talac moze konsultovati neke od knjiga navedenih u literaturi.

1.1.1 Analiticki i simulacioni modeli

Postupak kreiranja modela delimo na korake. Prvo je potrebno identifikovati prob-
lem koji hotemo da realizujemo u modelu. Zatim sledi apstrakcija tog problema,
odnosno pojednostavljivanje problema do odredenog nivoa da bi bio moguc za re-
alizaciju, ali i da nam daje validne podatke. To je sledeci korak odnosno verifikacija
modela. Na kraju, posle analize modela i optimizacije prevodimo dobijene rezultate
u krajnji rezultat koji je primenjiv na problem u realnom sistemu. Napravimo razliku
izmedu dve osnovne vrste modela: analitikih i simulacionih modela. Pre svega, u
analitickim ili statiCkim modelima rezultat funkcionalno zavisi od ulaznih podataka.
Takav model je jednostavan za realizaciju i za njega se moze koristi tabelarni kalkula-
tor.

Medutim, u vecini slu€ajeva je teSko pronaci analiticko reSenje za problem. Tada se
primenjuje simulacija, odnosno dinami¢ko modeliranje. Simulacioni model se sastoji
iz skupa pravila koja nam opisuju ponasanje sistema kroz vreme u odnosu na trenutno
stanje. Pravila se obi¢no zadaju u obliku jednacCina, konacnih automata, dijagrama
stanja i slicno. Simulacija je proces izvrSavanja modela. Model prelazi kroz odredena
stanja (kontinualna ili diskretna) u toku vremena. 1z ovog se moze zakljuciti da je
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za sloZene probleme gde je promena kroz vreme znacajna bolje koristiti simulaciono
modeliranje.

1.1.2 Nivoi apstrakcije u modelu

Probleme koje reSavamo mozemo klasifikovati po nivoima apstrakcije koju pri-
menjujemo na realan problem.

Ako krenemo od najniZeg nivoa apstrakcije, govorimo o fizickim modelima od-
nosno o modelima gde nam je od znacaja tacna veliCina objekata, rastojanje izmedu
njih, brzina kretanja, precizno merenje vremena i slicno. Ovaj nivo se moZe nazvati
operacioni ili mikro nivo. Primeri za ovaj nivo su modeli na mikro nivou za saobracaj,
naime kretanje peSaka, kontrolni sistemi, mehanotronika. Na mikro nivou se nalaze i
modeli proizvodnje u fabrikama, ali su oni malo iznad ostalih jer kod njih koristimo
taCne putanje i prosecno vreme. Logisticki modeli skladiSta gde modeliramo utovar i
istovar se nalaze na istom nivou kao i model proizvodnje jer primenjujemo isti nivo
apstrakcije.

TaktiCki ili srednji nivo predstavlja oblast srednje apstrakcije modela. Tipicni
primeri su sistemi opsluzivanja. Ovi modeli se zasnivaju na zadatim vremenskim ras-
poredima, ali nekada moramo da uzmemo u obzir i kretanja u modelu, odnosno fizicka
pomeranja objekata. Primer za to je model urgentnog centra gde moramo uzeti u obzir
arhitekturu objekta odnosno raspored prostorija, jer od toga zavisi kretanje osoblja i
pacijenata. RaCunarske mreZe i simulacija transporta se moze takode smestiti na ovaj
nivo, jer opet radimo sa rasporedima, kapacitetima vozila, vremenom procesiranja,
vremenom transporta. Dakle, moZemo govoriti 0 makro modelu saobracaja gde ne pos-
matramo tip vozila odnosno ne tretiramo vozila kao zasebne objekte (u slu€aju racu-
narskih mreZa kao zasebne pakete podataka), nego, na primer, posmatramo zapreminu



Q Triiste | konkurencija Q Populaciona dinamika
Strateski nivo © Osobije i ljudski resursi © Ekosistem
Makro nivo
Q Makro modeli saobracaja
Takticki nivo Q Lanci snabdevanja Q Transoprt
Mezo nivo

Q Elektri¢na mreia
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Mikro niva Q Kretanje pesaka

Q Racunarski hardver 0 Kontrolni sistemi u automobilima

Nizak nivo apstrakone

Q Mikro modeli sacbracaja

Slika 1.2: Pristupi u simulacionom modeliranju na razli€itim nivoima apstrakcije.

objekata. Modeli lanaca snabdevanja se mogu modelirati na razlicitim nivoima ap-
strakcije pa ih stavljamo u srednji ili u visoki nivo apstrakcije.

Problemi na strateSkom ili makro nivou su oni kod kojih primenjujemo visok
nivo apstrakcije. Po pravilu su takvi problemi zavisni od globalnih trendova, globalnih
povratnih informacija i agregatne vrednosti. U ovom slucaju zanemarujemo objekte
kao Sto su ljudi, vozila, proizvodi itd.

1.1.3 Matematicki modeli

Pronalazak diferencijalnog i integralnog racuna od strane I. Njutna (Isaac Newton)
I G. V. Lajbnica (Gottfried Vilhelm Leibniz) u drugoj polovini 17. veka je doveo do
ogromnog razvoja ne samo matematike nego i njene primene u raznim oblastima, pre
svega u fizici i ostalim prirodnim naukama. Ubrzo se shvatilo da se neki procesi u
realnom svetu koji se menjaju u vremenu mogu opisati i time objasniti koriS¢enjem
diferencijalnih i diferencnih jednacina.

MoZe se konstatovati da se koris¢enje matematike u analizi i predvidanju pojava re-
alnog sveta ve¢ davno podrazumeva u fizici i njenim brojnim primenama. Ipak, pojam
matematickog modela u danasnjem smislu je nesto noviji. Na primer, populacioni mo-
deli Maltusa i Verhulsta u 19. veku, i jos viSe bioloski modeli V. Voltere (Vito Volterra)
i A. Lotke (Alfred Lotka) u dvadesetim godinama proslog veka su pravljeni sa jasnom
namerom da se makar kvalitativno objasne promene u odredenom segmentu realnog
sveta, imajuci u vidu nemogucnost dobijanja pouzdanih kvantitativnih podataka o re-
alnom sistemu (videti 2. glavu). Uspeh ovakvog pristupa razumevanju realnog sveta je
doveo do primene matematickih i drugih modela, a pre svega simulacionih, u raznim
oblastima, ukljucujuci i, na primer, drustvene, za koje se do skora to nije moglo ni za-
misliti. Naravno, buran razvoj racunara zadnjih decenija 20. veka je, uz ostalo, doveo
do povecanja potencijalne koristi od modela, a u isto vreme u velikoj meri smanjio i
pojednostavio troskove njihove konstrukcije.



Vremenom su matematicki modeli postajali komplikovaniji, Sto je zahtevalo dalji
razvoj matematickih metoda za njihovo reSavanje i analizu. Sjajne i duboke apstrakcije
kao rezultat razvoja matematike Cesto dozvoljavaju da se kompleksni problemi koji se
pojavljuju u kreiranom matematickom modelu shvate na novi, Cesto jednostavniji i
jasniji nacin. Razumljivo, ne sme se zaboraviti na sustinsku razliku u matematickim
istraZzivanjima sa jedne i razumevanju i reSavanju matematickih modela sa druge strane.
Dodajmo da je u sluaju modeliranja sloZenijih realnih sistema po pravilu potrebno
kombinovati matematicke i simulacione metode.

Svaka naucna disciplina pokuSava da objasni i reSi ”svoje” fenomene realnog sveta
pomocu eksperimenata, posmatranja, konstrukcije modela i, konacno, postavljanja
teorije. Kako smo ve¢ napomenuli, u ovoj i sledecoj glavi nas prevashodno zanimaju
matematicki modeli i metode za njihovo reSavanje. U tom cilju, u ovom poglavlju
¢emo analizirati nekoliko modela u prirodnim naukama, kao neke vrste uvoda u mo-
deliranje u populacionoj dinamici, koja ce biti izloZena u sledecoj glavi. U sustini, svi
izloZzeni modeli u potpoglavlju 1.1.4 su posledica principa da je ubrzanje tela propor-
cionalno sa silama koje dejstvuju na njega, a u potpoglavlju 1.1.5 su posledica principa
odrzanja mase. U zadnjem potpoglavlju 1.1.6 ove glave dajemo jo$ nekoliko modela
iz prirodnih nauka koji se takode svode na obicne diferencijalne jednacCine.

1.1.4 Modeli dobijeni koris¢enjem drugog Njutnovog zakona

Primer 1.1 (Sistem masa-opruga na horizontalnoj povrsini)
Jedan od najprostijih fiziCkih sistema je onaj koji se sastoji od tela mase m obeSene na
oprugu. Pretpostavicemo da su dimenzije tela zanemarljive i da se ono moze kretati
samo u jednom horizontalnom pravcu, koji ¢emo obeleZiti sa x (slika 1.3). Na toj slici
je saV obeleZen trenutni smer kretanja tega (dakle, ulevo).

Ako je F intenzitet spoljne sile, onda je na osnovu drugog Njutnovog zakona jed-
nacina kretanja tela data sa

d?x

Povratna sila
l'_

17.’

Sila otpora
—_

Slika 1.3: Sistem masa-opruga na horizontalnoj povrsini.

Jasno, ako nema spoljnih sila, tada telo miruje, ili se kre€e samo konstantnom
brzinom (Njutnov prvi zakon). TaCku x = 0 ¢emo izabrati tako da je u njoj posmatrani
sistem u ravnoteZi - na slici 1.3 to je obeleZeno sa vertikalnom isprekidanom linijom.
To znaci da opruga nije ni nategnuta niti sabijena. Ako sada pomerimo telo u desno ili



u levo, onda se opruga pokuSava vratiti u pocetni poloZaj x = 0. Sila koja se tu javlja
je proporcionalna sa otklonom x tela od pocetnog poloZaja. Ako zanemarimo otpor
trenja, ali i sve ostale otpore izmedu podloge i tela, onda je desna strana (1.1) jednaka

dt2

Ovde je kg > 0 konstanta®, dok znak "—" u (1.2) potie od suprotnog smera restitucione
sile od smera kretanja tela.
Ako sada uzmemo u obzir trenje koje se javlja izmedu tela i ravne povrSine po
kojoj se krece, onda umesto (1.2) dobijamo jednacinu
d2x dx
d 7 = k1X k2 at
(gde je ko koeficijent trenja), jer je sila otpora sredine koja se javlja pri kretanju pro-
porcionalna sa brzinom kretanja, ali je suprotnog smera.
JednacCine (1.2) i (1.3) su obicne linearne diferencijalne jednacine drugog reda sa
konstantnim koeficijentima. Ostavljamo Citaocu da odredi reSenje jednacine (1.3), uz
poCetne uslove

—Kux. (1.2)

(1.3)

K0) =0, S(0)=(0) = vo (L4)

i to u zavisnosti od odnosa konstanti k1, ko i m.

Primer 1.2 (Sistem masa-opruga sa gravitacijom)

Neka je, za razliku od prethodnog primera, opruga sa tegom mase m obeSena, $to znaci
da se ceo sistem (teg i opruga) moZze kretati u jednom vertikalnom pravcu, koji cemo
obeleZiti sa y (slika 1.4). Na toj slici je sa V obeleZen trenutni smer kretanja tega
(dakle, nagore).

<
T
| g
Otpor l 2 Povraina
vazduha Tsila

Gravitaciona sila

Slika 1.4: Sistem masa-opruga sa gravitacionom silom

Ako sa g oznaCimo gravitacionu silu po jedinici mase, onda dolazimo do obicne
diferencijalne jednacCine

dzy dy
Mg — Ky —kegy

LAko nije drugatije naglaeno, sve konstante koje se pojavljuju u modelima su pozitivne.

—mg. (1.5)
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Znak "—" u (1.5) poticCe od dejstva gravitacione sile nadole, tj. u smeru suprotnom od
pozitivhog smera y-0se.
Ako stavimo p = ko /m i ®? = ky/m, tada (1.5) postaje

d?y dy

ﬁ‘l'pa—l-ﬂ) y=-—g0. (16)
Dobijena nehomogena obicna diferencijalna jednacina drugog reda sa konstantnim ko-
eficijentima se smenom z =y + g/w? svodi na

d’z  dz

— +p— z=0 1.7
tj. homogenu linearnu obi¢nu diferencijalnu jednacinu drugog reda sa konstantnim
koeficijentima. Ostavljamo Citaocu da uporedi ovu jednacinu sa (1.3).

Primer 1.3 (Klatno)
Klatno se sastoji od obeSene kugle mase m, tanke krute Sipke duzine ¢, pri €emu masu
Sipke zanemarujemo (slika 1.5).

6™
mg sin0 mg sinf
mgr

Slika 1.5: Klatno.

Pretpostavicemo da se klatno krece samo u vertikalnoj ravni koja sadrZi Sipku.
Kada se spoljnom silom klatno pomeri iz poloZaja ravnotezZe, onda se pojavljuje ugao
otklona, koji cemo obeleZiti sa 6. U drugom redu slike 1.5 su date tri razne mogucnosti
za 0, pri Cemu srednja, koja odgovara uglu 6 = 0, je prvi od dva poloZaja ravnoteZe.
Drugi poloZaj ravnoteze odgovara uglu 6 = .

Kada se klatno izvede iz ravnoteze, smatracemo da je jedina povratna sila gravita-
cija. Komponenta gravitacione sile koja je tangencijalna u odnosu na putanju klatna,
tzv. restituciona sila, je na osnovu slike 1.5 jednaka mgsin®. Za nju ¢emo pretpostaviti
da je proporcionalna sa brzinom kuglice, tj. sa

de

Kil—
L

zaneko k; > 0.
Sada iz drugog Njutnovog zakona sledi

11



d?e do .
méﬂjtklfﬁjtmgsme_o. (1.8)
Za male uglove 0, kada je sin® ~ 6, gornja nelinearna jednacina (1.8) prelazi u
linearnu obicnu diferencijalnu jednacinu drugog reda sa konstantnim koeficijentima,

kao Sto su i prethodno dobijene (1.3) ili (1.7), ali, naravno, sa drugim koeficijentima.

1.1.5 Modeli dobijeni koristenjem principa odrZzanja mase

Drugi vazan princip kod konstrukcije matemati¢kih modela u obliku obicne difer-
encijalne jednacine je tzv. princip odrZanja mase. Taj princip kaZe da je stopa po
kojoj se koli€ina supstance u nekoj sredini menja proporcionalna sa stopom po kojoj
se koliCina te supstance povetava unoSenjem u sredinu umanjenom za stopu za koju se
ista smanjuje napustanjem te sredine. Grubo, to bi se moglo opisati kao

stopa promene = kj - ulazna stopa — k» - izlazna stopa. (1.9
gde su k1 i ko konstante proporcionalnosti.

Primer 1.4 (Rezervoar za vodu)

Posmatrajmo rezervoar za vodu u koji se voda uliva sa stalnom stopom po jedinici
zapremine, a voda isparava sa stopom koja je proporcionalna saV2/3, gde jeV =V (t)
zapremina vode u rezervoaru u momentut. Pod ovim pretpostavkama je stopa promene

?1_\'[/ jednaka (uporediti sa (1.9)):

cij—\t/ =k —koV?/3, (1.10)

gde su kj i ko pozitivne konstante.

Primer 1.5 ( Biohemijska reakcija)
U mnogim biohemijskim reakcijama se pojavljuje supstrat i encim, Cije éemo koncen-
tracije obeleziti sa S i E, Sto dovodi do jedinjenja koncentracije K.

Ovde imamo reverzibilnu reakciju, koja je proporcionalna sa stopom k. nastajanja
novog jedinjenja ("E +S"), a koje se moZze raspasti na svoje sastojke sa stopomk_. Ako
energija reakcije postane dovoljno visoka, encim moze dejstvovati na supstrat tako da
se stvori novi proizvod koncentracije P. Ako se to dogodi, encim se oslobada, ¢ime
ponovo postaje aktivan. Sada je to ireverzibilna reakcija Cija je stopa proporcionalna
sa C i stopom ki. Na kraju, novostvoreno jedinjenje koncentracije P se dezaktivira u
jedinjenje M ("mrtvo™) proporcionalno sa svojom koncentracijom k1 i stopom Kka.

Sematski se ovaj lanac reakcija moze predstaviti na sledeci nacin:

E+S S K-——P+E-—D (1.11)

12



odnosno sledeceg sistema obicnih diferencijalnih jednacina:

dc
= KEFS) - (krko)C
dP
G = kC—kP
(1.12)
as _ —Kk(E+8)+k_C
dt
dD
=~ kP
dt 2

Primetimo da je zbir desnih strana ovog sistema obicnih diferencijalnih jednacina
jednak 0, pa je veliina C+P-+S+ D konstantna, to je u skladu sa principom odrZanja
mase. Takode je i E +C konstanta.

1.1.6 Razni modeli iz prirodnih nauka

Primer 1.6 (Rastvaranje hemikalije)
Jedna hemikalija se rastvara u vodi brzinom koja je proporcionalna proizvodu neras-
tvorene koliCine i razlike izmedju koncentracije u zasicenom rastvoru i postojecem ras-
tvoru. Poznato je da je u 100 grama zasicenog rastvora rastvoreno tacno 60 grama. Ako
je jo$ poznato da je 40 grama te hemikalije stavljeno u 100 grama vode i da se posle
2 sata rastvorilo 10 grama, odredicemo kolika e biti koliCina rastvorene hemikalije
posle 6 sati.

U tom cilju, Neka je H = H(t) koliCina nerastvorene hemikalije u momentu t
izrazena u gramima. Tada je

dH 60 40—H(t)
W‘RH(t)(loo_ 100 >

dH 1 H(@
S =RH®) <€+W>’ (1.13)

gde je R faktor proporcionalnosti.
Diferencijalnu jednaCinu (1.13) lako reSavamo, jer razdvaja promenljive. Dobi-
jamo da je

H(t) R
Inm = g(H—C),
ili
H(t) = 20 (1.14)

13



Faktor R i konstantu C ¢emo odrediti iz uslova H(0) = 40 i H(2) = 30 = 40 — 10.
Zamenom ovih vrednosti u jednacinu (1.14) dobijamo

5 9 . In(3/2)
R= E-Inl—o, C_Zm.

Sada iz (1.14) konacno dobijamo
20
g - (v/10/3) -1

H(t) = (1.15)

Dakle, trazena kolicina rastvorene hemikalije je

20
~ 3 1000
. 1

> (9~

40—-H(6) =40 = 21.09 grama.

Primer 1.7 (Koncentracija amina)
Iz diferencijalne jednacine

d[(CHz)3N]

Tt = —K[(CH3)3N][CHal] (1.16)

odredi¢emo [(CH3)3N] kao funkciju od vremena, ako su poCetne koncentracije reagensa
Ag i Bg dobijene na osnovu reakcije

(CH3)3N 4+ CHsl & (CH3)sN* +1-.

Ako sa x ozna€imo koncentraciju amina, tada se data diferencijalna jednacina

(1.16) mozZe zapisati u sledecem obliku
d(Ag—X
%) — k(Ao —x)(Bo—x),

(Ao —X)(Bo—X)
Ovo je diferencijalna jednacina koja razdvaja promenljive, Cije je reSenje

dx +kdt = 0.

1
Bo — Ao

1
In(Ag —Xx) + A

In(Bo —x) +kt =C.
0—Bo

Ako pretpostavimo da je x(0) = 0, onda dobijamo

c — In(Bo/Ao)
Ap—Bp ’
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odakle je

1 Bo(Ao—X))
kt = In ,
AO—BQ <A0(Bo—X)

odnosno A
In[(CH3)3N] = (Ag — Bo)kt + In[CH3l] +In B—O.
0

Odavde se lako nalazi [(CH3)3N].

Primer 1.8 (Zatvoreno elektri¢no kolo)
Posmatrajmo zatvoreno elektri¢no kolo sa elektromotornom silom E = E(t), otporni-
kom R, kondenzatorom C i kalemom L (slika 1.6).

Ako sa | = I(t) obeleZimo ja€inu struje, a sa Q = Q(t) koliCinu elektriciteta u kolu,

tada je
dQ(t)
I(t)=——=. 1.17
E=100c0s(200t) [V]
S
E‘ —
3 =<
(=]
T W
= -4
il

C=100x10"% [F]
Slika 1.6: Elektricno kolo.
Poznato je da vazi relacija

di Q
L PRI+ Z =E). (1.18)

Koriste€i jednaCine (1.17) i (1.18), odredicemo jacinu struje 1(t) ako je L = 0.05
henrija, R = 20 oma i C = 100 mikrofarada uz elektromotornu silu

E(t) = 100cos(200t),

i poCetne uslove

1(0) = Q(0) = 0.

Na osnovu (1.17), jednacina (1.18) se moZe napisati u obliku

d’Q dQ Q
L +Rg + & =E).
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odnosno u nasem slucaju

2
%T?+4OO. ci}l_(t'*?juz.loSQ = 2-10°cos(200t). (1.19)

Dobili smo nehomogenu diferencijalnu jednacinu drugog reda sa konstantnim koefici-
jentima, Cije je reSenje
Q(t) = 0.01-cos(200t)+ 0.005-sin(200t) (1.20)
+ 7290t (C; . cos (400t) 4 C; - sin (400t)). '

Konstante C; i C; se nalaze iz pocetnih uslova: C; = —0.01 i C, = —0.0075. Dakle,
Q(t) = 0.01-cos(200t)+0.005 - sin(200t)
+ e7200t((—0.01) - cos (400t) + (—0.0075) - sin (400t)).
Odavde sledi da je traZzena jaCina struje I(t) data sa
| (t) = cos(200t) — 2sin(200t) + e 2% (— cos(400t) + 5.5sin(400t)).

Primer 1.9 (Kretanje broda)
Brod teZine Qp sa posadom teZine Qp krece se pravolinijski po povrsini mirne vode sa
brzinom vg u trenutku isklju€ivanja motora. Odredicemo zakon kretanja broda, ako je
otpor vode proporcionalan brzini.

Neka je v = v(t) brzina broda u momentu t. Tada je premu uslovu zadatka

1 dv
a(Qb + Qp)& = —kv,

gde je g gravitaciona konstanta, a k > 0 konstanta proporcionalnosti. OpSte reSenje
ove jednacine je

kg
v(t) =Cexp(— t).
(t) P-Gp s 9, )
Kako je poCetna brzina broda v(0) = vy, to je konatno reSenje
kg
v(t) = voexp(— t).
(t) = voexp( 95+ 0p )

Primer 1.10 (RavnoteZno stanje provodenja toplote)

Posmatracemo homogenu cilindri¢nu dugacku Sipku. Radi jednostavnosti, pretposta-
vicemo da je traZzena raspodela temperature ista na celom poprecnom preseku, ali se
temperatura mozZe menjati od jednog poprecnog preseka do drugog.

Neka se osa simetrije Sipke duzine b > 0 poklapa sa x—osom i neka je pocetak
Sipke u tacki x = 0. Pretpostavimo, dalje, da se temperatura Sipke na pocetku (x = 0)
odrZava na stalnoj temperaturi T1, a da se na kraju Sipke (x = b) odrZava na stalnoj
temperaturi T».
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Poznato je iz fizike da nakon dovoljno dugog vremena temperatura unutar Sipke
dostiZe ravnoteZno stanje, ili, drugim re¢ima, ne menja se sa daljim protokom vremena.
MoZe se pokazati da ravnoteZna raspodela temperature, koju oznacavamo say = y(x),
i koja zavisi samo od mesta x, 0 < x < b, zadovoljava diferencijalnu jednacinu

V'(x) = —%F(x), 0<x<b, (1.21)
sa grani¢nim uslovima
y(0) =Ti, y(b) =Ty, (1.22)

gde je F stopa zagrevanja po jedinici zapremine, a k pozitivna konstanta. Negativan
znak u relaciji (1.21) oznacava da se toplota Siri od toplijih ka hladnijim delovima.

Odredicemo ravnoteZznu raspodelu temperature u Sipki duZine 1, ako je Sipka izolo-
vana sa strane i nema drugih izvora toplote unutar Sipke, a krajevi Sipke se odrzavaju
na stalnim temperaturama Ty i T>.

Gornje prepostavke povlace da je u relaciji (1.21) F(x) = 0, odnosno da treba reSiti
problem

y” =0, O0<x<1, y(O) =T, y(l) =To. (1.23)

Opste reSenje ove diferencijalne jednacine je
y =C1+Cox.
Primenom granicnih uslova, dobijamo
y(0)=Ci=T1, y(1)=Ci1+Co=Ty,
odakle je C; = T1, aCy = To — Ty. Prema tome, reSenje problema (1.23) je
y=T1+(To—T1)X.

Vazno je primetiti da se mnogi fizicki problemi svode na granine probleme tipa
(1.21), (1.22).

Primer 1.11 (Odstupanje od ravnoteznog poloZaja elasticne Zice)

Posmatratemo homogenu Zicu ucvrscenu na krajevima x = 0 i X = b na koju deluje
vertikalna sila intenziteta q(x) po jedinici duZine. Pretpostavlja se da na Zicu deluje
jakasila T koja ostaje konstantna za mala odstupanja y (slika 1.7).

Moze se pokazati da, pod odredenim pretpostavkama, odstupanje y Zice od ravno-
teZznog poloZaja zadovoljava jednacinu ravnoteze Zice

s q(t)

=22 0 b
y T 0<x<b,

koja se zove Poasonova jednacina.
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Slika 1.7: Odstupanje Zice od ravnoteznog poloZaja.

Na krajevima x = 0, x = b Zica moZe biti pricvrStena i tada je odstupanje y na
krajevima jednako nuli. Ako su krajevi slobodni, tadajey’ =0,zax=0ix=h.

Kao prvi zadatak, odredicemo oblik Zice pricvrscene na krajevimax =0 i x =,
na koju deluje konstantna sila qo po jedinici duZine. U drugom zadatku ¢emo odrediti
maksimalno odstupanje Zice kao i silu koja je potrebna da maksimalno odstupanje ne
prede velicinu 0.3qp.

Prvi zadatak odgovara sledecem granicnom problemu:

y":_qT_O, O<x<m y(0)=0, y(m)=0.

Opste reSenje gornje diferencijalne jednacine je

[

oT +C1x+Co.

y=-—
Qo

Iz granicnih uslova se dobija da je C; = o

odstupanje Zice parabolicno, tj.

,aCy = 0. Prema tome dobija se da je

Qo
y = ﬁx(n—x). (1.24)

Da bi resSili drugi zadatak, primetimo prvo da parabola (1.24) dostize maksimum
Ymax Z& X = 1t/2, Cija je vrednost

2
T
Ymax = (]SO_T

Sada reSavanjem po T sledi da nejednakost ymax < 0.3qp vazi za

T2

T>
24

~4.112

Primer 1.12 (Rast populacije bakterija)
Neka je N(t) broj jedinki jedne populacije bakterija u momentut i pretpostavimo da je

.. . N : . ,
stopa rasta populacije bakterija, odnosno e proporcionalna sa N(t), pri Cemu ¢emo
konstantu proporcionalnosti oznaciti sa Rp.
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IzraCunatemo koliko je vremena potrebno da bi se populacija bakterija povecala
10 puta, ako se zna da se jedna populacija bakterija duplira za 24 sata. Uzetemo da je
je ova populacija u momentut =ty = 0 imala N jedinki.

Neka je N = N(t) broj jedinki posmatrane populacije u momentu t (koje merimou
satima). Treba reSiti pocetni problem

T — RoN(D). N(0) =N, (1.25)

posle ¢ega cemo Ry naci iz uslova dupliranja populacije. ReSenje problema (1.25) je
N(t) = NoeRet,
Zamenjujuci da je t = 24, dobijamo da je
N(24) = Noe?*Ro,
a prema uslovu zadatka je N(24) = 2N, te je

1
Ro = o In2 =0.029.

Sada trazimo t; sa osobinom da je
N(t;) =10-N(0) =10- Np.
Resenje je

In10 . . .
= 24Inn—2 =79.726 sati ~ 3 dana, 7 sati i 44 minuta.
Prethodni primer je iz populacione dinamike, kojom ¢emo se baviti u sledecoj,

drugoj glavi.

1.2 Simulacija

Simulaciju €ini skup metoda koje imitiraju ponaSanje realnog sistema i obuhvataju
proces izgradnje apstraktnih modela za neke sisteme ili podsisteme realnog sveta i
obavljanje veceg broja eksperimenata nad njima. U sluCaju kada se ti eksperimenti
odvijaju na raunaru govorimo o ratunarskom modeliranju i simulaciji. UopSte, moZzemo
konstatovati da popularnost simulacije raste sa razvojem racunara i softvera za simu-
laciju.

Kao i sve metode za analizu sistema i simulacija se oslanja na model sistema
napravljenog da oponasa realan sistem. Proucavanje realnog sistema se svodi na merenje
performansi sistema, poboljSanje rada sistema ili kreiranje novog sistema. Upotreba
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modela nekog sistema omogucava analizu rezultata simulacije ili na pracenje pon-
aSanja modela u toku simulacije da bi se bolje razumelo kako sistem radi. Izraz mo-
deliranje i simulacija izraZzava sloZenu aktivnost koja ukljucuje tri elementa: realni
sistem, model i raCunar.

Pod realnim sistemom podrazumevamo ureden, meduzavisan skup elemenata koji
formiraju jedinstvenu celinu i deluju zajednicki kako bi ostvarili zadati cilj ili funkciju,
bez obzira da li se radi o prirodnom ili veStackom sistemu, i takode, bez obzira da li taj
sistem u posmatranom trenutku postoji ili se njegovo postojanje planira u buducnosti.
Realni sistem je izvor podataka 0 ponaSanju, a ovi se podaci javljaju u obliku zavisnosti
X(t), gde je X bilo koja promenljiva koja interesuje istrazivaca, a t je vreme mereno u
odgovarajucim jedinicama.

Model, kao i svaki realni sistem, ima svoje objekte koji se opisuju atributima ili
promenljivima. On je apstraktni prikaz sistema i daje njegovu strukturu, njegove kom-
ponente i njihovo uzajamno delovanje. Kada se eksperimenti odvijaju na racunaru
govorimo o racunarskom modeliranju i simulaciji. Tada, pod modelom se moZe po-
drazumevati skup instrukcija (program) koji sluzZi da se generiSe ponaSanje simuliranog
sistema. PonaSanje modela ne mora da bude u potpunosti jednako ponaSanju simulira-
nog sistema, ve¢ samo u onom domenu koji je od interesa.

RacCunar, kao trea komponenta ove aktivnosti, predstavlja uredaj sposoban za
izvrSavanje instrukcija modela.

Prilikom modeliranja uspostavlja se veza izmedu realnog sveta i modela; ta veza
se naziva relacija modeliranja i odnosi se na validnost modela. Validnost ili valjanost
modela opisuje koliko verno jedan model predstavlja simulirani sistem. Proces utvrdi-
vanja stepena slaganja podataka o realnom sistemu sa podacima modela naziva se val-
idacija modela i na osnovu procesa validacije se odlu€uje o upotrebljivosti rezultata
simulacije, izmeni modela ili podataka, itd.

Eksperimentisnje sa realnim sistemom ima odredene prednosti pod uslovom da
u toku ekseprimenta postoji sigurnost da nece doci do zna€ajnih promena u sistemu
koje bi uticale na njegovu stabilnost. Tada nije potrebno praviti model sistema i voditi
racuna da li model realno predstavlja sistem. U vecini sluCajeva je teSko, skupo ili
nemoguce eksperimentisati nad realnim sistemom. Posledice takvog eksperimenta
mogu da budu katastrofalne (tragican primer je nuklearna elektrana éernobilj, gde
je posle eksperimenta sa reaktorom do$lo do eksplozije). Promena rasporeda maSina
u fabrici, promena broja radnika na Salteru banke, otvaranje nove piste na aerodromu,
reorganizacija rada hitne pomoci, ili sistem nastave i ocenjivanja u prosveti, ili globalni
ekonomski sistem su samo neki od slucajeva gde nije poZeljno eksperimentisati na re-
alnom sistemu. Naravno, to ne znaci da ti sistemi ne treba da se vremenom reformisu
I modernizuju.

Istrazivanja su pokazala da je najpopularniji metod u operacionim istrazivanjima
simulacija. Pored ve¢ pomenute mogucnosti da se nosi sa sloZenim modelima, popu-
larnost simulacije raste zbog razvoja racunara. Od vremena koris¢enja programiranja
niskog nivoa koje je sklono greSkama na racunarima koji su bili skupi i neeefikasni,
doslo se do brzih i jeftinih raCunara koji efikasno izvrSavaju slozene modele uz pomo¢
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softvera koji je jednostavan za upotrebu, brz i fleksibilan.

Poslovna primena simulacije osamdesetih godina se razvijala zahvaljujuci pojavi
personalnih raCunara. Takode, u ovom periodu se razvija sa simulacijom i anima-
cija. lako se jo$ uvek koristila uglavnom za analizu sistema koji ne funkcionisu kako
je predvideno, mnoge kompanije su zahtevale da se uradi simulacija pre investicije
sredstava. Svoj pravi oblik i primenu simulacija dobija tek devedesetih godina kada
i manje kompanije poCinju da koriste sve dostupnije alate za simulaciju. Softver za
simulaciju postaje jednostavan za upotrebu, brz, sa mogucnosti integrisanja sa drugim
softverskim paketima.

Najvazniji razlozi za primenu modeliranja i simulacije sistema su kada je eksper-
iment nad realnim sistemom moZe da bude skup ili nemogu¢, zatim ako analiticki
model nema analiticko reSenje, ili ako je realni sistem suviSe sloZen da bi se opisao
analiticki.

Pored ovih, u nastavku dajemo jo$ nekoliko znacajnih razloga za koristenje mod-
eliranja i simulacije:

e izgradnja modela i sama simulacija ponekad imaju za cilj da se shvati funkcio-
nisanje postojeceg sistema €ija je struktura nepoznata i ne moZze joj se prici;

e prilikom iznalaZenja optimalnog funkcionisanja nekog sistema, uobicajeno je da
se menjaju razni parametri, $to je Cesto neizvodljivo sa realnim sistemom, bilo
zato Sto takvog sistema uopSte nema ili bi takav eksperiment bio preskup;

e ponekad je potrebno simulirati uslove pod kojima dolazi do razaranja sistema;
e vreme se pri simulaciji moZe sazeti ili produZiti;

e ponekad je potrebno zaustaviti dalje odvijanje eksperimenta, kako bi se ispitale
vrednosti svih promenljivih u tom trenutku.

1.2.1 Podela simulacionih modela

Postoje dva osnovna nacina podele simulacionih modela, i to prema vrsti promen-
ljivih u modelu, a druga prema nacinu na koji se stanja u modelu menjaju u vremenu.

Prva podela je na osnovu vrsti promenljivih u modelu na deterministicke i sto-
hasticke modele. Deterministicki modeli su oni u kojima je novo stanje sistema pot-
puno odredeno prethodnim stanjem. Sa druge strane, stohasticki modeli su oni Cije
se ponaSanje ne mozZe unapred sa sigurnoScu predvideti, ali se ¢esto mogu odrediti
verovatnoCe promena stanja sistema. Generalno je za stohastiCke modele karakteris-
ti€no postojanje slucajnih promenljivih u sistemu.

Druga podela je prema nacinu na koji se stanja u modelu menjaju u vremenu na
diskretne modele, kontinualne modele i kontinualno-diskretne modele.

Kod diskretnih modela se stanja sistema menjaju samo u pojedinim diskretnim
momentima, dok se kod kontinualnih modela stanja sistema menjaju kontinualno u
vremenu. Kontinualno-diskretni modeli sadrze i kontinualne i diskretne promenljive.
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1.2.2 Simulacija diskretnih sistema

U

diskretnim modelima stanje sistema se menja samo u pojedinim tatkama u vre-

menu. Te promene stanja entiteta sistema se nazivaju dogadaji. Simulacija diskretnih
dogadaja bavi se modeliranjem sistema koji se mogu predstaviti skupom dogadaja i
simulacija treba da opiSe svaki diskretan dogadaj, krecuci se od jednog do drugog
dogadaja pri Cemu se pomera vreme simulacije.

Vreme simulacije se moZe meriti na dva nacina: ili se izabere minimalna jedinica
vremena ili se mere intervali u kojima dolazi do promene stanja sistema. Izmedu dva

v vz

dogadaja stanje sistema se ne menja. Ova simulacija se najceSce koristi za analizu
dinamickih sistema sa stohastickim karakteristikama. Banka, samoposluga, telefonska
centrala, ali i drugi sistemi masovnog opsluzivanja su primeri sistema sa diskretnim
dogadajima.

Kod modela sistema sa diskretnim dogadajima, pored koncepata koji opisuju struk-
turu (objekti, relacije izmedu objekata, atributi objekata), uvedeni su i koncepti za opis
dinamike. To su:

dogadaj — diskretna promena stanja entiteta u sistemu;

aktivnost — skup dogadaja koji menjaju stanje jednog ili vise entiteta, pri cemu
se trajanje aktivnosti u nekim sluc¢ajevima moZe unapred definisati, a u nekim
zavisi od ispunjenja odredenih uslova u modelu;

proces — niz uzastopnih, logicki povezanih dogadaja kroz koje prolazi neki privre
meni objekat, odnosno to je hronoloski uredena sekvenca koja opisuje jednu
pojavu od nastajanja do uniStavanja.

1.2.3 Prednosti i nedostaci simulacije

Bavljenje simulacionim metodama i tehnikama zahteva poznavanje njenih pred-
nosti i nedostataka. Glavne prednosti koriscenja simulacije su:

mogucnost viSestrukog koriscenja istog modela;

simulacioni podaci se najceSte mogu mnogo jeftinije dobiti od odgovarajucih
podataka iz realnog sistema;

analiticki modeli uglavhom zahtevaju viSe pojednostavljenih pretpostavki koje
ih Cine matematicki prilagodljivim, dok simulacioni modeli nemaju ovakva ogranicenja;

simulacioni eksperiment se mozZe ponoviti vise puta.

Osnovni nedostaci koris¢enja simulacije su sledeci:

simulacioni modeli mogu biti skupi i mogu zahtevati znacajno vreme za izgrad-
nju i validaciju;
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e potrebno je izvodenje veteg broja simulacionih eksperimenata kako bi dobili
odgovarajuci uzorak, a to pored memorije raCunara, moze zahtevati dosta vre-
mena i napora;

e na osnovu simulacije ¢esto nije moguce uociti zavisnost izlaznih promenljivih
od ulaznih promenljivih,

e simulacija nije optimizacija, pa se pomocu nje optimalna reSenja retko mogu
pronaci;

¢ validacija modela je sloZena i zahteva dodatne eksperimente.

Simulacioni proces je struktura reSavanja stvarnih problema pomocu simulacionog
modeliranja. On se moZe prikazati u obliku niza koraka koji opisuju pojedine faze
reSavanja problema ovom metodom (Zivotni ciklus simulacije). Struktura simulacio-
nog procesa nije strogo sekvencijalna, ve¢ je moguc¢ i povratak na prethodne korake
procesa, zavisno od rezultata dobijenih u pojedinim fazama procesa. Broj faza i re-
dosled njihovog obavljanja zavisi od svake konkretne situacije, ali je ipak moguce
navesti jedan opsti, ureden skup procedura.

1.2.4 Tehnike u simulacionim modelima

Glavni pristupi izrade modela su sistemska dinamika, diskretni dogadaji, sistemi
zasnovani na agentima i dinamicki sistemi.

Sistemska dinamika i diskretni dogadaji su tradicionalan pristup kreiranju modela
i pomocu njih realizujemo vecinu kontinualnih procesa, dok su sistemi zasnovani na
agentima razvijeni relativno skoro.

Vecina modela zasnovanih na agentima mogu se razviti iz postojecih modela sis-
temske dinamike i modela diskretnih dogadaja. Pri tome dobijamo bolju realizaciju
sloZzenog ponasanja objekata. Zavisnost izmedu objekata je predstavljena finije i time
dobijamo preciznije rezultate na kraju simulacije. Modeli zasnovani na agentima
uglavnom rade u diskretnom vremenu. Oblast dinamickih sistema je uglavnom rez-
ervisana za realizaciju modela na fizickom nivou, odnosno modela koji imaju nizak
nivo apstrakcije. Na visokom nivou apstrakcije se koristi sistemska dinamika. Disk-
retni dogadaji se koriste u niskom i srednjem nivou. Modeli zasnovani na agentima su
primenljivi na svim nivoima. Na najniZem nivou pomocu agenata mogu se predstaviti
na primer peSaci ili vozila, na srednjem nivou Klijenti, dok na najvisem nivou agent
predstavlja, na primer, kompaniju.

Sistemska dinamika je pristup modeliranju koji prikazuje dinamiku promena u
kompleksnim sistemima. Metod za kreiranje modela razvio je inzenjer Dz. V. Forester
(Jay W. Forester) pedesetih godina proSlog veka. Oblasti primene ovog pristupa je
modeliranje populacionih, socijalnih, ekolokih i ekonomskih sistema. U ovim mod-
elima deSavanja u realnom svetu su prikazana kroz skupove (na primer: materijala,
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ljudi, novca, znanja, itd.), tokove izmedu skupova i informacija koje odreduju vred-
nosti tokova.

| 80 ystrake
STl Visckohospstmkcle

"’ Agenti \ Sisternska dinamika
*Nivo
*Akivni obiakti *dijagrami tokova | skupovi
“ndividuaino "povratne petle
ponasanie
f Diskretni B "inetrakcija
j adajl ‘modeli ckru2enja
Takticki nivo "Enbdel {pasivni
abjekt)
“Rasurss
Dinamika Sistena
fizitka stanja promenijivih
A ol *Blokovski dijagrami
L9 A ‘jednading

diskretng o ¢ » kontinualno

Operacioni nivo T Nizak nivo apstrakcije

Slika 1.8: Model sistemske dinamike.

Kod kreiranja modela potrebno je definisati ponaSanje odredenog skupa. Modeli
sistemske dinamike su na veoma visokom nivou apstrakcije, $to znaci da se zane-
maruje ponaSanje pojedinacnih objekata jednog skupa vec se ono definiSe za ceo skup
srodnih objekata. Dakle, za vreme izvrSavanja modela ne mozemo razlikovati pojedi-
naCne objekte. Onaj ko razvija model mora da razmislja o globalnoj strukturi modela,
zavisnostima u njemu i mora da obezbedi dovoljno pouzdane podatke za model.

Obratimo sada paznju na samu prirodu ponaSanja kontinualnih sistema. Razlog za
slozeno ponasSanje kontinalnih sistema lezi u povratnom uticaju (feedback). Povratna
petlja se odnosi na situaciju gde X utice na Y, ali i Y istovremeno utice na X kroz
niz uzroka i pojava. Nemoguce je sistem posmatrati kroz samo jednu vezu, jer se
na taj nacin ne moze predvideti ponaSanje sistema. Vrednosti promenljive se vracaju
povratnom petljom i utiCu na njih u sledecem koraku. Analiza povratnih petlji daje
uvid u moguca ponaanja sistema. Bitno je da li povratna petlja ima pozitivan ili
negativan uticaj. Ako pratimo uticaj povratne petlje, mozemo brojati znake direktnog
uticaja izmedu promenljivih. Posebno, ako je funkcija fj pozitivna, uticaj izmedu gj_1 i
Qi je pozitivan, $to znacCi da Ce pozitivna vrednosti gj_1 povecati vrednost od g;. Ako je,
medutim, znak funkcije fj negativan, pozitivna vrednost g;_1 ¢e smanijiti vrednost od
gi. Pozitivna povratna petlja je ona sa parnim brojem negativnih uticaja, a negativna
povratna petlja je ona sa neparnim brojem negativnih uticaja. Povezivanje skupova
objekata preko povratnih petlji omogucava prikazivanje sloZenosti i nelinearnosti u
odnosima izmedu skupova.

Matematicki model sistemske dinamike po pravilu se posmatra kao sistem dife-
rencijalnih jednacina. U ovim modelima ne definiSe se sledece stanje direktno, vec
se Kkoristi diferencijabilna funkcija radi menjanja promenljive. U jednom vemenskom
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koraku za dato stanje i ulazne vrednosti zna se samo za koliko se promenilo trenutno
stanje. Od ove informacije moZe se izracunati stanje u svakoj tacki. Obi¢no se kontinu-
alan sistem opisuje koris¢enjem viSe promenljivih, pa su onda i izvodi funkcije od dve
ili viSe promenljivih. Ako su q1,qp, ...,0n promenljive, a X1, Xy, ...,Xm ulazne promen-
ljive, kontunualni model se moZe izraziti kao sledeCi sistem diferencijalnih jednacina
prvog reda:

dq(jt(t) = f1(ga(t),d2(t), ..., Gn(t), X1 (t), X2 (1), ..., Xm(t))
dqdzt(t) = fa(au(t), d2(t), ., an(t), X2 (), X2 (t), ..., Xm(t))
dqgt(t) = f(0a(t),q2(t), -, An(t), X1 (t), X2(t), .. Xm(1)).

Dakle, racunaju se izvodi po svim promenljivima g; u funkcijama f; koje imaju te
promenljive i ulazni vektor kao argument.

Osnovni problem simulacije ovakvih sistema je u tome Sto je racunar diskretna
masSina. Pitanje je kako dobiti dinamicko ponaSanje? U simulaciji na raCunaru neopho-
dan je slede€i rezultat u vremenu tj 1 na intervalu [tj,tj.1]. Pretpostavlja se da model
ima kontinualno ponaSanje na ovom intervalu i da su promenljive neprekidne na ovom
intervalu. RaCunar mora na osnovu vrednosti u t; da proceni vrednost u tj. 1, iako ne
zna Sta se deSava na zadatom intervalu, pa izbor metoda numericke integracije moze
predstavljati problem. Na srecu, moderni paketi za raCunarsku simulaciju po pravilu
sami biraju najpogodniji metod. Jasno, uvek treba biti na oprezu i treba traziti znake
koji pokazuju da metod ne daje dobre rezultate. Na primer, neoCekivani rezultati si-
mulacije su verovatno zato $to je integracioni metod nestabilan, a ne zbog zanimljivog
ponasanje modela.

Ovaj nacin kreiranja modela podrZava nekoliko komercijalno dostupnih softvera,
kao Sto su VenSim, PowerSim, iThink i ModelMaker.

Modeliranje dinamickih sistema predstavlja izazov posto je potrebno napraviti pre-
cizan matematiCki model koji opisuje sistem. Primenom niskog nivoa apstrakcije do-
bija se model blizak realnom sistemu koji se modelira. Stanje dinmickog sistema
opisuje skup realnih brojeva i u skladu sa nacinom kreiranja modela mala promena
stanja sistema izaziva malu promenu u vrednosti u skupa brojeva. Pravila ponasanja
sistema opisuju sledece stanje koje sistem zauzima na oshovu trenutnog stanja. Ova
pravila su deterministiCka, $to znaci da je u datom vremenskom intervalu samo jedno
buduce stanje moguce nakon trenutnog stanja sistema.

Za neki sistem smatramo da je potpuno opisan ako je odredena relacija koja prevodi
trenutno stanje sistema u neko buduce stanje. Ta relacija je diferencijalna ili diferencna
jednacina. lteracijama sa malim vremenskim korakom je moguce odrediti sva buduca
stanja sistema, i taj se postupak naziva reSavanje ili integracija sistema. Kada se sis-
tem reSi, za zadatu pocentu vrednost moguce je odrediti buduca stanja sistema. Sva
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stanja sistema daju trajektoriju (putanju) sistema. Numericke metode za reSavanje se
koriste najviSe i sa njima je koris¢enjem raunara moguce reSiti veliki broj raznovrsnih
problema.

Za neke dinamicke sisteme je dovoljno poznavati trajektoriju sistema. Medutim,
neki sistemi sa sloZzenom strukturom daju trajektorije koje zahtevaju malo viSe analize.
Ako se uzme u obzir da je sistem aproksimacija realnog sistema, numericka reSenja
koja se dobijaju mogu biti nedovoljno precizna. Zato se uvodi pojam stabilnosti sis-
tema, gde se odreduje skup pocCetnih uslova za koje €e trajektorije biti priblizno jed-
nake. Odredivanje tipa putanje je potrebno za bolje razumevanje sistema. Neki sistemi
imaju taCke gde se tip trajktorije zanaCajno menja. Na primer, sistem posle promene
vrednosti nekog parametra iz periodi¢nog prelazi u haoti¢no ponasanje. Klasifikovanje
putanja to tipu je dovelo do podele dinamickih sistema. Najzanimljivije za proucavanje
su putanje koje pokazuju da sistem ima haoti¢no ponaSanje jer tada putanja izgleda
kao da je dobijena na slucajan nacin. Proucavanje dinamickih sistema sa takvim puta-
njama dovelo je do razvoja teorije haosa, statistiCke mehanike i pojma deterministickog
haosa.

Uporedivanjem dinamickih sistema sa sistemskom dinamikom vidimo da je razlika
u tome Sto promenljive ovde predstavljaju fiziCke osobine objekata kao Sto su brzina,
ubrzanje, masa itd. To omogucuje matematicki sloZenije modele u odnosu na sistem-
sku dinamiku. Softver koji se koristi za opis dinamiCkog sistema moZe se Kkoristiti i za
kreiranje modela sistemske dinamike. Predstavnici komercijalno dostupnih softvera
su MATLAB, VisSim, LabView i Easyb.

Simulacija diskretnih dogadaja je nacin kreiranja modela Cije ¢e ponaSanje biti
praceno kroz vreme. Postoje formalni metodi za kreiranje simulacionih modela koji
obezbeduju validnost modela. Tokom eksperimentalne faze modeli se izvrSavaju i
dobijaju se rezultati simulacije.

) stanje u trecem koraku
promena stanja

stanje u drugom vremenskom koraku

stanje u prvom vremenskom koraku
|

Slika 1.9: Model diskretnih dogadaja.

Formalizam kod diskretnih modela podrazmeva izvrSavanje modela u koracima.
Sledece stanje modela zavisi od trenutnog stanja i od trenutnog uticaja okoline.

U digitalnim sistemima Casovnik odreduje sledeCi diskretni korak. Bitna primena
diskretnih modela je i kod aproksimacije kontinualnih sistema. Tada se odreduje vre-
menska osnova (sekund, minut, sat ili godina) i na osnovu uocenih stanja sistema
generiSe ponaSanje. Pretpostavka je da se svaki diskretni korak dobija umnozavan-
jem osnovnog koraka.

Najlaksi nacin za definisanje ponaSanja sistema je tabela. Pretpostavimo da sistem
ima konaCan broj stanja i ulaza. Jednostavno, moZemo napisati sve kombinacije u

26



tabeli.

Trenutno stanje | Ulaz | Sledece stanje | 1zlaz
0 0 0 0
0 1 1 1
1 0 0 0
1 1 1 1
Tabela 3.1.

U tabeli postoje dva stanja 1 i 0, i dva ulaza 1 i 0. Ukupno Cetiri kombincije i
svakoj kombinaciji je dodeljen jedan izlaz i sledece stanje koje sistem zauzima. Tabelu
je moguce intrepretirati na sledeci nacin: Ako je stanje q u vremenu t i ulaz je x u
vremenu t, onda Ce stanje u vremenu t + 1 biti 8(q,x) i izlaz y u vremenu t Ce biti
Ag,x), pri cemu je & funkcija promene stanja, a A izlazna funkcija. Funkcija promene
stanja se odnosi na prve tri kolone tabele, dok izlazna funkcija zavisi od prve dve i
poslednje kolone. Koriscenjem ove dve funkcije tabela se moze zapisati kao 6(q,X) = x
i A(g,X) = X.

Sledece stanje i trenutni izlaz su zadati trenutnim ulazom. Funkcije je bolje koristiti
od tabele posto daju opstije znaCenje i nije potrebno pisati tabelu kada sistem ima puno
stanja. Naravno funkcije se koriste i kada nisu poznata sva stanja sistema.

Oblast primene modela diskretnih dogadaja je velika i postoje brojni primeri pri-
mene na sistemima masovnog opslizivanja i proizvodnih procesa. Simulacija se na-
jviSe primenjuje kod razvijanja novog sistema koji zahteva velike investicije. Kod
sistema koji ve€ postoje simulacija se moZe koristiti za testiranje promena u dizajnu
sistema i za proveru stabilnosti sistema u slucaju kvarova ili nekih nepredvidenih okol-
nosti.

Kreiranje modela se zasniva na konceptu objekta, resursa i dijagrama koji opisuju
kretanje objekata i deljenje resursa. Metod je razvio DZ. Gordon (Jeffrey Gordon)
Sesdesetih godina. On je u saradnji sa IBM-om kreirao prvi simulacioni jezik pod
nazivom GPSS (akronim od General Purpose Simulation System). Objekti u GPSS
modelu nazivaju se transakcije. To su pasivni objekti koji mogu predstavljati ljude,
delove, dokumente, poruke itd. Objekti putuju kroz dijagram gde Cekaju odredeno
vreme u redu na obradu. PonaSanje modela je ugradeno u elemente dijagrama toka.
Resursi se zauzimaju i oslobadaju po potrebi od strane objekata. Trend u razvoju
softvera za diskretnu simulaciju ide ka kreiranju grafiCkih okruZenja za modeliranje.
U tom slucaju nije potrebno uciti specifican programski jezik, pa je kreiranje modela
moguce od strane veceg broja korisnika koji nisu informaticke struke.

Najveci broj komercijalno dostupnog softvera podrZzava gore opisani metod kre-
iranja modela. Neki od njih su za opstu, dok su neki razvijeni za posebnu primenu, na
primer softveri za modeliranje u oblasti medicine ili tehnici. Modeliranje diskretnih
sistema se uzima kao definicija za globalni algoritam za procesiranje objekata, obicno
sa stohastickim elementima. Spomenucemo u ovoj grupi programe kao Sto su Arena,
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Extend, SimProcess i AutoMod.

Postoji veliki potencijal za primenu simulacije diskretnih dogadaja. Nazalost,
ogranicena primena simulacije je zbog zastarelog i komplikovanog softvera za mo-
deliranje i simulaciju Sto otezava komercijalnim korisnicima upotrebu.

1.2.5 Modeli sa agentima

Kreiranje modela koris¢enjem agenta je relativno nova oblast. Drugi naziv za ovaj
pristup modeliranju je tzv. ’modeliranje odozgo na gore”. Taj naziv dolazi od najbit-
nije osobine koju imaju modeli sa agentima-decentralizovanost. PonaSanje sloZenih
modela sistemske dinamike se definiSe globalno, odnosno za ceo skup objekata. Kod
modela zasnovanih na agentima ponaSanje se definiSe na nivou agenta koji dalje u in-
terakciji sa drugim agentima, u zadatom okruzenju, kroz simulaciju generisu globalno
ponasanje modela.

Pojava agentnog modeliranja se povezuje sa poznatim nauc¢nicima fon Nojmanom i
Ulamom kreiranjem fon Nojmanove maSine i automata. Veliki napredak u tom pravcu
je bila "Igra Zivota” - prvi agentni model matematicara DZ. Konveja (John Conway).
Igra Zivota sadrZi osnovne principe agentnog modeliranja i sastoji se od pojedinacinh
objekata za koje su definisana jednostavna i precizna pravila. Objekti utiu jedni na
druge i na oshovu toga se dobija ponaSanje sistema u definisanom dvodimenzionalnom
prostoru.

Logican prelazak sa modela sistemske dinamike na agentne modele je uslovljen po-
vetanjem mogucnosti racunara. Sada nije problem definisati nekoliko hiljada agenata
i izvrSavati ih paralelno da bi se simuliralo ponasanje odredene populacije na nekom
prostoru.

Oblasti primene agentnih modela su logistika i optimizacija proizvodnje, modeli-
ranje ponaSanja potro$aca, socijalna simulacija, simulacija saobracaja i slicno. Alati
za agentno modeliranje mogu se koristiti i za optimizaciju modela i testiranje stabil-
nosti modela. Stabilnost modela se odnosi na pracenje promena koje se deSavaju u
globalnom ponaSanju modela posle promene ponaSanja pojedinacnih agenata.

Agentno modeliranje ima veliki potencijal za dalji razvoj. Naime, u kombinaciji
sa veStackom iteligencijom mogucnosti se znacajno povecavaju. Intezivno se radi na
projektima tzv. veStackog Zivota.

Sa spoznajom mogucnosti agentnog modeliranja se povecava broj komericajlno
dostupnih alata koji uglavnom nastaju iz do skoro koriséenog akademskog softvera.
Kako su agentni modeli sloZeni i uglavhom zahtevaju dobro poznavanje programskih
jezika i programiranja za izradu modela, sve veci broj kompanija koje proizvode soft-
ver za agentno modeliranje nude i usluge kreiranja modela na zahtev klijenata.

1.2.6 Odnos izmedu tehnika u simulacionim modelima

Ograni¢imo razmatranje samo na modele koji sadrZze veliki broj objekata sa ra-
zlicitim oblicima pona$anja. U tom slu€aju modeli sa agentima omogucavaju uopsteniji
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pristup odnosno kompleksniju strukturu i dinamiku modela i konstrukciju modela bez
znanja o globalnim zavisnostima u modelu. Dakle, ako nije poznato kako se deSavaju
uticaji u modelu, ili kako se elementi modela pona$aju u tacno odredenim situacijama,
onda je bolje Koristiti agentni pristup. Dodajmo da Cak i u slu€ajevima kada model
sistemske dinamike daje zadovoljavajuce rezultate, mnogo je lakSe kreirati model zas-
novan na agentima.

Na jednostavnom primeru ¢emo pokazati kako se konstruiSe precizniji model sa
agentima na osnovu modela sistemske dinamike. Za poCetak, pomocu dijagrama stanja
treba definisati ponaSanje agenta. Dijagram stanja predstavlja automat sa nekoliko do-
dataka. Sam princip je predlozio D. Harel (David Harel) i princip je prihvacen kao deo
standardnog UML (akronim od Unified Modeling Language) kasnije proSiren do UML-
RT (od Unified Modeling Language for Real Time). Dijagrami stanja omogucavaju da
se graficki prikazu stanja kroz koje agent prolazi tokom svog postojanja. Agent moze
imati viSe dijagrama stanja koji rade paralelno i postoji interakcija izmedu njih. To
se koristi kada je potrebno opisati nekoliko aspekata zivota agenta kao na primer kod
ljudi porodica i posao. Dijagrami stanja ¢e kasnije biti detaljnije objasnjeni.

Sistemska dinamika Sinhroni agent

stopa prelaska

Supi oY o
——
&

Vremenski korak (dt)

Odluka (zavisi od stope
prelaska)

Pravila odlugivanja

Asinhorni agent
Model zasnovan na agentima (3‘3“19"" )

Ao 8e A | B posmatais kao sk sk ch s Cekamekujezaws.iud
ko se A i B posmatraju kao skupovi zasebnih elemnata stope prelaska | moze da

Svaki element se moze prikazati kao agent 86 menja
koji ima dva stanja Ai B Stanje B

Slika 1.10: Prevodenje modela sistemske dinamike u model sa agentima.

Model sistemske dinamike posmatra kao niz skupova i tokova izmedu njih. Prav-
ila odlu€ivanja kontroliSu tokove izmedu skupova. Skupovi koji se posmatraju mogu
se zamisliti kao rezervoari sa vodom. Voda iz rezervoara A prelazi u rezervoar B sa
nekom stopom prelaska. Rezervoar se mora predstaviti tako da sadrZi pojedinacne ob-
jekte pa se dalje moZe posmatrati kao kutija napunjena lopticama. Loptice Ce postati
agenti. Ako se izdvoji jedna loptica i posmatra njeno kretanje u jednom trenutku lop-
tica e precCi iz kutije A u kutiju B. Vreme kada Ce se to desiti zavisi od toga kako je tok
izmedu kutija definisan. Model zasnovan na agentima koji opisuje ovakvo ponasanje
koristi dijagram stanja sa dva stanja koja predstavljaju kutije A i B. Promena izmedu
stanja u dijagramu se moZe realizovati na razliCite naCine. Sinhroni prelaz je kada se
odluka o prelazu deSava jednom za neki zadati vremenski interval. Asinhroni prelaz je
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kada se vreme prelaza posebno racuna za svakog agenta u odnosu na neke parametre.

U modelima diskretnih dogadaja vec se nalaze pojedinacni entiteti Sto olakSava
prelaz na model sa agentima, jer naravno ti objekti postaju agenti. Problem je u €in-
jenici da su objekti u diskretnim dogadajima pasivni. Sva pravila po kojima se model
ponasa nalaze se u blokovima dijagrama pomocu kojih je model opisan. Dakle, cilj
je opisati problem sa taCke glediSta objekta i decentralizovati Sto veci broj pravila, od-
nosno prebaciti skup pravila iz blokova dijagrama u dijagram stanja agenta. Naravno,
ovo sve ima smisla ako se Zeli dobiti model sa viSe individualnog ponaSanja objekata

u modelu.
Agent
~— zahtevaj resurs
Dolazak Usluga Pb" Dcluka /_‘_‘ 5

=
DISKRETNI [ uonoa )
\
‘ ‘ DOGADAI &L Resurs osloboden
3

/ | Resurs dodeljen
e
|
{Bj Odluka
GENTNI MODEL -

Agent (resurs) NE

)
Cakanje J

Dispecer

¥
(@) Obrisi agenta

Slika 1.11: Prevodenje modela diskretnih dogadaja u model sa agentima.

Posmatra se jednostavan sistem opsluZivanja gde entiteti ulaze u sistem dobijaju
odredenu uslugu jednom ili viSe puta i pri tome provedu u tom stanju odredeno vreme
i zatim napustaju sistem. Entiteti postaju agenti. Ulazak u sistem moZe se izjednaciti
sa kreiranjem agenta. Nakon kreiranja, agent Salje zahtev da bude usluZen, ali nekada
mora da Ceka da se resursi oslobode odnosno da dode na red Sto moZe da traje unapred
nepoznato vreme.

Kada se resursi oslobode, model prelazi u stanje primanja usluge. Kada zavrsi
odlucuje da li ¢e napustiti sistem ili e zatraZiti uslugu ponovo odnosno opet preci u
stanje Cekanja da se oslobode resursi. Dijagram stanja za resurs ima dva stanja: zauzet
i slobodan. Komunikacija izmedu ta dva dijagrama stanja moze se implementirati u
same agente. Oni komuniciraju direktno izmedu sebe i rukuju sa resursom. Drugi
nacin je uvodenje dispeCera koji predstavlja deo okruZenja u kojim se agenti nalaze,
pri ¢emu dispeCer indirektno implementira komunikaciju izmedu agenata i upravlja
resursima.

KoriS¢enje modeliranja sa agenatima omogucava dobijanje modela koji su bliZi
realnom sistemu, nego kada se koristi modeliranje pomocu diskretnih dogadaja ili sis-
temska dinamika. To nikako ne znacCi da treba potpuno izbaciti te pristupe modeliranju.
U nekim slucajevima pomocu njih se dobijaju dovoljno pouzdani rezultati, pa nema
potrebe za metodom sa agentima. Na Zalost, u nekim slu€ajevima je jako teSko opisati
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ponasSanje agenata, pa se dobijaju agentni modeli koji su neefikasni.

(=T — <5 f-f“:L Agenti koji komuniciraju

Ga, o ¥ g — diskretno i sadrze podmodele
- \\ modelirane u sisternskoj
e =t =, - dinamici

002

Agenti koji “Zive” u okruzenju * * *
modeliranoj pomocu - * et | *
sisternske dinamike * & -‘»*

¥ * X

*
o e o S %
£ 58 sy ="
LR I A ol
i O
- -
pie

Agenti koji su u interakgciji
sa drugim agentima u dijagramu
diskretnih stanja

Slika 1.12: Primeri kombinovanja pristupa u kreiranju slozenih modela.

Realna potreba za preciznim modelima zadovoljena je kombinovanjem tehnika u
procesu izrade modela. Programi koji to omogucavaju komercijalno su dostupni i
treba ih iskoristi na najbolji naCin. Primeri za hibridne model su brojni i ve€ina realnih
problema zahteva kombinovanje tehnika. Ako se posmatra mreZa snabdevanja, procesi
unutar kompanije se modeliraju preko sistemske dinamike, a komunikacija izmedu
kompanija se realizuje diskretnim dogadajima. Na primer, ako se posmatra bolnica,
pacijenti se mogu predstaviti kao jedan skup agenata, bolnicko osoblje kao drugi skup
agenata, dok se komunikacija izmedu dva skupa odvija preko blok dijagrama stanja
(diskretni dogadaji). Jo$ jedan primer je naselje, gde stanovnici koriste kuce, imaju
posao i koriste infrastrukturu. U tom se slu€aju stanovnici prikazuju pomocu agenata,
a naselje pomocu sistemske dinamike.

Svi dostupni alati za izradu modela su grupisani oko odredene tehnike modeli-
ranja, ali ih je najviSe dostupno za modeliranje diskretnih dogadaja; verovatno na-
jbolji program tog tipa je Arena. Postoji samo nekoliko alata za modeliranje sistemske
dinamike. U oblasti dinamickih sistema dominira MATLAB Simulink. Sto se tige
agenata, do skora nije postojao komercijalno dostupan softver. Sve $to je postojalo su
biblioteke za C++ ili JAVA jezik koje su razvijane eksperimentalno u okviru akadem-
skih institucija.

Program AnyLogic je softverski paket koji je razvila grupa naucnika i programera
koji se ne bave modeliranjem. Zato nije koriS€en nijedan specifican pristup kreiranju
modela nego se teZilo ka kreiranju alata koji ¢e moc€i da se koristi za modeliranje
sloZenih realnih problema. Buduci da je AnyLogic alat koji je objektno-orijentisan,
moguce je dosta lako kreiranje pouzdanih modela u vizuelnom okruZenju, ali je os-
tavljena mogucnost koriscenja JAVA jezika za definisanje i implementaciju specificnih
struktura.
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Slika 1.13: Alati za simulaciono modeliranje
1.2.7 Simulacioni jezici

Postoji mnogo programskih jezika koji su napravljeni iskljucivo za potrebe simu-
lacije. Izbor simulacionog jezika najviSe zavisi od prirode problema koji Zelimo da
simuliramo

Najznacajnija prednost simulacionih jezika je to Sto analiticaru omogucuju da se
efikasnije bavi istraZzivanjima nego kad upotrebljava jezike opSte namene. Vecina sim-
ulacionih jezika ima mogucnost generisanja slucajnih promenljivih za razlicite ras-
podele, upravljanje simulacionim vremenom, rutine za uniStavanje simulacionih do-
gadaja, upravljanje redovima, skupljanje podataka, sumiranje i analiziranje podataka,
formulisanje i Stampanje rezultata, detekciju i ispravljanje greSaka, interaktivnu gra-
fiCku simulaciju.

Simulacioni jezik mora imati mogucnost vodenja dokumentacije o dogadajima,
procesima i aktivnostima, mora imati mogucnost modifikacije programa, jednostavnu
verifikaciju programa i kontrolu dinamickog odvijanja procesa.
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Glava 2

Populaciona dinamika

2.1 Uvod

Potreba za poznavanjem broja stanovnika grada, regije, drZave ili Citavog sveta, kao
i promena broja te populacije je verovatno stara koliko i ljudska civilizacija. U danasn-
jem smislu, modeliranje rasta populacije je staro oko dve stotine godina i vezano
je za engleskog sveStenika Maltusa. Njegov model rasta, tzv. Maltusov model, se
moze smatrati poCetkom vazne oblasti matematiCkog modeliranja - populacione di-
namike. Danas je to veoma razvijena i kompleksna nauka, koja trazi dobro poznavanje
raznih matematickih disciplina, pre svega diferencijalnih i diferencnih jednacina, za-
tim verovatnoce i statistike, i, naravno, odgovarajucih oblasti iz biologije, hemije, itd.

U okviru ove knjige, morali smo da izaberemo one oblasti koje obuhvataju glavne
delove ove teorije, ali ne traze suvise duboko poznavanje na primer biologije, niti pre-
viSe komplikovane matematicke metode. U principu, ograni¢icemo se na determinis-
tiCke modele, sa izuzetkom jednog jednostavnog stohastickog modela. Analiziratemo
modele rasta jedne (poglavlje 2.2), odnosno dve populacije (poglavlje 2.3), pri ¢emu
se dobijaju diferencijalne i diferencne jednacine, odnosno odgovarajuci sistemi takvih
jednacina. Za pracenje ove glave, bar Sto se matematike tiCe, dovoljno je savladati
standardni kurs iz obicnih diferencijalnih jednaCina i poznavanje nekih jednostavnih
elemenata linearne algebre (u potpoglavlju 2.2.4) i verovatnoce (u potpoglavlju 2.2.5).

Za potpunije i dublje razumevanje populacionih modula, ¢itaoc moZe, na primer,
konsultovati i sledece knjige: [2], [5], [6], [8], [13], [17].

2.2 Populacioni modeli sa jednom vrstom

2.2.1 Uvod

Pocetkom 19. veka se ljudska populacija, ve¢ dovoljno velika, stalno povecavala,
pa se moglo postaviti pitanje da li ¢e se dugorocno ljudi moci prehraniti ako se taj
trend rasta nastavi. Da bi dao odgovor na ovo pitanje, Maltus je krenuo od nekoliko
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pretpostavki koje su dovele do jednog veoma uproscenog i grubog globalnog modela
rasta svetske populacije. Radi jednostavnosti, on je pretpostavio da se broj stanovnika
na svetu menja na isti nacin, ne uzimajuci u obzir ocevidne razlike izmedu ljudi kao
Sto su podela prema starosti, polu, podneblju, ekonomskom i kulturnom razvoju, itd.

Model koji je uveo, tzv. Maltusov model, ima pre svega istorijski znacaj, jer
je to prvi matematicki model rasta jedne populacije u okviru nekog ekosistema. Ta
populacija moZe biti stanovnistvo jednog grada, regije, drzave ili ¢ak Citavog sveta, ali
moZze biti i neka zivotinjska ili biljna populacija unutar jednog ekosistema.

U sledeca dva potpoglavlja, 2.2.2 i 2.2.3, cemo izloZiti kako se moZe doc€i do tog
modela, i to kako diskretnog, tako i kontinualnog. U sustini, u oba slu€aja polazimo
od formulacije problema kakvu je mozda dao i sam Maltus. U potpoglavlju 2.2.4 anal-
iziramo Leslijev model rasta sa podelom populacije prema uzrastu, a u potpoglavlju

2.2.2 Diskretni Maltusov model

Kao u svakom procesu modeliranja, moraju se prvo uvesti osnovne veli€ine, a
zatim odrediti glavne Cinioce koji uticu na posmatranu populaciju. ObeleZimo sa x =
X(t) broj jedinki te populacije u momentu t. U praksi, nije potrebno znati x(t) za sve't,
ve€ samo za vrednosti m-At, m=0,1,2, ..., gde je At jedinica vremena. (Za ljudsku
populaciju bi At moglo biti godinu dana, a za globalni model svetske populacije ili
bar drzave i 10 godina.) Sto se €inilaca tiGe, jasno je da ih po pravilu ima toliko da ih
je teSko i nabrojati; mi ¢emo pretpostaviti da se populacija menja samo zbog radanja
i umiranja. Dakle, zanemaricemo, uz ostalo, i individualne razlike medu jedinkama,
kao i migraciju. Tada je promena populacije u jedinici vremena, tzv. stopa rasta
populacije po jedinici vremena, data sa

AX  X(t+At) —x(t)
At At '
Medutim, od ove stope korisnija je specifiCna stopa rasta populacije, u oznaci
R(x,t), tj. stopa rasta populacije po jedinici vremena i jedinici populacije, data sa
1 x(t+At) —x(t)
X(t) At '
Ako, kao 5to je to u€inio Maltus, dodatno pretpostavimo da je stopa R(x,t) iz (2.2)
konstanta, recimo

(2.1)

R(x,t) = (2.2)

R(x,t) =Rp, zasve x i t, (2.3)
onda dolazimo do diskretnog Maltusovog modela rasta jedne populacije
X(t 4+ At) = x(t)(1+ RoAt), (2.4

Ako stavimo t, = m-At i xn = X(tn) zZam=0,1,2,..., onda se (2.4) svodi na
sledecu diferencnu jednacinu sa konstantnim koeficijentima:



Ova diferencna jednacina se lako reSava ako znamo populaciju u pocetnom momentu
t = 0, tzv. poCetnu populaciju. Dakle, ako je

x(0) = xo, (2.6)
onda je reSenje (2.5) dato sa
Xm = Xo(1+RoAt)™, m=0,1,2,...

Ako je Rg > 0 (na primer, za ljudsku populaciju je Rg &~ 0.02), to se skiciranjem
niza (Xm)men Vidi da se sa povecanjem m veoma brzo povecava i xy. To je pre dva veka
veoma zabrinulo Maltusa, jer je njegov model predvidao da ce se ljudska populacija
mnogo brZe povectavati nego neophodna hrana za tu populaciju. Naravno, on nije mo-
gao predvideti da ce u prvoj polovini 19. veka doc€i do daleko intenzivnijeg privrednog
razvoja nego ikada pre toga u istoriji, Sto je kasnije sa pravom nazvano industrijska
revolucija.

Sa glediSta modeliranja, ovo pokazuje da treba biti veoma oprezan kod koriscenja
modela na ”duge staze”, jer se promenom parametara, ili cak pojavom novih, realni
sistem i te kako moZe promeniti i za relativno krace, a pogotovo za duze vreme. Ust-
vari, Maltusov model moze dobro posluziti kao dokaz da se u procesu modeliranja
jednom dobijeni modeli moraju stalno popravljati i usavrSavati, kako bi Sto vernije
opisali posmatrani realni sistem.

Primer 2.1 Oko 1965. godine, ljudska populacija je procenjena na 3.34 milijarde.
Ako je Rp iz (2.3) zaista 0.02, onda se ona duplira za priblizno 35 godina, Sto se
slaZe sa podacima za 2000 godinu (oko 6 milijardi). Medutim, ako bi ovaj trend rasta
sveukupne ljudske populacije nastavio, onda bi 2500. godine na svetu bilo oko 200
milijardi ljudi. Ostavljamo Citaocu da sam zakljuci o vrednosti Maltusovog modela na
”duge staze”.

Primer 2.2 Prethodni primer deluje apsurdno. Ali, za biljku Microtus Arvallis Pall je
eksperimentalno pokazano da se njihov broj mesec¢no povecava za 40%.

Primer 2.3 Tvorac logistiCkog modela (videti potpoglavlje 2.2.6) Verhulst je oko 1830.
godine pokuSao da proceni populacije Belgije i Francuske kroz 100 godina. Zan-
imljivo je da je veliCinu populacije svoje zemlje prilicno potcenio, ali je zato dosta
dobro pogodio populaciju Francuske. Verhulstova greSka u slu€aju Belgije po svemu
sudeci potice od danas opste poznate Cinjenice da je razvoj te zemlje, pa i povectanje
njenog stanovnistva, bitno ubrzala eksploatacija njenih africkih kolonija.

2.2.3 Kontinualni Maltusov model

Ako se radi o ljudskoj ili nekoj Zivotinjskoj populaciji, jasno je da je funkcija x(t)
u prethodnim jednaCinama prirodan broj za sve t > 0, pa je kao takva deo po deo
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konstantna funkcija sa mnogobrojnim prekidima prve vrste. Strogo gledano, takva
funkcija nema izvod u tim prekidima. Medutim, poSto se brojc¢ano velike populacije
po pravilu za krace vreme relativno ne menjaju previse mnogo (Citalac mozZe uzeti za
primer stanovnistvo nekog veceg grada ili drZzave), to je razumno apoksimirati funkciju
X = X(t) sa (bar) neprekidno diferencijabilnom funkcijom. Onda, umesto (2.2), ima
smisla uvesti tzv. trenutnu stopu rasta populacije R(x,t) te populacije, datu sa

_ ldx
~oxdt’

Ako ponovo uzmemo da je R(x,t) = Ro, onda umesto (2.4) dobijamo obicnu difer-
encijalnu jednacinu

R(x,t) (2.7)

= Rox (2.8)

uz pocetni uslov (2.6).
Problem (2.8), (2.6) je kontinualni Maltusov model rasta jedne populacije.
ReSenje tog problema je
X(t) = xpe™, t>0. (2.9)

Primer 2.4 (Model sa migracijom) Neka je x; =x(tj), j=0,1,..., populacija u mo-
mentu tj = jt, t>0,aj, j=0,1,..., migracija u vremenskom intervalu (tj,tj+1),
za diskretan model. Neka su, dalje, x = x(t) i p = p(t) (t > 0) populacija i migracija
za kontinualan model rasta populacije.

Pokazati da su odgovarajuci modeli dati sa:

dx
Xj+1 =X = (Ro-Xj+-Hj)t, odnosno = Ro-x(t) +U(t)

I resiti ih.

2.2.4 Leslijev model sa podelom populacije prema starosti

Engleski biolog Lesli (Leslie), jedan od pionira populacione dinamike, je oko 1940.
godine koris¢tenjem matrica konstruisao model (koji danas nosi njegovo ime) da bi
opisao populacionu dinamiku Zenskih jedinki neke populacije.

Za vetinu vrsta, broj Zenskih jedinki je jednak broju muskih jedinki pa ¢emo i mi to
pretpostaviti u nastavku. Model moze da se primeni na ljudsku populaciju, populaciju
insekata, riba, kao i celokupnu Zivotinjsku populaciju.

Mi Zivimo u nelinearnom svetu, a kako je ovaj model primer linearnog diskretnog
dinamickog sistema, moZzemo ocekivati da ¢e davati neprecizne, ili Cak netacne rezul-
tate, ako ga primenimo na neku populaciju tokom duzeg vremenskog perioda. Medu-
tim, Leslijev model koji cemo izloZiti u ovom poglavlju, daje neke veoma interesantne
i dobre rezultate kada se primenjuje na populacije tokom kraeg vremenskog peri-
oda. Kao §to je uobicajeno kod ovakvih, relativno jednostavnih modela, ignorisatemo
bolesti, uticaj Zivotne sredine, npr. zagadenje, kao i sezonske uticaje.
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Pretpostavimo da su Zenske jedinke podeljene u n starosnih klasa, tako da ako je
N teoretski maksimum kada su u pitanju godine starosti Zenskih jedinki neke vrste,!
onda svaka starosna klasa sadrZi periode od N/n podjednakih vremenskih intervala,
dana, meseci ili godina. Populaciju posmatramo u regularnim diskretnim vremenskim
intervalima od kojih je svaki jednak duZini jedne starosne klase. Tako je k-ti vremenski
period dat sa ty = kN /n.

DefiniSimo xi(k) kao broj zenskih jedinki i-te starosne klase nakon k-tog vremen-
skog perioda. Neka je b; broj novorodenih Zenskih jedinki od strane neke Zenske
jedinke u toku i-te starosne klase, a c; broj Zenskih jedinki koje su nastavile da Zive
i u (i—+1)-oj starosnoj klasi. Da bi model bio postavljen na realnim osnovama, treba

da su ispunjeni sledeci uslovi:
bi>0,i=1,2,....,n i 0<ci<1, i=1,2,....n—1. (2.10)

Jasno je da neki bj moraju biti pozitivni da bi osigurali da su se neka rodenja desila,
adacj > 0 zasve i, inaCe ne bi bilo Zenskih jedinki u (i + 1)-oj klasi.

Napisacemo sada sistem linearnih jednacina, Cije su nepoznate brojevi xi(k) (broj
Zenskih jedinki u i-toj starosnoj klasi u vremenu t). U tom cilju, primetimo da je u
prvoj starosnoj klasi posle k vremenskih perioda broj xgk) jednak broju novorodenih
zenskih jedinki u svih n starosnih klasa u vremenskom intervalu (tx_1,tx), tako da je

W0 by o D),

Broj Zenskih jedinki u (i + 1)-oj starosnoj klasi u vremenu ty je jednak broju Zen-
skih jedinki u i-toj starosnoj klasi u vremenu t_; koja nastavlja da Zivi i do (i +1)-ve
starosne klase, tj.

Xi(l—(i—)l =i,
Ovako dobijene jednaCine mozemo zapisati u sledecoj matric¢noj formi:

C oK) ] _ 2 [ ok=1) ]

ng) by by bs - - - bp_1 by ng )

X3 ¢t 0 0 - - - 0 ¢ ||x¥V

xék) 0ckb 0O --- 0 0 ng—l)

e : _ (2.11)
_ ng) _ | 0 0 0 - - - cp1 O] _ ngfl) _
ili, u skratenom obliku, kao

XK = Lx (k1) (2.12)

Matrice kolone u (2.11) su dimenzije n x 1, a kvadratna matrica L, koja se obi¢no
zove Leslijeva matrica, je dimenzije n x n.

INa primer, u slu€aju ljudske populacije mogli bi uzeti N = 100.
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Pretpostavimo da je X (0) vektor koji predstavlja poCetni broj Zenskih jedinki u
svakoj od n starosnih klasa. Tada je:

XO =1 xO x@ = x®=12xO . x®=[kxO k=12.. (2.13)

Na osnovu toga, ako znamo pocetnu starosnu distribuciju i Leslijevu matricu L iz
(2.12), moguce je utvrditi starosnu distribuciju Zenskih jedinki u bilo kom kasnijem
vremenskom intervalu.

Pre nego $to nastavimo prethodnu analizu, podsetimo se da su broj A i vektor
kolona V respektivno sopstvena vrednost i odgovarajuci sopstveni vektor neke ma-
trice M ako je

MV=A-V.

Da bismo istraZili ponaSanje dobijenog sistema, pokazuje se da je neophodno raz-
motriti sopstvene vrednosti i sopstvene vektore matrice L. Te veliine mogu da se isko-
riste da bi se odredila populaciona distribucija u buduc¢nosti uzimajuci u obzir starosne
klase, o ¢emu govori slede¢a vaZzna teorema.

Teorema 2.5 Neka je Leslijeva matrica L definisana kao u (2.12), i pretpostavimo da
pored uslova (2.10) vazi da su najmanje dva sukcesivna koeficijenta b; strikno pozi-
tivna. Tada

1. matrica L ima jedinstvenu sopstvenu vrednost A1, koja je ili pozitivna ili ima
algebarsku viSestrukost jednaku 1;

2. sopstveni vektor vi, koji odgovara sopstvenoj vrednosti A ima pozitivne kompo-
nente;

3. za svaku drugu sopstvenu vrednost A; matrice L, koja je razliCita od A1, vaZi da
je il < Aq.
Pozitivna sopstvena vrednost A; iz taCke 3 se zove striktno dominantna. Tada je
LX =A1- X,

gde je X = Vi # 0 sopstveni vektor iz tatke 2 gornje teoreme. Ako sada radi jednos-
tavnosti uzmemo da je x‘f =1, ondaje

Vi=[1 ci/M cico/A2 . . . ccpe-cnor/A L] (2.14)

gde znak x na kraju poslednje jednakosti oznacava adjungovanu matricu (tj. vi je ma-
trica kolona).

Pretpostavimo jos da L ima n linearno nezavisnih sopstvenih vektora, vi, va, ..., Vy,
kojima redom odgovaraju proste sopstvene vrednosti A1, A2, ..., Ay. AKo je pocetna
raspodela populacije data sa vektorom X (©) = Xo, onda postoje konstante by, by, ...,
b, takve da je

X = Xo = b1Vi +baVs + ...+ bV

38



Na osnovu jednacine (2.13) je onda

X®© = LK(bgvi 4 bV + ...+ bpVp)

= by MSVE + oAV + L+ bV,

k - A2 “ - An K o
A A
Kako je po pretpostavci A; dominantna sopstvena vrednost, to je

<lza i=2.3,....n
7\‘1 ) P

Sto povlaci

AN .
k||_)ﬁ(l (7»_1) =0, i=2,...,n.
Odavde sledi da je za veliko k
X&)~ byakvy.

Ova priblizna jednakost znaCi da posle duzeg vremena mozemo ocekivati stabi-
lizaciju starosne distribucije, koja vremenom postane proporcionalna vektoru vi iz
(2.14).

Obicno se vektor vi normalizuje tako da je zbir njegovih komponenata jednak 1.
Tada elementi tako normalizovanog vektora v; daju prognozirane procente Zenskih
jedinki u svakoj od n starosnih grupa (naravno, pre toga pomnozene sa 100). Prime-
timo da ako je A; = 1, onda se populacija stabilizuje, a ako je A1 < 1 (resp. Ap > 1),
onda se vremenom populacija smanjuje (resp. povecava) sa faktorom A;.

2.2.5 Jedan probabilisticki model

Neka je Py (t) verovatnota da u momentu t > 0 ima tacno N jedinki jedne popu-
lacije. Pretpostavicemo da u modelu nema umiranja, a da za kratko vreme At moZze
da se rodi najviSe jedna jedinka, i da je verovatnoca da e za vreme At jedna jedinka
roditi novu jednaka AAt gde je A > 0.

Ispitacemo ovaj probabilisticki model tako Sto cemo odrediti Py (t) zaN =1,2,...,
i pokazati da je oCekivana vrednost populacije E (t) u momentu t zapravo velicina x(t)
iz reSenja Maltusovog modela datog sa (2.9), uz zamenu broja A sa Ro.

Pretpostavicemo jo$ da je poCetna populacija jednaka N, a buduci da u ovom mod-
elu nema umiranja, to znaci da je

(1, N=No;
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Sada ¢emo odrediti obi¢nu diferencijalnu jednacinu koju zadovoljava funkcija Py (t).
U tom cilju, primetimo da pod navedenim pretpostavkama posmatrana populacija
moZe dosti€i veliCinu N u momentu t + At na dva nacina: ili je u momentu t vet
bila jednaka N, Sto znaCi da tokom vremenskog intervala [t,t + At] nije rodena nova
jedinka, ili je u momentu t bila jednaka N — 1, pa je tokom intervala [t,t + At] jedna od
tih N — 1 jedinki rodila jo$ jednu, i to sa verovatnocom AAt. Kako su ta dva dogadaja
disjunktna, to je

Pn(t4At) = (1 —2A)NPy (1) + (N 1_ 1) AAL(1—AADN 2Py 1 (1). (2.16)

lzraz (1 —AAt)N (uz Py (t)) se moZe razviti po binomnoj formuli kao

(1—AADN =1 — NAAt + (;')mztﬂl(m). (2.17)
Lako je videti da ostatak r1(At) ima osobinu da je AItim0 %?t) =0.

Izraz (Nil)kAt(l —AMAN=2 (uz Py_1(t)) se na slian nagin moze napisati kao

(N 1_1> AAL(L—AAHN 2 = (N — 1)RAt 4 ra(At)At (218)

gde za ostatak rp(At) vaZzi AIti m ro(At) = 0.

AKo sada izraze (2.17) i (2.18) zamenimo u jednaCinu (2.16), prebacimo Py(t) na
levu stranu i dobijenu jednacinu podelimo sa At, to dolazimo do jednacCine

Pn(t+At) — Py(t) _ ri(At)
" = (—ANPy (1) + < )+ (MN=DPy a0 +ra(an)). (219)
Prelaskom na grani¢nu vrednost kad At — 0, dobijamo diferencijalnu jednacinu
%:X(N—l)PN_l(t)—XNPNa), N € N. (2.20)

Budu¢i da u modelu nema umiranja, to je verovatnota Py_1(t) jednaka O za sve
t > 0. Sada jednacina (2.20) za N = Ng, dobija oblik

dPy,
dt

Koriscenjem poCetnog uslova iz (2.15) za N = Np, dobijamo verovatnoCu Py (t):

= —7\,N0PNO (t)

P, (t) =e Mot t>0.
Sa nesto viSe truda, koris€enjem matematicku indukcije, se pokazuje da je

No(No+1)--- (No+k—1
P, (1) = o(No+1) k!( 0 K= mit(g e Mk 150 k=12, (221)
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1z reSenja (2.21) sledi da vaZi

dE
— =AE 2.22
gde je E = E(t) oCekivana vrednost populacije u momentu t. 1z (2.22), uz koriscenje

uslova (2.15) za N = Np, se dobija da je
E(t) = NoeM, t>0.

Dodajmo da se jednacina (2.22) moZe izvesti i bez poznavanja reSenja (2.21), uz
koriScenje obicne diferencijalne jednacine (2.20).

Konacno, vazno je primetiti da se dobijena oCekivana vrednost poklapa sa reSenjem
jednacCine (2.9) uz pocetni uslov x(0) = Xo (deterministicki Maltusov model), jasno uz
zamenu E(t), A i Ng sa, respektivno, x(t), Ro i Xo.

2.2.6 Logisticki (Verhulstov) model

Maltusov model rasta populacije, kako diskretni, tako i kontinualni, predvida ek-
sponencijalni rast populacije, pa ak i za male pozitivne vrednosti konstante Rq i za
relativno kratko vreme dovode do nerealnih, pa mozemo reci i apsurdnih rezultata,
kako smo mogli videti iz prethodno datih primera. Glavni nedostatak Maltusovog mo-
dela je pretpostavka (2.3), tj. da je specifiCna stopa rasta populacije konstantna. Zbog
toga je vec tridesetih godina 19. veka belgijski naucnik Verhulst predloZio model rasta
jedne populacije, danas poznat kao logisticki ili Verhulstov model. Zanimljivo je da
su isti model otkrili” i americki naucnici Perl i Rid skoro vek kasnije.

Umesto (2.3), Verhulst je predloZio zavisnost specificne stope rasta R(x,t) iz (2.7)
od same populacije x (ali ne i od vremena t), odnosno da je

R =R(x).

pri Cemu je funkcija R opadajuca po x. Naime, mnogi primeri iz Zivotinjskog sveta, ali
I iz ljudske istorije, sugerisali su da sa rastom populacije dolazi do usporavanja njenog
rasta. Najjednostavnija opadajuca funkcija koju mozemo iskoristiti za ovaj model je
linearna funkcija oblika

R(x) = a—bx, (2.23)
gde su a i b pozitivne konstante. Tako dolazimo do pocetnog problema
? = X(a—bx)
t (2.24)
X(0) = xo

koji cemo zvati kontinualni logisticki modeli rasta populacije. Za ljudsku popu-
laciju je nadeno da je
a=0,029 i b=2695-10"1? (2.25)
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tj. a je mnogo vece od b, §to piSemo a >> b.

Re€ ”logistika” u nazivu modela (2.24) potice od sledeceg razmatranja. Ako pret-
postavimo da rast populacije zavisi od hrane i obelezimo sa Hy i Hp dostupnu odnosno
potrebnu koli¢inu hrane u okviru posmatranog ekosistema za populaciju veli€ine x,
onda mozZemo uzeti da je

R(X) = a(Hg — Hp) (2.26)
gde je o pozitivna konstanta. Ako sada pretpostavimo da je Hy konstanta, a da je Hp

proporcionalna sa populacijom X, tj. Hp = Bx, gde je B pozitivna konstanta, onda iz
(2.26) sledi

1dx
Sto se za a = aHy i b = o3 poklapa sa diferencijalnom jednaCinom iz (2.24). Ostavl-
jamo Citaocu da proveri da je reSenje pocetnog problema (2.24) dato sa

a/b
on ¢

X(t) = (2.28)

1+

Grafik ove funkcije, logisticka kriva, je data na koricama skripti, kao i na slici ??
u 5. glavi (plava kriva).

UzeCemo da je 0 < Xp < @/b. Tada je specifiCna stopa rasta populacije R = R(x) =
a— bx pozitivna, pa iz (2.24) sledi da populacija x = x(t) raste sa vremenom t. Medu-
tim, za razliku od Maltusovog, u posmatranom logistickom modelu je xo < x(t) < a/b,
tj. za sve t je populacija od gore ogranicena sa velicinom a/b, Sto neposredno sledi iz
(2.28). Buduci da je .

tI|_>rz1cx(t) = (2.29)
to je a/b najmanje gornje ogranicenje populacije (supremum”). Geometrijski, (2.29)
znaCi da grafik funkcije x = x(t) ima horizontalnu asimptotu kada t — .

Slucaj xo > a/b se u praksi mnogo rede deSava. U stvari, tada ovaj model predvida
opadanje populacije, jer je tada njena specificna stopa rasta R = R(x) = a — bx nega-
tivna. Kod ljudske populacije, to je po pravilu posledica vanrednih situacija, kao Sto su
ratovi, ekonomske krize, velike epidemije, posebno losi klimatski uslovi i sli¢no, koji
dovode do velikog manjka hrane i ostalih osnovnih potreba. Naravno, za takve posebne
slucajeve neophodni su drugi, bitno drugaciji modeli, koje ovde neCemo razmatrati.

Primer 2.6 (Diskretni logistiCki model)

U ovom potpoglavlju ¢emo konstruisati diskretni logisticki model. U tom cilju, neka
je x veli€ina populacije, a At tzv. vreme diskretizacije. To znaci da je na$ zadatak da
postavimo i analiziramo diferencnu jednacinu, u kojoj su nepoznati ¢lanovi niza x, =
x(n-At) zan=0,1,2,... U nastavku ¢emo smatrati da je poCetna vrednost x(0) = Xp
poznata.
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Ako sada izvod u diferencijalnoj jednacini (2.24) zamenimo sa kolicnikom
X(t+ At) — x(t)
At ’
avreme t sa n-At, onda dolazimo do nelinearne diferencne jednacine prvog reda

Xn+1 —Xn(t) = At-xp(a—bx,), n=0,1,2,..., (2.30)
koju moZemo uzeti za diskretni logisticki model.
Ispitatemo ponaSanje xp iz (2.30) za velike n. Ako stavimo
a
b

gde je € > 0 mali parametar, a y,, n =0,1,2, ..., veliCine koja daje odstupanje x, od
a/b do na faktor €, to posle sredivanja dobijamo diferencnu jednacinu

Xn - —*—Syn7 n:O,:I.,Z,...7 (231)

(Yn+1—Yn) = —At-(ayn +bey3), n=0,1,2,..., (2.32)

Ako jos u (2.32) zanemarimo clan sa €, onda dobijamo linearnu diferencnu jed-
naCinu prvog reda
yn+1 :yn<1—aAt), n 2071,2,..., (233)
Cije je reSenje
Yn=Yo(l—aAt)", n=0,1,2,...,
Ako prepostavimo da je aAt < 1, onda je r!im yn = 0, §to povlaci da je

lim X, = =
n—e " b
(uporediti sa (2.29)).
Dodajmo da su modeli ovog tipa posebno pogodni za biljne ili Zivotinjske vrste
koje se razmnozavaju samo u odredenim vremenskim intervalima, npr. jednom godisnje.

Primer 2.7 (Smitov model rasta populacije) Videli smo u potpoglavlju 2.2.6 da se
logistiCki model rasta populacije (2.24) moZe dobiti na osnovu relacije (2.26). Naime,
tu je uvedena pretpostavka da je specificna stopa rasta proporcionalna sa razlikom
izmedu dostupne hrane Hq i potrebne hrane Hy, pri Cemu je josS uzeto da je H, propor-
cionalna sa veli¢inom populacije x.

U ovom modelu, medutim, Smit (Smith) je pretpostavio da je veca koliCine hrane
potrebna u razvojnom periodu populacije. Dakle, umesto jednakosti Hp = Bx, u Smi-
tovom modelu se uzima da je ]

X

Hp = BX+Yd—7
pa umesto logisticke jednacine dobijamo

dx _ ox(Hg —Bx)
dt  l+oyx
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Ako stavimo a = aHg, b = oy i ¢ = ary, dobijamo sledecu obicnu diferencijalnu jed-
nacinu, koja karakteriSe Smitov model:

dx _ x(a—hx)
dt  1+cx

Ostavljamo Citaocu da proveri da se ponaSanje Smitovog modela ne razlikuje bitno
od logisti¢kog; posebno, ravnotezni poloZaji su isti kao kod logisttkog modela. Ipak,
moZze se konstatovati da Smitov model nesSto precizniji od logistckog ako se radi o
"mladoj" populaciji.

Primer 2.8 1z konstanti u (2.25) sledi da je veliCina a/b priblizno jednaka 10,76 mil-
ijardi. Dakle, ovaj logististicki model predvida da je maksimalni kapacitet ljudske
populacije nesto ispod 11 miljardi stanovnika.

Primer 2.9 U jednom svom eksperimentu, nemacki biolog G. F. Gause je stavio pet
jedinki Paramecium Caudatum-a u epruvetu u odgovarajucoj sredini, i kasnije meren-
jem utvrdio da je stopa rasta ove biljke 231% na dan! U stvari, broj jedinki x te pop-
ulacije se ponaSao u skladu sa logistiCkom jednacinom (2.24), uza=2.309 i b = 6.
1573 x 1073, ;.
375
XU = T 720

Posle Cetiri dana doSlo je do zasitenja, jer je Paramecium Caudatum stigao do svog
maksimalnog kapaciteta u spomenutim uslovima.

Primer 2.10 Posmatrajmo sledeCi pocetni problem:

dx _ ax+bx2, x(0) = xo,
dt
gde su konstante a i b pozitivne. Koriste€i faznu ravan, lako je videti da reSenje ovog
problema postaje beskonac¢no u konanom momentu te, koje se zove i vreme eksplozije
(odredite taj momenat!).

lako se jednaCina u ovom primeru razlikuje samo u jednom znaku (ispred x?),
od logistickog, vidimo da ovaj problem ne moZe biti matematiCki model rasta neke
populacije.

2.2.7 Modeli sa kasSnjenjem

Videli smo u potpoglavlju 2.2.6 da logisticki model (2.24) moZe dosta dobro da
opiSe rast jedne populacije, pri ¢emu se iz reSenja u (2.28) vidi da populacija ne moze
nadmasiti tzv. kapacitet populacije a/b. Medutim, u slucaju "mlade"” populacije koja
se relativno brzo razvija, nije retkost da spomenuti kapacitet bude i premaSen. Ova
pojava pokazuje, sa jedne strane, oCit nedostatak logistiCkog modela, ali, sa druge
strane, nagovestava da je veliCina neke danasnje populacije zapravo posledica dogadaja



u proSlosti. Na osnovu prethodno dobijenih populacionih modela, to se matematicki
moZe modelirati, na primer, kao neke od sledeceih jednacina sa kasnjenjem:

3_j — Rox(t—1), (2:34)
(;—1( = x(t)(a—bx(t—1)), (2.35)
3—1( = X(t—11)(a—bx(t—12)), (2.36)

gde su 1, T1 i T2 > 0 kasnjenja, Ro konstanta iz Maltusovog modela (2.8), dok suaib
konstante iz logistickog modela (2.24).

U jednacinama (2.34)-(2.36) se pojavljuju tzv. diferencijalno-diferentne jednacine,
Cije bi nas reSavanje i analiza suviSe udaljili od teme ove knige. Zbog toga ¢emo se
baviti diskretnim modelom koji odgovora jednacini (2.35).

Za pocetak, dodatno cemo pretpostaviti da se posmatrana populacija razmnozava
u jednakim vremenskim intervalima duZine At (recimo godinu dana), pa je razumno
uzeti da je duzina t (kaSnjenje) jednako prirastaju vremena At, tj. T = At. Dalje,
analogno kao u primeru 2.6, stavicemot =n-At,n=0,1,2,...1i

Xn = X(t) = x(n-At).
Posle zamene izvoda u jednacini (2.35) sa

X(t+ At) — x(t)
At ’

dobijamo nelinearnu diferencnu jednacinu drugog reda
Xn+1 —Xn =Xnp(@—bxp—1), N=1,2,... (2.37)

Kao i u primeru 2.6, i u ovom ¢emo zameniti X, kao u (2.31). Zamenom u (2.37),
sredivanjem i, konacno, zanemarivanjem Clanova koji sadrZe €, dolazimo do sledece
linearne diferencne jednacine drugog reda

Ynt2 —Ynt1+aAt-yn = 0, n=0,1,2,... (238)

ResSenje jednaCine (2.38) je, kako se Citalac lako moze uveriti, oblika y, = k", gde
je k reSenje karakteristicne jednacine

k? —k+aAt =0.
t,
a2 = 1i\/12— 4alt 239
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Ako je podkorena veli€ina 1 — 4aAt razlicita od nule, onda sledi da je opste resenje
diferencne jednacine (2.38) oblika

Yo =Cikl +Cok), n=0,1,2,... (2.40)

gde su Cy i C, proizvoljne konstante.?
U zavisnosti od znaka podkorene veli€ine 1 — 4aAt # 0, imamo dva bitna slucaja
(sluCaj aAt = 1/4 za nas nije od interesa):

1. Ako je aAt < 1/4 (najvazniji slucaj), onda su reSenja (2.39) realna i razliCita,
pa ako su poznate pocetne vrednosti yo i y1, onda iz (2.40) sledi da je traZzeno
reSenje difrencne jednacine (2.38) dato sa

y1 —Kiyo
ko — k1

~ kaYo—y1

="t i Kt KD (2.41)

Iz pretpostavke aAt < 1/4 sledi v/aAt < 1/2, §to povladi sledece nejednakosti:
ki =1/2+VaAt/2>1/2 i ki <1/2+1/2=1,
kp=1/2—+1—4aAt/2 >0 i kp <kq.

Tako dobijamo produZenu nejednakost
0<ky<ky <1,

koja sa (2.41) povlacCi nIim yn =0, ili

lim x, = <. (2.42)

N—oco b

2. Ako je aAt > 1/4, onda su reSenja iz (2.39) konjugovano-kompleksna:
1
Kio= 5 + %\/ 4aAt — 1.

Brojevi ky i kp se mogu napisati u eksponencijalnom obliku kao k; = pe'® od-
nosno k, = pe~'?, gde je moduo p jednak

p = [ka| = [k = \/<%)2+ (Laf‘l)z VaR, (43

a argument ¢ jednak

¢ = arctg(v4aAt —1). (2.44)

2Ako je Citalac imao prilike da se upozna sa reSavanjem i posebno oblikom reenja obicnih lin-
earnih diferencijalnih jednacina sa konstantnim koeficijentima, nesumnjivo ¢e zapaziti njihovu sli¢nost
sa gornjim postupkom i oblikom reSenja iz (2.40).
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Na osnovu de Moavrove formule
[R(cos® +isin®)]" = R"[cos(n®) +isin(n®)], n=0,1,2,...(R>0, ® € R)
i reSenja (2.40), sledi da je opSte reSenje diferencne jednacine (2.38) oblika

Yn = p"(Cysin(ng) +Czcos(nd)), n=0,1,2,... (2.45)

gde su p i ¢ dati sa (2.43) i (2.44) respektivno, a C1 i C, proizvoljne konstante. Ako su
Yo i y1 poznate veli€ine, onda je trazeno reSenje jednacine (2.38) dato sa

n(YL—YoCOS¢ .
= ——— SInn n
Yn=p ( Sind sinnd + Yo CoS ¢)
U zavisnosti od veli¢ine modula p = v/aAt, imamo da su reSenja (2.45), a time i
pocCetne diferencne jednacCine (2.37), stabilna ako je p < 1, odnosno nestabilna ako je
p > 1. U zadnjem slu€aju moZemo re€i da je kaSnjenje dovelo do nestabilnosti reSenja.

2.2.8 Ravnotezne populacije

U prethodnom poglavlju smo videli da je velicina a/b veoma znacajna za logisticki
model (2.24). Sa druge strane, iz te obicne diferencijalne jednaCine dobijamo da je
a/b upravo vrednost za koju je izraz x(a — bx) na desnoj strani jednak nuli; usput, to je
tacno i za 0. Ocevidno je da populacija x = x(t) moZe uzeti vrednosti 0 ili a/b jedino
ako je pocetna populacija xo jednaka nekoj od te dve vrednosti. Medutim, u oba ta
sluCaja je onda X(t) konstanta, tj. ili je x(t) =0, ili je x(t) = a/b, za sva vremena t,
tj. u ta dva (u praksi sasvim nerealna) slucaja ili nema te populacije, ili je ona stalno
jednaka kapacitetu te populacije.

Uopste, nule desne strane u (2.24) su veoma vazne za nasu dalju analizu.

RavnoteZna populacija je ona populacija za koju je stopa rasta jednaka nuli, tj.

dx

dt

Prema prethodnom, ako za neko t, vazi x = X, (gde je X, ravnotezna populacija),
onda je

0. (2.46)

X(t) - Xr, t Z tr.

Ravnotezna populacija x; je stabilna ako vazi

tEwa(t) = Xr. (2.47)

U suprotnom, X, je nestabilna ravnoteZna populacija. Mi vec znamo da logisticka
jednacina (2.24) ima dve ravnotezne populacije, naime

. a
Xir =0 Xor = i
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od kojih je druga, tj. a/b, prema (2.29), stabilna. Ostavljamo Citaocu da proveri da je
x1r = 0 nestabilna ravnoteZna populacija, koriste¢i metod dat u nastavku.

Analiza stabilnosti ravnoteznih populacija se moZe uraditi pomo¢u metoda per-
turbacije, €ak i bez poznavanja eksplicitnog reSenja. Pokazatemo to na primeru
ravnotezne tacke x, = a/b za logisticku jednaCinu. Ako stavimo

a
X(t) =X +exe(t) = b +exq(t),
gde je x1(t) odstupanje od x; sa multiplikativnim faktorom € > 0 ("mali parametar”).
Tako zamenom u jednacinu (2.24) dobijamo slede¢u dobijamo obicnu diferencijalnu
jednacinu po x4 (t):

e% = <g+ex1(t)> <a—b<g+ex1(t)>> = —<g+ex1(t)> bex (t)

= —¢g(a+ebxy(t))xy(t).

Posle skraCivanja sa €, pa zanemarivanja veliCina koje mnoZi €, dobijamo obi¢nu
diferencijalnu jednacinu

Xm

E - —aX]_ (t)
Cije je reSenje

xi(t) =Ce™™

za neku multiplikativnu konstantu C.
Dakle, odstupanje x(t) od a/b sa protokom vremena (t — o) eksponencijalno teZi
0, $to pokazuje da je a/b stabilna ravnoteZna populacija.

2.3 Populacioni modeli sa dve vrste

2.3.1 Uvod

U prethodnom poglavlju smo analizirali rast jedne populacije unutar nekog eko-
sistema. Dobijeni modeli su u sustini veoma jednostavni, jer smo pri prilikom nji-
hove konstrukcije zanemarili ve€inu vise ili manje znacajnih faktora. Implicitna pret-
postavka u prethodnim analizama je da rast populacije zavisi ili samo od dostupne
hrane (eksponencijalni ili Maltusov model), ili, dodatno, od same populacije (logis-
ticki ili Verhulstov model).

U ovom poglavlju €emo izloZiti dva deterministiCka populaciona modela u kojima
se pojavljuje interakcija dve populacije, pri ¢emu je ona dominantna u odnosu na sve
ostale faktore. Kasnije ¢emo videti da se takvi i slicni modeli mogu, bar sa gledista
obicnih diferencijalnih jednacina, na isti naCin analizirati.

Prvi od takvih modela sa dve vrste je tzv. model "lovac-zZrtva” (ili ”predator-plen™),
i razvili su ga zajedno dvadesetih godina proSlog veka veliki italijanski matematicar
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V. Woltera (Vito Volterra) i biolog A. Lotka (Alfred Lotka), pa se otada modeli u ko-
jima se jedna populacija hrani drugom (ili je na neki drugi naCin ugroZava), Cesto
nazivaju modeli tipa Lotka-Voltera. Prvobitno, spomenuta dvojica naucnika su anal-
izirala promenu broja odredenih vrsta riba u Jadranskom moru i tako dosli do ”svog”
modela, koji je u stvari sistem nelinearnih diferencijalnih jednacina prvog reeda.

U literaturi se obi¢no spominju “ajkule” kao lovci (predatori) i "ribe” kao Zrtve
(plen), iako su Lotka i Voltera posmatrali dve vrste riba, od kojih se jedna vrsta hranila
drugom, a koja se opet hranila planktonom. Na osnovu podataka koji su skupljani
skoro Citav vek, pokazalo se da se interakcija izmedu jedne vrste risova i jedne vrste
zeCeva u Severnoj Americi sa matematickog glediSta moZe na skoro isti na€in opisati.
Vremenom su pronadene i druge interakcija ovog tipa, a i uvedene su mnogobrojne
generalizacije pocetnog modela Lotka-Voltera.

Drugi je model dve populacije u takmicenju. U tom se modelu radi o dve popu-
lacije koje se bore za istu hranu, ili su direktno medusobno neprijateljske. Videcemo
da njihov odnos i stabilnost (odn. nestabilnost) takvog sistema bitno zavisi od poCetnih
vrednosti tih populacija, kao i od odnosa odgovarajucih parametara.

2.3.2 Modeli tipa Lotka-Voltera

Posmatrajmo mali ekosistem sa dve populacije, Cije cemo veliCine oznaciti sax iy,
respektivno. Kao u matematickim modelima sa jednom populacijom, pretpostavicemo
da mera promene odgovarajuce populacije zavisi samo od veli€ina tih populacija.
Obelezimo sa x = x(t) i y = y(t) veliCine dve populacije u momentu t > 0, i pret-
postavimo da se populacija x iskljucivo hrani populacijom y, dok se rast populacije y
opisuje logistickom jednaCinom (2.24). Tada, bez interakcije izmedu te dve populacije
(na primer, ako se radi o velikom podrucju sa relativno malo jedinki obe populacije),
dolazimo do sledeceg sistema obicnih diferencijalnih jednacina:

dx
T = (2.48)
d
o = ya-by) (2.49)

Konstante a, b i k u ove dve jednacine su, ako nije drugacije pretpostavljeno, poz-
itivne. U nastavku to cemo pretpostaviti i za sve ostale konstante koje se pojavljuju u
jednacinama.

Primetimo da je u sluCaju prve populacije x, tj. populacije predatora (lovaca), speci-
ficna stopa rasta jednaka negativnhom broju —k, $to u nedostatku jedinki druge popu-
lacije y, tj. populacije Zrtvi, brzo dovodi do izumiranja x-eva.

Ako sada pretpostavimo da postoji gore opisana interakcija izmedu ovih popu-
lacija, onda je odgovarajuci matematicki model dat sa sledecim sistemom obicnih di-
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ferencijalnih jednacina:
dx

5= x(—k+21y), (2.50)
dy
Fri y(a—by—x) (2.51)

(uporediti sa sistemom (2.48), (2.49)), gde su A i vy konstante interakcije. U stvari,
gornji sistem obicnih diferencijalnih jednacina bi se dobio ako pretpostavimo da se
specifiCne stope rasta populacija x i y povetavaju odnosno smanjuju sa prisustvom one
druge populacije.

Jednacine (2.50), (2.51) Cine sistem nelinearnih obicnih diferencijalnih jednacina,
koji se, po pravilu ne moze resiti eksplicitno. Zbog toga je taj sistem potrebno anal-
izirati u tzv. faznoj ravni xy, u kojoj su ove dve populacije tzv. faze posmatranog eko-
sistema, a te dve obicne diferencijalne jednacine su jednacine fazne ravni. ReSenje
jednacine fazne ravni se naziva trajektorija; u sustini, to je skup tacaka (x(t),y(t)) u
Xy ravni koje se dobijaju za sve vrednosti t iz nekog vremenskog intervala. Analiza
trajektorija u faznoj ravni moze nam dosta reci o ponaSanju veli€ina tih populacija sa
protokom vremena. Vazno je reci da se dve trajektorije u faznoj ravni ili poklapaju, ili
su disjunktne, tj. ne seku se ni u jednoj tacki.

Kao i slu€aju populacionog modela rasta jedne populacije, tako i u slucaju dve
populacije definiSemo tzv. ravnoteZzne populacije. One se za sistem (2.50), (2.51)
dobijaju reSavanjem po x i y sistema jednacina

X(—k+1y) = 0,
(2.52)
y(la—by—y) = 0.
Lako je videti da su reSenja sistema (2.52) sledece tri ravnoteZzne tacke:

1. x=0,y=0;

a
2'X_O!y_61
a bk k
3 X=———,y=~—.
X Y yky A

Opstu analizu stabilnosti ravnoteZnih tacaka u faznoj ravni za sisteme kao $to je
(2.50), (2.51) izloZitemo u poglavlju 2.4. Primenom te analize dobija se da su prve
dve ravnoteZne tacke nestabilne.

Sa glediSta analize odnosa populacija lovaca i Zrtava, od interesa je samo treca

ravnotezna tacka, tj.
a bk k
=|-——,= 2.53
(Xl'vyl') (,Y ,qu 7\.) 3 ( )
a i ona samo ako se nalazi u prvom kvadrantu xy ravni. Lako je videti da je za to
potreban i dovoljan sledeci uslov:

: (2.54)

> =

>

ol
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Zadnji uslov je po pravilu zadovoljen, jer je u ekosistemima sa gore opisanom interak-
cijom konstanta b mnogo manja od ostale tri.

Sad ¢emo pokazati da je pod spomenutim uslovom (2.54) tre€a ravnotezna tacka
stabilna. Zapravo, analiziratemo pona3anje trajektorija u blizini tacke (x,yr). U tom
cilju, stavimo

X(t) = Xr+exg(t)
(2.55)
y(t) = yr+ey(t),
gde su xp i y1 odstupanja u vremenu t, do na multiplikativni faktor € > 0 ("mali
parametar”), po x- odnosno y-osi od tacke (Xr,yr). Ako zamenimo (2.55) u sistem
(2.50), (2.51), pa uprostimo dobijene jednacCine, onda dobijamo sistem obicnih dife-
rencijalnih jednacina

dxollt(t) = (Xr+exa(t))Ays
(2.56)
dy&ft) —(yr+ey1 (1)) (bys +7%1)

Ovo je nelinearan sistem obicnih diferencijalnih jednacina koji sadrZi i mali para-
metar € > 0. Zanemarivanjem ¢lanova koji u sebi sadrZe €, sistem (2.56) postaje

dxq(t
;t( L
(2.57)
dyét(t) —YrX1 —byry1

Dobili smo linearan sistem obicnih diferencijalnih jednacina po nepoznatim funkci-
jamax1i y1. Diferenciranjem prve od gornje dve jednacine pot i zamenom u nju izvoda
dya(t)

dt

iz druge, posle sredivanja dolazimo do sledece jednacCine:
d2X1(t) b dxy(t)
dt2 Todt

(Xr 1 yr iz (2.53)). Ovo je obicna diferencijalna jednacCina drugog reda po xi(t) sa
konstantnim koeficijentima, Cije se opSte reSenje oblika

x1(t) = Cre"t +Cpe' (2.59)

+YAXrYrxe(t) =0 (2.58)

gde su C1i C, konstante koje zavise od pocetnih uslova, a ry i r, reSenja po r karakter-
isticne jednacine
r? 4 by, +YAxryr = 0.
Dakle,

o=

—by, + \/b22y? — AyAXrYr _ 1 < bk il b2k2 — 4K,

(-7 (ak—bk)).
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Analiziratemo sada izraz pod kvadratnim korenom. Ako prihvatimo da je ”lo-
gistiCka” konstanta b > 0 mnogo manja od svih ostalih, onda je izraz pod kvadratnim
korenom negativan, pa je veli¢ina y/b2k2 — 4kA(aA — bk) imaginarna. Odavde sledi da

. : o - . bk
su onda ry i ro konjugovano-kompleksni brojevi sa negativnim realnim delom ——-.

To znaCi da reSenje x; (t) jednacine iz (2.59) tezZi 0 kad t — . Takode je i 2
limys(t) =0,
jer je iz (2.59) i druge jednacine u (2.57)
y1(t) = iC1r1erlt +Corpet, (2.60)

M

Na osnovu (2.56) sada moZemo zakljuciti da se tacka (x1(t),y1(t)) za velike vred-
nosti t nalazi blizu ravnoteZzne tacke (Xr,Yr), tj. ona je stabilna ravnoteZna tacka.

Na modele tipa Lotka-Voltera vraticemo se u poglavlju 2.4, u okviru opste analize
stabilnosti sistema obicnih diferencijalnih jednacCina u okolini ravnoteZznih tacaka. Uz
ostalo, videCemo da su za b > 0 trajektorije u xy-ravni konvergentne (a time i stabilne)
spirale, koje konvergiraju ka ravnoteznoj tacki (2.53).

Za kraj ovog potpoglavlja pogledajmo jednu varijaciju modela Lotka-Voltera datog
sa (2.50), (2.51).

Primer 2.11 (Leslijev model) Engleski naucnik Lesli, ¢iji smo model rasta jedne pop-
ulacije sa podelom po starosti analizirali u potpoglavlju 2.2.4, je, uz ostalo, predloZio
i sledeCi matematicki model tipa Lotka-\oltera:

dx X
dy
dt =y(a—by —yx). (2.62)

Primetimo da se umesto proizvoda Ay u (2.50), sada u (2.61) pojavio kolicnik Ax/y,
dok se jednacine (2.51) i (2.62) poklapaju. Leslijev model bi se mogao ovako tumaciti:
ako ima mnogo predatora (lovaca) na jednu zrtvu, onda se broj predatora smanjuje ili
oni €ak izumiru, a ako u odnosu na jednog predatora ima mnogo Zrtava, onda broj
predatora raste. Dakle, u ovom modelu je bitan odnos predatora i Zrtava.

2.3.3 Model dve populacije u takmicenju

Kao u prethodnom, i u ovom poglavlju ¢emo posmatrati mali ekosistem sa dve
populacije, koje temo opet oznaciti sa x i y, respektivno. Za razliku od modela tipa
Lotka-\Voltera, u kojima je jedna populacija bila plen druge, u ovom ¢emo pretpostaviti
da su u pitanju dve populacije koje se bore za isti prostor ili hranu. Ako ostale faktore u
ovakvoj interakciji zanemarimo, onda dobijamo model dve populacije u takmicenju.
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Za pocetak, da bismo konstruisali trazeni matematicki model, pretpostavicemo da
se rast obe populacije moZze modelirati po logistickoj jednacini (2.24). Ako odgo-
varajuce koeficijente oznazimo redom sa a i b za populaciju x, odnosno sa c i 9, a
populaciju y, onda dobijamo slede€i sistem obicnih diferencijalnih jednacina:

dx
dy B B
at y(c—dy) (2.64)

(Umesto ocekivanog d, ovde smo koristili grcko slovo 9, i to radi razlikovanja
proizvoda dy od uobicajene oznake dy za diferencijal od y.)

Analogno jednacini (2.51), pretpostavicemo da se specificne stope rasta obe popu-
lacije smanjuju za negativni sabirak jednak proizvodu odgovarajucih konstanti (obele-
Zicemo ih redom sa kj i ko) i suparnicke populacije. Tako dolazimo do sistema obicnih
diferencijalnih jednacina:

% = x(a—bx—kyy), (2.65)
G Y (2.66)

Analiza sistema (2.65), (2.66) je dosta komplikovana zbog prisustva Sest konstanti.
Zbog toga ¢emo se ograniciti na vazan slucaj da se radi o sliCnim populacijama, u
smislu da se rast obe populacije, u sluaju nepostojanja interakcije, moZe opisati istom
logistickom jednaCinom. Drugim reCima, uzecemo da je a=c i b = d kako u (2.63)
i (2.64), tako i u (2.65) i (2.66). Tako dobijamo sledeci sistem obicnih diferencijalnih
jednacina:

dx

FTe X(a—bx —kzy), (2.67)
% =y(a—by—kx) (2.68)

Pretpostavicemo jo$ da vaZi produZena nejednakost
ko > ki > b. (2.69)

Prvu nejednakost u (2.69) moZzemo protumaciti tako da populacija x ”vise” smeta pop-
ulaciji y nego obratno, dok druga znaci da su smanjenja stopa rasta obe populacije zbog
opisane interakcije veta nego smanjenja zbog logisticke prirode rasta obe populacije
(u slu€aju izostanka interakcije).

Ravnotezne taCke nalazimo kao reSenja sistema algebarskih jednacina:

X(a—bx—kiy) = 0,
(2.70)
y(a—by—kxx) = 0.

Lako je videti da ova jednacina ima Cetiri reSenja, i to
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1. x=0,y=0;

2. x=0,y=a/b;
3. x=a/b,y=0;
4 % ak; —ab aky —ab

~kike 027 T kgkp — 02’

Ostavljamo Citaocu da proveri (direktno, ili koris¢enjem analize stabilnosti ravnoteznih
taCaka, koja je data u poglavlju 2.4), da je prva tacka nestabilan ravnotezni poloZaj, a
druga i treca stabilni ravnotezni poloZaji. U zadnja dva spomenuta slucaja dolazi do
izumiranja jedne ili druge populacije, $to, kako se Citalac lako moZe uveriti crtanjem
odgovarajucih trajektorija, zavisi od veli¢ina (pocCetnih) populacija u momentut = 0.

Sada ¢emo ispitati Cetvrtu ravnoteznu tacku, (Xr,yy) datu sa

(X V) = ak; —ab aky; —ab
I’7yl’ - klkz—bz’klkz—bz )

koja je najinteresantnija kako sa biolo3kog, tako i sa matematickog stanovista. U tom
cilju, napisatemo x(t) i y(t) kao u relaciji (2.55), stim Sto je sada u pitanju ravnotezna
tacka (xr,yr) iz (2.71). Posle zamene tih vrednosti u sistem (2.67), (2.68) i sredivanja,
dobijamo sledeci sistem obicnih diferencijalnih jednacina:

(2.71)

% = (Xr+exq (1)) (—bxy —kaya), (2.72)
Y1 (e +eya () (~bys ko) (2.73)

Ako zanemarimo clanove koji sadrze mali parametar €, dobijamo sledeci linearni
sistem obicnih diferencijalnih jednacina sa konstatnim koeficijentima:

dxc}t(t) = —bxpxa —kixryr
(2.74)
dyc}t(t) —kayrx1 —byry:.

Na ovaj sistem obicnih diferencijalnih jednacina cemo se vratiti u slede¢em poglavlju.

2.4 Stabilnost linearnog sistema obicCnih diferencijal-
nih jednacina
2.4.1 Analiza stabilnosti linearnog sistema obicnih diferencijalnih
jednacina
Modeli tipa Lotka-Voltera, dati sistemom (2.50), (2.51), i modeli dve populacije
u takmicenju, dati sistemom (2.65), (2.66), su bili analizirani u poglavlju 2.3. Videli



smo da se oni medusobno veoma razlikuju, kako u bioloSkom, tako i u matematickom
smislu. Posebno je to doSlo do izrazaja u ponaSanju trajektorija u faznoj ravni u
neposrednoj blizini ravnoteznih tacaka (xr,yr), datih respektivno sa (2.53) i (2.71),
jer je prva bila stabilna, a druga nestabilna ravnotezna tacka odgivarajuceg sistema.

Znacajno je, medutim, da se posle uvodenja x; i y1 sa (2.55), zamene u sistem
(2.50), (2.51) (sistem Lotka-Voltera), i konacno zanemarivanja "malih"¢lanova (tj.
onih koji teZze 0 kada € — 0+), dobija linearni sistem obicnih diferencijalnih jednacina
(2.57) po x1 i y1. Analogno se dobija linearni sistem po x1 i y1 obicnih diferencijalnih
jednacina (2.74), koji opisuje ponaSanje trajektorija u okolini tacke (2.71) (dve sliche
populacije u takmicenju). Ostavljamo Citaocu da proveri da se do linearnog sistema
obi€nih diferencijalnih jednacina dolazi i u ostalim slu€ajevima analize ponaSanja oko
ravnoteZnih taCaka.

Dakle, radi analize stabilnosti ravnoteZnih tacaka populacionih modela sa dve vrste
u jednom ekosistemu, potrebno je analizirati stabilnost ponaSanja opsteg linearnog sis-
tema obicnih diferencijalnih jednaCina. Ova analiza je prostija, bar to se tice oznaka,
ako tacku (xr,yr) zamenimo sa koordinatnim poCetkom O(0,0). Tada dolazimo do
sledeceg sistema dve linearne obicne diferencijalne jednacine po funkcijama x; = x1 (t)

iy1=ya(t):

dx%p = Ax1 + By
(2.75)
dyi(t)
dt - CX]_ + Dy17

pri Cemu su A, B, C i D konstante, od kojih je bar jedna razlicita od nule.
Pretpostavicemo da je C # 0. Onda se x; iz druge jednaCine sistema (2.75) moze

izraziti preko funkcije y1 i njenog prvog izvoda % Cime dolazimo do sledece obicne

diferencijalne jednacCine drugog reda sa konstantnim koeficijentima po y1:

d?y; dy;
57 (A+ D)H%—(AD—BC)Yl = 0. (2.76)
Ako sada stavimo
P:=(A+D) i Q:=(AD-BC), (2.77)

onda je karakteristicna jednacina za (2.76) oblika
rP—Pr+Q = 0,
Cija su reSenja

P+./P2—-4
N2 = f(‘) (2.78)
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Ako je podkorena velitina u (2.78) pozitivna, tj. P2 —4Q > 0, onda su resenja
sistema (2.75) oblika
yi(t) = Cren'+Cpe™

(2.79)
ri—D rit r,—D rot
- 1 C e 2

C +0Co C ;
gde su Cy i Cy proizvoljne konstante. Ako je, medutim, P2 —4Q < 0, onda su resenja
sistema (2.75) oblika

yi(t) = etP/2 (Cl sin(at) +Cy cos(oct))

X1<t) = C

xi(t) = éetp/z[(<g—D>c1—cza)sin(at>+(cla+cz<g—o))cos(at)},
(2.80)

gde je stavljeno oo = %\/4(3 — P2,

Ostaje da se izvede analiza stabilnosti taCke O(0,0) kada t — e u zavisnosti od
brojeva P i Q iz (2.77).

U slucaju da je diskriminanta P2 — 4Q > 0, onda je O stabilna ravnoteZna tacka
ako (i samo ako) su oba reSenja iz (2.78) negativni brojevi. Ocevidno, to ¢e vaZiti ako
je tatka (P, Q) u drugom kvadrantu, ali "ispod” parabole Q = P?/4.

Ako je diskriminanta P? —4Q < 0, onda je O stabilna ravnotezna tatka ako je
realni deo oba reSenja negativan, tj. ako je taCka (P, Q) u drugom kvadrantu, ali iznad”
parabole Q = P?/4.

U svim ostalim slucajevima (za P i Q razliCite od nule) je O nestabilna ravnotezna
taCka za sistem (2.75). Ova analiza je predstavljena na slici 2.1.

Dodajmo da je pored gore navedenih glavnih slu€ajeva, od interesa i analiza sta-
bilnosti na pozitivnom delu Q-ose. Naime, ona razdvaja oblast stabilnosti (za P < 0)
od oblasti nestabilnosti (za P > 0), $to moZe da stvori probleme u slu€aju nedovoljno
preciznih merenja konstanti P i Q.

Analizom jednacine fazne ravni

dyr _ Cyi+Dx
dxy n AXxy +By1
kompletiratemo prethodnu analizu stabilnosti.

(2.81)

1. Ako je P2—4Q >0iQ < 0, onda je O sedlasta tatka, koja je uvek nestabilna.

2. Ako je P2—4Q > 01iQ >0, onda je O &vor, koji, u zavisnosti od P, moZe biti
stabilan (za P < 0), odnosno nestabilan (za P > 0) ravnoteZni poloZaj.

3. Akoje P?—4Q < 01i P =0, onda mora biti Q > 0. U tom se slu€aju u blizini O
pojavljuju ili spirale (pa, kao u slucaju 2, stabilnost taCke O zavisi od znaka broja
P), a ako su koreni Cisto imaginarni, mogu se pojaviti i zatvorene trajektorije
koje obuhvataju tacku O.

56



Gornji rezultati su predstavljeni na slici 2.1. Zelenom bojom (odn. svetlo-sivom)
je obojena oblast u kojoj je ravnotezna tacka O(0,0) stabilna, a crvenom bojom (odn.
tamno-sivom) oblast u kojoj je nestabilna.

Slika 2.1: Oblasti stabilnosti odnosno nestabilnosti u PQ-ravni.

2.4.2 Primena analize stabilnosti sistema na populacione modele
sa dve vrste

Primenicemo rezultate iz prethodnog potpoglavlja 2.4.1 na oba populaciona mo-
dela iz poglavlja 2.3. Tacnije, analiziratemo stabilnost ravnoteZne tacke (xr,yr) date u
(2.53) u slucaju modela Lotka-Voltera, odnosno stabilnost tacke (x,yr) date u (2.71)
u slu€aju modela dve populacije u takmicenju.

U potpoglavlju 2.3.2 videli smo da smena (2.55) sa X, i yy iz (2.53) i uz zane-
marivanje Clanova koji sadrZe faktor € dovodi do sistema (2.57). U nastavku pret-
postavljamo da vazi uslov (2.54), Sto je potreban uslov da tacka (xr,yr) bude u prvom
kvadrantu. KoristeCi oznake za P i Q iz (2.77), dobijamo da je

P=0-byr=—-byr, Q=2Ayyr I
(2.82)
P? —4Q = (—byr)* — 4(Ayxryr) = b?yf — 4Ayxryr.

U zavisnosti od parametra b, imamo dva slucaja.

1. b > 0. U potpoglavlju 2.2.6, u kome smo analizirali logisticki model rasta jedne
populacije, videli smo da je logistiCka” konstanta b u (2.24) mnogo manja od
ostalih, na primer od a, A ili y (videti i relaciju (2.25)). Zbog toga je razumno
pretpostaviti da je veli¢ina P? — 4Q u (2.82) negativna.
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BuduCi da jei P <0, a Q > 0, to je taCka (P,Q) u drugom kvadrantu slike
2.1 ”iznad” parabole Q = P2, 3to znai da su u ravni x1y; trajektorije u okolini
nule stabilne spirale. To povlaci da su trajektorije u faznoj ravni xy u okolini

ravnotezne tacke
(Xe.yr) = a bk 5
I'?yr - Y 'Y7\47 7L

spirale koje teZe ka toj tacki.

2. b=0. Iz pretpostavke b = O sledidaje P =0, Q > 0iP?—4Q < 0. Dakle, radi se
o grani¢nom slucaju izmedu oblasti stabilnosti i nestabilnosti, pa prema slici 2.1
sledi da su trajektorije u okolini tacke O(0, 0) krive koje sa malim pomeranjima
parametra b mogu postati bilo stabilne bilo nestabilne spirale.

U faznoj xy ravni su reSenja u blizini ravnotezne tacke (xr,yr) = (a/y,k/A) lin-
earne kombinacije sinusnih i kosinusnih funkcija sa istom periodom, Sto se slaze
sa mnogobrojnim eksperimentalnim podacima za ove (najjednostavnije) modele
tipa Lotka-\oltera.

Sada ¢emo na sliCan nacin analizirati ponaSanje sistema (2.74) u okolini tacke
0(0,0), Sto te nam omoguciti analizu pona3anja modela dve populacije u takmicenju,
potpoglavlje 2.3.3), oko taCke

_ [ aki—ab aky—ab
(Xr,yr) - (k1k2 _b27 klkz—bz) .

Kako smo videli u potpoglavlju 2.3.3, zamenom (2.55) u sistem (2.67), (2.68) sre-
divanjem pa zanemarivanjem €lanova koji sadrZe € dolazimo do sistema (2.74).
Na osnovu uslova (2.56), dobijamo da je

P=—b(X+yr) <0, Q=xVYr(b?—kika)<0 i
P2 —4Q = b?(Xr +Yr)? + 4XrYr (kaka —b?) > 0,

pa na osnovu rezultata potpoglavlja 2.4.1 sledi da je u faznoj ravni x;y; tacka (0,0)
nestabilna ravnotezna tacka (u stvari, sedlasta tacka). 1z toga sledi da je u ravni xy
taCka (xr,yr) takode nestabilna ravnotezna tacka.
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Glava 3

Some mathematical aspects of traffic
flow

3.1 Introduction

In this chapter we present mathematical models appearing in the so called Traffic
Flow theory. Here we analyze only its most common type, namely the road traffic. As
a matter of fact, nowadays practically everybody has some knowledge and personal
experience about the traffic. Some of its aspects give much conformity, but we all
know that, even in relatively small cities, one has everyday some traffic problems, like,
e.g., traffic jams, parking problems and last but not least, accidents. Now, most drivers
try to reduce travel time, and avoid accidents, thus there is a difficult and complicated
task for engineers to design, control and manage the whole road system to help the
drivers achieve such goals.

Hopefully, adequate mathematical models might help to understand some effects
appearing in traffic, and help the engineers in constructing a road system with smooth
and safe traffic. In the next few pages, we shall introduce the three main variables
appearing in the traffic flow theory, find some of the main relations between them and
try to solve some of them.

Let us note that the movement of a pollutant in a flow field is similarly modeled.
Next, the movement of a steady stream of cars stopped with red light and then released
with a green one shows similarity with propagation of waves. Finally, let us mention
that traffic jams propagate very much like shock waves we hear whenever a supersonic
jet flies over us.

For further reading and more complicated models than you will find in this text,
one can consult, e.g., [4], [6], [7], [11].
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3.1.1 The three main variables: velocity, density and flux

In every modeling process, one has to introduce the main variables and notions and
then find and solve the main laws in it. However, in the case of the traffic flow theory,
we can not expect to introduce any general theory which could cover all of its aspects,
because each driver has its driving habits, sometimes very different than most other
drivers have. Even such a single driver (say, driving too slow or too fast compared to
others), might make big problems and change the whole traffic.

Whether we like or not, we have to accept that our models will, in the best case,
describe some kind of average behaviors of cars, as seen by an observer. Essentially,
there are two possible approaches here: to observe the phenomena of the motion of
the stream of cars, or to observe that of individual cars. Being more appropriate for
describing fluid motion, we shall use the first approach. Thus we shall mostly analyze
a uniform, steady single lane traffic, with little possibilities for passing a slow car.
Actually, this is a road situation which allows us to get a rather general model.

The first and perhaps most obvious variable we introduce in this text is the traffic
velocity (or simply velocity), denoted in this text by u, and measured in (say) km/h.
As said before, we observe cars in a single lane, so it is reasonable to assume that the
velocity u depends on the position x € R of the car in a moment t > 0. Thus we can
write

u = u(xt).

By definition, if in a moment t there is a car at the place x of the road, moving with
a speed U then u(x,t) = U. In the other case, when there is no car at the place x and
at the moment t, then u(x,t) = 0. Clearly, the velocity may vary between 0 and the
maximum allowable speed umax, at least when the drivers see no police around.

The second variable is the traffic density (or simply density), denoted by p, mea-
suring the number of cars on a unit road length, say on 1 km. In other words,

where N is the number of cars on the measured distance. Soon we shall find out that
the density will be main variable in the forthcoming models. Of course, the density
also depends on the place x and the time t, i.e.,

p = p(X,t).

Let us analyze for a moment two extreme cases appearing in traffic. The first
appears when there are only few cars (or no cars at all) in the observed segment of the
road; clearly, then we can conclude that the density, at least in that segment, is equal
to 0. The other extreme case appears quite often in the rush hour, but also when there
is a queue of stopped cars bumper to bumper by the red light (and thus waiting for the
green light). Assuming for a moment that all vehicles are of the same length, say L, we
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obtain that on such a segment of the road, the density is maximal, and we shall denote
it by pmax. Clearly, it holds pmax = 1/L. This analysis also shows that the density p is
always between 0 and pmax-

The third variable we want to introduce is the number of cars passing at the point x
ina momentt in a unit time, say in one hour, called traffic flux (shortly flux), or traffic
flow, and denoted by F. Thus

F- N
t

I

where N is the number of cars that passed at a point during a time interval of length
t > 0. As in the case of speed and density, the flux is also a function of x and t:

F = F(xt).

As a matter of fact, the flux gives an information about the performance of the road
system, which means that one of the important tasks for road engineers is enable traffic
that has maximal flux.

3.1.2 The first equation: flux equals the product of speed and den-

sity
Let us show the relation announced in the title of this section, i.e., the equation
F = u-p,
or, more precisely,
F(x,t) = u(xt)-p(xt), (3.1)

which we shall prove for all x and t.

To that end, assume first that there is a steady stream of cars moving at a constant
velocity up producing a constant density pg on then road. Now, if an observer finds
that during a time period T, N cars pass in front of him, then the flux is equal to

F = —=. (3.2)
In time T, under our assumptions, every car moves for a distance of ug - T, which

implies that the density should be equal to

N

po = T-Uo‘ (33)

Eliminating N from (3.2) and (3.3), we obtain (3.1), at least for constant velocity
and constant density. The general case follows similarly, by analyzing the traffic in a
small time At.
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3.2 Conservation of cars

We are now in a position to formulate a deterministic model for traffic flow, namely

dp L 9F oF

ot ox

In order to prove this equation, let us take an arbitrary interval [a,b] of the road
for which we only assume that there are no entrances nor exits - in other words, the

number of cars is conserved. Then, in view of the definition of the traffic density, we
have that the number N of cars in the interval [a, b], at a moment t is equal to

0. (3.4)

/ " o(x.t)dx (3.5)

Assuming that the density is a continuously differentiable function in t (a reason-
able assumption at least in a steady traffic), we can differentiate in t under the integral
sign in (3.5), and obtain

dt N dt/ (x.t)d / o % (3.6)

From the definition of the flux it follows that the derivative %—T on the left hand
side of (3.6) is equal to the difference F(a,t) — F(b,t), or

N
O;—t = F(a,t) —F(b,t). (3.7)
The Newton-Leibniz formula allows us to rewrite this formula in a form
dN b oF
A a—xdt (3.8)
Now by combining (3.6) and (3.8), we obtain the equality
dp oF
/ (atJra—)dx = 0. (3.9)

Since the interval [a,b] has been chosen arbitrarily, and the partial derivatives ap-
pearing in the left-hand side of last equation were assumed to be continuous, it now
follows that the last integrand is identically equal to zero. This brings us (3.4).

3.2.1 Velocity vs. density relations

Once we obtained the Conservation Law (3.4) for traffic flow (actually, one of the
fundamental laws of nature), we see a problem with it. Namely, equation (3.4) is a dif-
ferential equation with two unknowns, the density p and the flux F. In order to obtain
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another equation, we need to find a mathematical relation between velocity and den-
sity; such a relation should originate from our experience, observation or, preferably,
both. Such a relation is usually called constitutive equation.

To that end, let us note that a reasonable driver might go rather fast on an empty
road (but not faster than the allowed limit speed umax), and does slow down once he
finds himself in a heavier traffic. Thus we might assume that the velocity u of a car
is a decreasing (or, at, least non-increasing) function of the density p. Hence our
constitutive equation will be of the form

u = U(p), 0 S p S Pmax; (310)
where we assume that for all p

du

i = 0, (3.11)

and, as explained above, the following conditions hold:

U(O) - Umax and u(pmax) - 0 (312)

Perhaps the simplest relationship satisfying (3.11) and (3.12) is the following linear
one:

P

Pmax

U(p) = Umax (1 - ); 0 <p < Pmax- (3.13)

Using experimental observations, one can get much better models, e.g.,

u(p) = —clin P_ (3.14)

Pmax

Of course, equation (3.14) has sense only for positive p, hence we have to assume
that the previous equation holds for p € [po, pmax], Where pg is a conveniently chosen
positive density. For p € [0, po] we simply put

u(p) = u(po)-

Let us add that the constant c turns out to be the velocity corresponding to the
maximum flow (see the next subsection!).

3.2.2 Fluxvs. density relation

Using (3.1) and the assumption (3.10) in the previous section, we get the following
relation:

F(p) = p-u(p). (3.15)
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As mentioned before, the road engineers want the flux to be as large as possible,
hence they are looking for an ”optimal” density, usually denoted by popt, Which enables
maximal flux.

In order to find the maximum flux, we derive (3.15) in p, getting

F'(p) = u(p)+pu'(p), (3.16)

and then seek the value of p for which the last derivative is equal to 0.
Returning to (3.15), we see that the conservation of cars law, (3.4), can be written
in a form
9p 9p
— +F'(p)= = 0. 3.17
5 T (P)5 (3.17)
Further on, we shall refer to (3.17) as the traffic equation.
In Picture 3.1 we see an example of a flux vs. density relation; as a matter of fact,
the flux is zero both at p = 0 and p = pmax, and has a maximum at some point p = popt.
(The importance of tangent lines on this picture will be explained in Section 3.3.2.)

qu

Qmax /

Picture 3.1. Graph of flux as a function of density.

In particular, if u(p) is given by (3.13), then we have the parabolic model:

p2

Pmax

F(Pp) = Umax (p - ) ; 0<p < pmax- (3.18)

In this (rather oversimplified) case, the maximum flow Fax is equal to UmaxPmax /4,
and is obtained for popt = pmax/2.



3.3 Density waves

In this section we shall analyze a model of a steady traffic, whose solution will
show that the traffic has a wave like behavior.

3.3.1 Solution of a model of nearly constant density

In this section we analyze a rather often appearing traffic situation, when on the
whole road the traffic density is nearly equal to a constant pg. In this case, the density
can be modeled as

p(x,t) = po+epi(xt), xeR, t>0, (3.19)

where the absolute value of the displacement ep1(x,t) from pg is much less than the
traffic density po. In (3.19), € is a positive " small "parameter, and p1 is a function to be
determined. Note that assuming that the known initial density p(x,0) is of the form

p(x,0) = po+edp(x), xeR. (3.20)
then p1(x,0) = ¢(x) for all x € R. The initial density is presented on Picture 3.2.

AP

N_— p:p()
S~ P=p(x.0)

Y

Picture 3.2. The initial density at timet = 0.

In order to find the solution of this model, i.e., the function p; from (3.19), we sub-
stitute it into (3.17) and thus obtain the following equation with the unknown function

p1:

dp1 | - dp1 _
ot TF (Potepr(xt))--— = = 0, (3.21)

compare to (3.4).

Next, we replace the function F’ (evaluated at po + ep1(x,t)) with its first order
Taylor polynomial (plus a remainder r(e) at the point pg in powers of ep;(x,t)), and
obtain:

F'(po+ep1(xt)) = F'(po)+epi(xt)-F"(po)+r(e). (3.22)
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Here the remainder r(¢) is a function of € such that

allowing us to neglect such terms in the continuation. Thus by replacing (3.22) into
(3.21) takes us to the following first order partial differential equation:

apl apl

[ / - —_ prm—
% +F(po) ™ 0. (3.23)
Denoting
¢ = F'(po), (3.24)
we rewrite (3.23) in a form
apl apl -
thc i 0. (3.25)

We remark that (3.23) is a special case of (3.15), namely when F’(p) is a constant
C.

Equation (3.25) can be most easily solved by introducing new variables x; and t;
as follows:

X1 = X—ct and t;=t. (3.26)

Calculating the partial derivatives of x; and t; in both x and t, and then replacing
them into (3.25), yields perhaps the simplest possible partial differential equation in

p1 = p1(X1,t1):

9p1

Y = © (3.27)

This equation implies that p; depends only on x1, i.e., there is a function y = y(x1)
such that

p1(xt) = w(x),
or, in view of (3.26),
p1(x,t) = w(x—ct).

Putting t = 0 one sees at once from (3.20) that the function  is equal to the given
function ¢, hence we finally get

p(x,t) = po+edp(x—ct), xeR, t>0. (3.28)
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A visualization of the obtained solution in (3.28) is given in Pictures 3.3 and 3.4.1
As in Picture 3.2, on these two pictures we also have the initial density p(x,0), colored
in red. On Picture 3.3, besides the red curve, there is also a blue one presenting the
density at a later time t1. Finally, on Picture 3.4 there are three curves, the red and the
blue as before, and the third curve in black, presenting the density at a time t, > t.

One should notice that the blue and the black curve (obtained at times t = t; and
t = t, respectively), are obtained by shifting the initial red curve to the left. In fact,
these three pictures should explain the reader why it is said that the density behaves
like a wave.

We return to this analysis in the next section.

a4
NN < —
o= T—— P=P
p=p(x.1,) pP=pP(x,0)
(t=1>0)
'x A
Picture 3.3. The density at times 0 and t; > 0.
Ap
p=p(x.t)
(t=6>1)
RO R,
p=p(x.t,) P=pP(x,0)
(t=1>0)
'x N

Picture 3.4. The density at times 0,t; and t, > t3.

L1f you have the CD with this book, then you can see the colors mentioned in the text.

67



3.3.2 The density wave and characteristics

The obtained solution (3.28), together with the analysis in the previous section,
shows that the traffic density propagates as a wave (here called density wave), and
with velocity ¢ from (3.24).

As we shall see later, the density wave might propagate in the same direction like
the cars, but also might very well propagate in the opposite one. Geometrically, the
velocity c is the slope of the (p, F) curve constructed at its point (po, F (po), see Picture
3.1

We shall return to the notion of density wave once we learn another important no-
tion, namely the characteristics. The latter are curves, sometimes also called Cauchy
characteristics, after the great French mathematician Augustin Cauchy (1789-1857),
who invented them for solving first order partial differential equations. The main prop-
erty of the characteristic curve (of a partial differential equation) is that along it this
equation reduces to an ordinary one.

In our case, the density p will remain constant on the characteristics of the form
x —ct = C (where C=const), see equation (3.28). In fact, here the characteristics are
straight lines, with slopes each equal to the constant ¢ from (3.24).

An interpretation of this analysis is that if an observer moves with velocity c:

dx
— 2
n c, (3.29)
then
dp
i 0. (3.30)

In other words, the density p is a constant along the mutually parallel characteristics
of the form

for different constants C.

3.3.3 A model of nonconstant density

Let us turn to a somewhat more involved model, namely when the traffic on the
road is nonuniform. Firstly, remember that, starting from equation (3.23), we obtained
that an uniform traffic moves approximately as a density wave. Now, in the nonuniform
case, we shall assume that an observer moves in a known way, say determined by a
function x = x(t). Then we have

dp dp  dx dp
at §+a~&. (3.31)
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Comparing this equation with the traffic equation (3.17), we obtain that the traffic
density is constant along the curve x = x(t), see (3.30), if

dx dF(p) ,
_ = _— F . . 2
ai ap (P) (3.32)
Generally, F'(p) may vary on different sections of the road, hence the wave density
might also have different values on different characteristics.

3.4 Modeling the traffic behind red and green lights

Our task in this section is to model a too well known undesirable situation to all
drivers, namely when there is a line of cars standing behind the red light, and waiting
for the light turn green.

If we choose the origin of the x-axis at the traffic light, then we obtain the maximum
density pmax behind the light, and it is reasonable to assume that there is zero density
after the light.

) pmax

Picture 3.5. Maximal density behind, and zero density after the red light.

Thus the initial density, seen on Picture 3.5, is equal to

Pmax, X<0;

p(x,0) = { (333)

0, x>0.

The density after the light turns green is decreasing behind the light, but increasing
after it. If the velocity vs. density relation is given by (3.13), then the density behind
the light at some moment t, perhaps not too far from 0, is presented in Picture 3.6
below.

Once the light turns green, the front car starts (with some small delay, depending
on the car and on the driver), and since the road in front of it is empty, we can assume
that its speed soon becomes umax. Next, our driver’s experience tells us that each car
behind the leading one starts with certain delay, which depends on the car’s initial
position.
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p max

Picture 3.6. The density after the light turns green

We already know that a car in the line will start once it is reached by the backwards
moving density wave, that started at the momentt = 0 and at the traffic light x = 0. In
view of (3.15), the velocity of this wave is equal to

F,(Pmax) = U(Pmax)‘f’PmaxU/(Pmax) = PmaxU/(pmax>,

which is the slope of the characteristics starting from the negative part of the x-axis. If
the flux F is given by (3.18), then this slope is equal to

F/(Pmax) =  —Umax-

The density on each of these characteristics, colored in red on the Picture 3.7, is
equal to p = pmax. Thus the density in the "left” region £, where

L = {(x,t))x<—umaxt}, (3.34)

is equal to pmax-

As noted before, the density after the light decreases, and since the cars are accel-
erating, we might assume that in a small time they will go with the maximum allowed
speed Umax. In view of (3.13), we obtain that the density in the “right” region ®_(see
Picture 3.7) is equal to 0, where

R = {(x,t)‘x>umaxt}. (3.35)

3.4.1 Rarefaction waves

There is still a part of the upper half plane (t > 0), where we have to calculate the
density, namely a wedged region #/ with vertex at the origin, just between the regions
L and R, and containing the positive part of the t-axis (see again Picture 3.7).
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X= pmax u,(p}’IILZJL)t

Picture 3.7. The characteristics in the xt-plane

Firstly, note that the borders of 7/ are the following two half-lines, both starting
from the origin:

X = pmaxUI(Pmax)ta t >0,
(which is equal to X = —umaxt if (3.13) is assumed), and
X = Umaxt

The region W/ is thus defined by
W = {(X7t)‘ — PmaxV’ (Pmax)t < X < Umaxt}- (3.36)

In regions like 9/ it might happen that there are no characteristics at all. For that
reason, the method of characteristics will be replaced by the so called rarefaction
waves. Essentially, this is a way of constructing the density on 9/, satisfying the
initial condition from (3.33). Unfortunately, this analysis would take us too far, so we
have to omit it. Rather, let us just say that a rarefaction wave is a function of the form

u(x,t) = o((x—a)/t),

where ¢ is a nonconstant function and a a real number. For our purposes, it turns out
that it is enough to take simply a =0.

In view of the importance of characteristics, we are now seeking for lines having
the property that the density in 9/ is constant on them. Now, it is desirable that the
density, for every fixed t > 0, on the lines we are looking for is continuously decreas-
ing with x, more precisely, from pmax to 0. Thus we assume that there is an infinite

71



number of half-lines (we again call them, somewhat non-regularly, characteristics) in
the wedged region, all starting from the origin. Each of these half-lines carries another
density, starting from pmax and ending at 0.

Let us calculate the density at an arbitrary point (x,t) of the wedged region W. For
simplicity, we assume that the constitutive equation is the one from (3.13). Then the
(blue) half-line through (x,t) starting from the origin has the slope equal to x/t, which
should be equal to F'(p), where the flux F is given by (3.18) and p has to be found.

Thus we have the equation

? = Umax<1— 2 )7

Pmax

which gives us the density at the point (x,t) from the W/:

p(X,t)=%Tax( - ) (3.37)

Umaxt

Note that the slopes of the half lines vary continuously from pmax - U'(pmax) (a neg-
ative number!) through O up to umax, as desired. The two boundary characteristics, di-
viding the upper half plane {(x,t)|t > 0} in three regions, are thus X = pmax - U’ (Pmaxt)
and X = Umaxt.

For simplicity, we now assume that the flux F = F(p) is given by (3.18). Let us
find the maximal flux and the corresponding “optimal” density, usually denoted by
Popt- TO that end, we first find that the derivative of F in p is equal to

F'(p) = umax( —2—").

Pmax
Now the equation F’(p) = 0 has only one solution, namely

Pmax

P = Popt = 2

Since F”(p) = —2umax/pmax i @ Negative constant, hence also F”(pgpt) < 0, it
follows that the function F has a local maximum at the point popt. One easily sees that
at popt the function F attains in fact its absolute maximum on the segment [0, pmax-

But from (3.37) it follows that

X — 1

Umaxt

which is true only for x =0, i.e., at any time t the biggest flux is just at the traffic light.

3.4.2 Trajectory of a car

This model would not be complete without solving the following exercise:

Find the trajectory of the car that was at the position —xg < 0 in the initial moment
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t = 0, when the light turned green. Assume that the constitutive equation is given by
(3.13).

In order to solve the given exercise, we first note that the car’s velocity dx/dt is
equal to the velocity u from (3.13):

dx
dt

p
umax<1 . pmax). (3.38)

After inserting p from (3.37) into (3.38) we obtain the following first order ordinary
differential equation of Euler type:

dx Umax X
@~ 2 &
We leave to the reader to check that the car, originally at the position —xg, started

to move at the moment to = Xo/Umax, and, after time t > to, arrives to the position x(t),
given by

X(t) - Umaxt —2\/ XOUma)(t.

The trajectory of this car is shown on Picture 3.8.

Picture 3.8. Trajectory of a car.
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3.5 Shock waves

In Subsection 3.3.1 we used the assumption that the signal speed in the conserva-
tion law (3.25) is a constant, given by (3.24). This leads to a solution (3.28) propagat-
ing on mutually parallel characteristics given by (3.29) as a wave, here called density
wave.

Now there is a natural question what happens if c is not a constant like in (3.24),
but rather it holds ¢ = c(x,t), i.e., if the signal speed depends on x and/or t, or even on
both. Actually, this situation of nonconstant ¢, may give us a nonlinear conservation
law, and one of its effects is that there might appear two characteristics that intersect
in some point, see Picture 3.9 below.

Alt

p=p p=p

Picture 3.9. Two characteristics intersect.

As can be seen from (3.30), the densities are constants on characteristics, but it may
very well happen that at the intersection point we have two (!) densities, meaning that
the solution breaks down at that point. More precisely, an analysis of of the slope uy in
direction x shows that it might become infinite ast — ty, t, being the time correspond-
ing to the intersection of two (usually rather close and nearly parallel) characteristics.

This event is called gradient catastrophe; we shall soon learn that it often causes
a jump discontinuity in the solution, called shock wave.

One can prove that the earliest breaking time is the minimum of the expression

ty = dil, (3.39)
ax; C(Po(X0))
where Xg is chosen so that it produces the earliest blowup time, while the function
¢ = c(p) is the one from the conservation law

pt+c(p)px = O, (3.40)
p(x,0) = po(x). (3.41)
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The shock waves appear, e.g., in gas dynamics. There, changes in pressure and
density of air propagate and sometimes can even be heard: ”sound waves” and “’sonic
boom”. However, when amplitudes of fluctuations of pressure and density are large,
then they can be modeled as being discontinuous - the shock wave.

Shock waves in the Traffic Flow theory appear if the initial density is increasing on
some interval(s), as can be seen on Picture 3.10. (See also Picture 3.1, where the slopes
of the tangent lines in p1 and p2 > pj indicate that the corresponding characteristics
might intersect at some point.)

P=p(r.0)

Y

Picture 3.10. The initial density increases on some segment.

3.5.1 The Rankine-Hugeniot condition

The gradient catastrophe stops the solution of the problem (3.40) via the method
of characteristics, thus it important to find an extension of the solution p = p(x,t)
beyond the breaking point t,. Clearly, we have to admit solutions of (3.40) that are not
necessarily smooth (continuously differentiable), but rather only piecewise smooth.
The discontinuity arises along a curve in the xt-plane, called ”shock-path” (or simply
shock), which should separate two families of characteristics. On the shock path the
solution p = p(x,t) has a jump discontinuity, but otherwise it is a smooth function.

Let us find this curve x = xs(t), or, more precisely, recognize it as the only right
choice among many candidates. To that end, let us return to Section 3.2, where we
obtained the differential form of the conservation law. The proof there depended on
the equalities in (3.6), which assumed that the differentiation in t can be moved to the
integrand. However, this is impossible in our case, since our function p is not smooth
anymore.

To remedy this situation, we shall somewhat alter the derivation of the conservation
law, used in Section 3.2. Firstly, we choose a sufficiently large segment [a, b] of the
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x-axis which contains the projection to the x-axis of the curve xs = xs(t) for all t > 0.
With this choice of [a, b], we can split the integral over [a, b] into the following two:

d Pt = L7 woaxe 4 t)d
a/a p(x,t) = a/a p(x,t) X+a Xs(t)+P(X,) X.

We know from Section 3.2, equation (3.7), that the left-hand side of the last equa-
tion is equal to the derivative of the difference of the fluxes at a and at b, F(a,t) —
F(b,t). From (3.42) after differentiation in t we obtain

b dxs

(pbetydx—p0et).0))
= F(a,t)—F(b,t).

Letting now a — xg and b — xJ°, and solving the obtained equation in the velocity
of the shock dxs/dt, we obtain the so-called Rankine-Hugeniot condition:
% _ FOCH-F6) _ [ (3.42)
dt p(xs,t) —p(xs 1) [p]
where, e.g., [F] = F(xg,t) — F(xg ,t).
Now we obtained that if there is a jJump in the initial density, then, as can be seen
from Picture 3.11, the shock wave is immediate, and its velocity is given by (3.42).

%s(t)~ dXS
X, t)dx Xs(t) 7, 1) )] —
L (poxtoxrpor o)+ [

Ap

p=p(x.1)

AN\ N\

X(0)

Picture 3.11. The initial density has a discontinuity.

3.6 Model of a uniform traffic stopped by a red light or
an obstacle

In this section we analyze an everyday traffic situation, namely, when a uniform
stream of cars on a one lane road is stopped by an obstacle, say by a red light, railway
line or an accident. We assume that the initial density on a one-lane road is

p(Xx,0) = po, 0<po<pPmaxs

76



and suppose that the traffic is stopped for a certain period of time T > 0. It is a natural
question to ask what happens with the traffic density after time T, i.e., once the red
light turns green (or the obstacle has been removed).

According to the analysis in Subsection 3.5.1, we know that after the light turns
red two immediate shocks appear at the traffic light (i.e., at the origin of the xt-plane).
On Picture 3.4 these shocks are denoted by Xsr and Xg.

For simplicity, in this section we assume that the linear relation between the veloc-
ity u and the density p from (3.13) holds. Before we continue our analysis of the given
model, let us calculate the velocity of the shock if the initial density has the form

p1, Xx<0;
p(x,0) = { (3.43)

P2, x> 0.

where 0 < p1 < p2 < pmax- (Actually, this is a special case of the function presented
on Picture 3.11, since the function in (3.43) is piecewise continuous.)
From (3.42) and (3.13) we get

dxs F(p2) —F(p1)

dt P2 —pP1
2 2
P2 P1
_ Umax <P2 - Pm—ax) B Umax <Pl - Pm—ax) (3.44)
p2—pP1 P2 —pP1
+
Pmax

Applying equation (3.44), we obtain that the left-hand shock xg has the equation

dXs P0o + Pmax Po
- u y I e Lo ) | , 3.45
dt max< Pmax ) e Pmax ( )
while the right-hand shock xsr has the equation
dxs 0+po Po
— u 1-— = u 1- . 3.46
g = (1) = uma(1- ) (3:46)

Now on Picture 3.12 we see the positions of the two shocks at some moment t,
t € (0,T), while on Picture 3.13 one can see the value of the density.
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Xl

ST

p :pmax

Y

Picture 3.12. The two shocks and four families of characteristics at some timet € (0,T).

A p
0<t<T
pmax
R
> X
e X

Picture 3.13. The density at some timet € (0,T), just after the light turned red.

Once the light turns green (t > T), the line of the cars eventually dissipates and the
strengths of both shocks decrease, as can be seen from Picture 3.14. In fact, one can
expect a rarefaction wave in this case.
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t>T

_\ p max

P\

\ 3

Picture 3.14. The density at some timet > T.

ALp

\\
Py \

t>>T

p max

Picture 3.15. The shock intensity decreases.

Assuming that (3.13) holds (the parabolic model), then, applying equation (3.44),
the velocity of a shock is equal to

dxs ( Po +pf)
— = u 1- . 3.47
dt max Pmax ( )
Here p is the density in the fanlike region:
_ Pmax [, X
pr = > (1 Umax(t—T)) . (3.48)
Thus we obtain the ODE
dXs 1 po Xs
s i . 3.49
at ””‘ax<2 pmax) T (3.49)

Clearly, both the right and the left shock satisfy a corresponding initial condition.
Solving the Euler type ODE from (3.49) fort > T, one finds the equation of the shock
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is given by

Xs(t) = B\/t—T+umaX( —ﬂ) (t—T). (3.50)

max

Finally, on Picture 3.16 one can see that the left- and the right-hand side shocks are
both contained of a segment (see equations (3.45) and (3.46)) and the curve given by
(3.50), of course with different constants B.

A X
X1 t , ,

P =Pumax p= 0

Picture 3.16. The density at some timet > T.

Note that on this picture we see also a rarefaction wave, as could have been guessed
from Pictures 3.6 and 3.7.

3.6.1 Avoiding a crash with the last car in a queue

Careful drivers try to follow as much as possible the changes in traffic on the road.
In particular, this is important if the driver is approaching a queue of cars, stopped for
some reason ahead. Now if driver is at some optimal speed, here denoted by Ugpt, it is
likely that he will avoid accidents.

Mathematically, this means that the flux depends not just on the density p, but also

on its partial derivative in X, 3—5 Hence the flux is equal to
ap
F = pulp)-K5 (3.51)

for some constant K > 0. Thus we obtain the following partial differential equation:

dp OF  dp 0 ’p
St = 3 TaxPuP) —K5p = 0. (352)
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Let x = 0 correspond to the end of the queue of cars, waiting for green light or a
train to pass the crossing. Then the initial density is given by

, X>0;
p(x,0) = {p”gax x>0 (353)

(compare to (3.33).

Attention: In this model u is not necessarily the velocity but simply a function of
p! Moreover, for a change, we assume that u is given by (3.14).

Now, because the density begins as steady (for x # 0), the solution should differ
from p(x,0) from (3.53) only in a narrow transition layer near x = 0.

Thus we neglect the term g_? from (3.52), and seek the solution of
) 9%p
a—X(PU(P)> —K=7 = 0 (3.54)
with the conditions
Ple) = Prar. P =0 (3.55)

p(—e<) =0, p'(—e) =0,

The solutions for u and p are, respectively,

ux) 1, X <0;

Umax { exp(—Uoptx/K), x>0, (3.56)
P(X) _ [ exp(Umax(X/K —1/ugpt)), X<O; (357)
Pmax | XP(—Umaxe /X /ugp), x> 0. '

Finally, let us add that the last model allows us to approximately find the constant
K:
K ~0.1m?/h.
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Introduction

Introductory lectures contain basic definitions and assertions of the distribution
theory, structural properties, operations in D’ (emphasizing differentiation) and
regularization. They are devoted to students having some knowledge of functional
analysis. Everything in these lectures is very well known for many years but since
this sophisticated theory is usually used without understanding its foundations,

The main feature of various generalized function theories is to explain real
models in cases when the classical analysis could not give satisfactory justifica-
tions of corresponding mathematical models. Especially, the problem of differen-
tiation leads to the notion of a weak derivative and thus to the new concept of
a function called generalized function. Results of Sobolev (around 1937.) were
in this sense the most important although, at that time, Dirac’s calculus already
existed for around fifteen years. But the monograph ”Theorie des distributions
I, IT” (1950/51) of L. Schwartz is considered as the most important contribution
to the generalized function theory and L. Schwartz is considered as the inventor
and the main contributor of distribution theory. He was the first who published
a systematized distribution theory on the basis of the theory of locally convex
spaces which was very much developed in the end of fortes. There are many
approaches but the concept of Schwartz is now days generally accepted and in
fact today it is a language of modern mathematics and physics.

1 Space of basic functions

We will always denote by {2 an open set in R". Recall, the support of a continuous
function f : Q — C is the adherent set for the set {x € ; f(x) # 0}. It is denoted
by suppf. If x € suppf, then there does not exist a neighborhood of z where
f =0. Since AUB = AU B it follows supp(f + g) C suppf Usuppg, where f
and g are continuous.

C™(2),m € Ny or m = oo, is the set of functions defined on  with all
continuous derivatives up to order m. CJ'(f2) is the subset of C™(2) consisting
of functions with compact supports in €.

Clearly, Ci*(©2) C Ci*(R™). With the usual addition and multiplication by
scalars, C"(£2) and C{*(€2) are vector spaces over C. Elements of C*°(£2) are called
smooth functions.

Example 1.1 The function

0, |z > 1
160 ={ txp(i), o 21 (e =,

is an element of C3°(R"™) and suppf = Z(0, 1), where Z(0,1) C R" is the closed
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ball with the center at 0 and radius 1. (Open ball is denoted by L(xg,r).) Put
g(z) = c ' f(z), * € R, where ¢ = [ f(x)dz. The function:
RTL

(1.1) we(z) =€ "g(re ), e >0, z€ER,

will be often used. It has the following properties:

[ welw)de =1, suppw.(a) = {@: 2] < ¢} and w.(x) = 0.

1
With e = —,n € N, we use the notation
n
(1.2) wi/m(z) = 6n(x), = €R.

Denote by CJ*(K), m € Ny or m = 0o, where K is a compact set in (K CC
2), a subspace of CJ"(€2) which elements are supported by K (suppp C K). We
define in C§°(K), a sequence of norms {pg ,,; m € No} :

prm(®) = > sup oY) ()],

|j|<m TEK

With this norms, C5°(K) is a locally convex space; A basis of neighborhoods
of zero is constituted by sets

1
Vi = {0 € C°(K); prom(¥) < ;}, v €N,m € Ny.

Vector space C§°(K) endowed with the quoted topology is the space of test
functions D(K).

It follows that a sequence () in D(K) converges to ¢ € D(K) if and only if
(w,(f)) converges to ¥(*) as k — oo, uniformly on K, for every o € Nj.

Thorem 1.1 a) If K is a compact subset of ), then there exists 1 € C§°(§2) with
the properties 0 < ¢ < 1 and ¥ (x) =1 in a neighborhood of K.

b) If je f € C"™(2),m € Ny or m = oo, then for every compact set K C €
there exists an fx € CJ'(Q) such that f(x) = fx(x) in a neighborhood of K.

D(K) is a projective limit of a sequence of normed spaces (C3°(K); pxm),
m € Ny (see the appendix). We will explain this. The inclusion mappings

i;nvm > Svi?sn : (CSO(K),pK’m) - (C(())o(K)upK,s)

are continuous, since pxo(¢) < pri(¢) < .... The sequence of normed spaces
with the mappings i7" makes a projective spectar. The topology in D(K) is the
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coarsest topology such that the mappings i"™ : D(K) — (C°(K), pxm), m € N,
are continuous.
We have that D(K) is a Fréchet space with the metric

o0

B —m pK,m(f_g>
d(fag) _mz::O2 1+pK,m(f_g)'

Since every Fréchet space is barreled, it follows that D(K) is also barreled (see
the appendix).

If sets K and K, are compact and K; C Ky, then C°(K;) C C°(K>) and
that the topology in D(K7) is equal to the topology induced by D(K3) on D(K7).
For an open set 2 C R" there exists a sequence (K,) of compact sets such that

K, C K,i 8 K, = Q. Then the sequence of locally convex spaces (D(K,))
v=1

with respect to inclusion mappings i7" : D(K,,) — D(K,),m < s, constitutes
a strict inductive spectar. Supply C5°(€2) by the topology of a strict inductive
limit. This is the finest locally convex toplogy in C3°(€2) such that the identity
mappings i : D(K,,) — C3°(£2) are continuous (see the appendix). The vector
space C§°(€2) endowed with the above topology is the basic Schwartz space D(£2).

Note that in the definition of toplogy in D(£2) this topology does not depend
on a sequence (K,) of compact sets with the properties quoted above.

If we take from every space D(K,) a circled convex neighborhood of zero
U, € B,, where B, is a basis of neighborhoods of zero in D(K,), v € N, then the
convex hull (envelope) U of theset V.= |J U, :

U={0eCC(Q);0=> Bibj,v; €U,,,B; > 0,0 + ...+ B, = 1}
j=1

is a circled convex neighborhood of zero in the topology of D(2). In this way we
can form the basis of neighborhoods in D(€2).

Thorem 1.2 (i) A linear mapping T of the space D(Q)) into a locally convex
space E is continuous if and only if it is continuous on D(K) for every compact
set K C €.

(11) A set A C D(Q) is bounded if and only if there exists a compact set K C
such that A C D(K) and it is bounded in D(K).

(111) A sequence (¢,) € D(Q)N converges in D(QY) if and only if there exists a
compact set K such that (¢,) € D(K)" and that it converges in D(K)

(iv) D(Q) is sequentially complete.

(Moreover, it is well known that a strict inductive limit of complete spaces is
complete.)
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1
Example 1.2 Let f(z) be asin Example 1.1. Let g,(z) = ;f(]}), rER", vE

N. All the members of the sequence have supports contained in the closed ball

Z(0.1); The sequence (g,) converges in D(Z(0,1)) to zero and so it converges in

1,z

D(R™). On the other hand the sequence k,(z) = —f(=), = € R", v € N, does not
v v

converge in D(R"), because suppk, = Z(0, ), and there does not exist a compact

set K containing all sets supp k..

Since the inductive limit of barreled spaces is barreled, we have:

Thorem 1.3 A closed and bounded set in D(Y) is compact. In particular, D(Q)
is a Montel space (see the appendiz).

Note that the space D(2) is not metrisabile.

2  Space of distributions

A continuous linear functional on D(€2) is called distribution. The space of dis-
tributions is denoted by D'(€2). We denote distributions as functions: f,g,...;

fro—={f.0)=(f9),
where ¢ is the complex conjugation for ¢.

Example 2.1 Dirac distribution 6(- — zg) € D'(Q2), x¢ € 2, is defined by
(0(z — 20), ¢(2)) = (5(z — @0), &()) = d(x0), ¢ € D().
The following two theorems simplify very much the work with distributions.

Thorem 2.1 A linear functional f : D(2) — C belongs to D'(Q) if and only if
if for every sequence (¢,) € D(Q)N converging to zero in D(Q) it follows that
(f, ) converges to zero in the set of complex numbers.

Thorem 2.2 Necessary and sufficient condition that a linear functional f : D(€) —
C is a distribution is that for every compact set K C €) there exist constants C' > 0
and m € N such that for every ¢ € D(K)

(2.1) | < f.0> 1< Cprm(9).

Previous theorems are consequences of the fact that D(£2) is a bornological
space (i.e. that a seminorm bounded on a bounded set in D(£2), is continuous on
D(Q); see the appendix).
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Recall that a family {A;,i € I} of subsets of € is locally finite if for every
x € Q there exists a neighborhood of z, W(z), such that W (z) has a non void
intersection with at most finite number of sets A;,7 € I.

Thorem 2.3 A linear functional on D(S2) is a distribution if and only if there
exists a family R = {po; a € NI} of continuous functions on €, such that the
family of supports {supppa; o € Ni} is locally finite and

| <u,d>[< ) sup|pa(x)0”d(z)l, ¢ € C5°(Q).

TER™
aENy

Let R be a family of all families: R = {p,; @ € NI} in C(2) such that the family
{sup pa; @ € Ny} is locally finite. Theorem 2.3 implies that the topology of D(2)
is defined by the uncountable family of seminorms

Pr(¢) := > sup|pad“¢|,

T
aENy

where R € R. (With this family C§°(€2) becomes a locally convex space with the
dual D'(Q2).)

Let f € D'(Q). Assume that there exists p € Ny such that (2.1) holds with
m = p and every compact set K C 2. Then the smallest p with this property is
called the order of f.

Example 2.2 Let j € N§ Q 3 0. Then 69); ¢ +— (—=1)l71¢9)(0) is a distribution
of order |j].

Let, now T be defined by

T:6—3 69(j) 6 € D).

j=1
This is a distribution of infinite order.

Different topologies in D’(£2). The weak topology is defined by the family of
seminorms: ||f|ly =] < f, ¢ > |, ¢ € D(R2). The topology of compact convergence
is defined by the family of seminorms || f||x = supp{| < f,¢ > |;¢ € K}, where
K is a compact subset od D(f2). The strong topology is defined by the family
of seminorms: ||f||g = sup{(|f, ¢)|; ¢ € B}, where B is a bounded set in D(f2).
They induce Hausdorff topologies. They are denoted by 7, 7., 7, and we have:
Tw < Te S Tp.

Thorem 2.4 Topologies 1. i 7, in D'(£2) are equal.

Clearly, 7, is strictly finer than 7.
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Thorem 2.5 a) D'(QY) is sequentially complete with respect to the weak topology.

b) Let (f,,) be a Cauchy sequence in (D'(2), 7,) (in the sense of weak topology).
Then it is a convergent one in the sense of strong topology.

In particular the convergence of sequences in the weak and strong topologies
in D'(Q) coincide.

Moreover, D(£2) is bornological and it follows that D’(£2) is complete with respect
to the strong topology in D'(2). Also, as D(2) is a Montel space, we have that
D(1) is reflexive i.e. the set D"(2) = (D'(€2))’, of continuous linear functionals
on D'(Q) with respect to the strong topology in D'(2), equals D(2) (semi reflec-
tivity) and that the identity mapping D(2) — D" () is continuous with respect
to the strong topology in D"(Q) (reflexivity).

It is easy to check that the sequence (9,,) from Example 1.1 converges weakly
to 6— distribution. Thus, §,, — J in the sense of strong topology.

Thorem 2.6 Let B’ C D'(R2). The following assertions are equivalent:

(i) B’ is bounded in the weak topology. (ii) B’ is bounded in the strong topol-
ogy. (#i) B’ is uniformly continuous subset of D'(2).

Regular distributions and Radon measures. It is easy to show that if
f € L,.(Q) then,

o< f.o>= [ f@)o(@)dr,o € D)

defines an element of D'(Q2). It is called regular distribution and it is denoted by
f

Thorem 2.7 a) If a sequence of functions (f,) iz Li,.(2) converges to 0 in
L1.(Q), then this sequence determines a sequence of distributions (f,) which con-

verges to 0 in D'(2).
b) If [,9 € Lioe() and if for every ¢ € D(Q), (f,6) = (3, ¢), then [ equals

g almost everywhere in ).

Thus, L},.(Q) is isomorphic to a subspace of D', called the space of regular
distributions. So, D(f2) is a subspace of D'(€2). Moreover it is a dense subspace
of D'(Q).

Note that Dirac d-distribution given in Example 2.1 is not a regular distribu-
tion.
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If u € L},.(R"), we put

loc

ule) = (urw)(@) =" [uly)g(=)dy =

(2.2) /u(x —ey)g(y)dy,x € R".

R™

where g and w. are smooth functions from Example 1.1. It is clear that (2.2) is
a smooth function The operation * is called the convolution.

If u e Li,.(Q), then (2.2) does not have sense, in general. In that case we
consider = € Q_., where Q_. = {z € Q; d(x,(R"\ Q)) > ¢}, and by

ue(z) = (u*w:)(x)= 8_”gjl’u(y)g(z—;y>dy

(2.3)

= [ u(x—ey)g(y)dy, v €Q_,
ly]<1

is defined a smooth function on €_..

In the first and second part of the next theorem the convolution is understood
in the sense of (2.2) because we define u and u,, v € N, to be equal zero out
of €. The sequence (u,,) in the second part is in C>°(R"). In the fourth part
convolution is understood in the sense of (2.3).

Thorem 2.8 (i) If u is an integrable function vanishing out of a compact set
K CQandife <d(K,R"\Q)), then u. € Cg°(£2).

(i) If a sequence (u,) in LP(Q), p € [1,00), in LP(2)-norm converges to
u € LP(Q), then u,, = u, * 6, € C*(R") for every v € N and u,,,, — u u LP().

(11i) If (u,) is a sequence of continuous functions in R™ which converges al-
most uniformly to u, then (u,,) is a sequence in C>(R™) which converges almost
uniformly to w.

(iv) If (u,) is a sequence in LY, (Q), p € [1,00), which converges tou € LY, (Q)

loc loc

in the sense of LY () convergence), then (u,,) € C*(Q2_1,,) and in the sense
: /

loc

of L} () convergence converges to u.

Thus we have:

Thorem 2.9 C°(Q) is dense in: (i) LP(Q), p > 1;  (ii) CJ(), (111)
Ly,.(Q), p= 1.

loc
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Since LP(2),C%(Q), and LE () are subspaces of L}, (), they can be identified
with the corresponding subspaces of the space of regular distributions.

Now we introduce the space of Radon measures. Let (K),) be a sequence of
compact subsets of Q such that K, C K,,; iU K, = Q. We define in CJ(K,), v €

N, the norms

Pr,(¢) = sup [¢(x)], ¢ € CH(K.,).

IEKU

The sequence of normed spaces (CJ(K,), Pk, ), with respect to identity mappings
i (C(K,), Pk,) — (C3(Kyt1), Pk, ., ), constitutes a strict inductive spectar.

We denote by K.(€2) the respective strict inductive limit. (One can easily
show that the construction does not depend on a chosen sequence of compact
sets). Then we have the definition:

Radon (complex) measure on €2 is a continuous linear functional on K.(2).

Thorem 2.10 A necessary and sufficient condition for a linear functional f :
Kc(Q) — C to be continuous is that for every compact set K C Q there exists
C > 0 such that |(f, ®)| < Cp,(9) for every ¢ € CY(K).

We will use the following simple assertion:

If C§°(R2) is dense in a locally convex space V' and if the topology in D(S2)
is finer than the topology which V' induces on C3°(Y), then V', the dual of V, is
algebraically isomorphic to a subspace of D'(Q) (and we make the corresponding
identification,).

Thus we have that C§(€2) is dense in K.(€2) and since the inclusion D(Q) —
K.(€) is continuous, the space of Radon measures is isomorphic to a subspace of
D'(€2). On the basis of Theorem 2.10 we have that Radon measures are distribu-
tions of zero order.

Example 2.3 Dirac ¢- distribution is the Radon measure.

Let f be a complex valued function on 2. Then by

=Y f(2)¢(x), ¢ € CH(Q),

€

with the assumption that these series converge unconditionally, is defined a mea-
sure called atomic measure; in short,

Zf o(t —x),

e

where §(t — x) is Dirac d—distribution concentrated at x.
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The unconditional convergence means that for every € > 0 there exists a finite
set Jo(e) C €, such that for every finite set set J C € such that Jy(e) C J, it

follows | 3= f(z)p(x) — c‘ < ¢, where ¢ € C is the sum of this series.
zeJ

Example 2.4 Lebesgue measure is defined by the Riemann integral:

u(o) = [t o€ ),
Q

where @ is a ball containing the support of ¢. One can show that the Lebesgue
measure is the only one Radon measure on R” (up to the product with a positive
constant) such that for any ¢ € CJ(R™) and any h € R™ : u(p(- — h)) = pu(e).

Example 2.5 If f is a continuous function on 2 and v is a given Radon
measure on €2, then by

(2.4) p(e) =v(f- o)

is defined a Radon measure. We denote p by f - v. Moreover, one can show that
p is well defined by (2.4) if f is a locally integrable function with respect to v.
Then it is said that u = f - has the density f or that y has a ”derivative” f with
respect to v.

Example 2.6 Lebesgue-Stieltjes measure is defined similarly as the Lebesgue
measure (Example 2.4) but with the Lebesgue -Stieltjes integral instead of the
Lebesgue integral (with a corresponding function of locally bounded variation).

Sheaf properties. Distributions f and ¢ in D'(Q2) are equal on an open
set € C Q if and only if their restrictions on ; (distributions applied on test
functions supported by ;) are equal on 2. It is said that they are equal in a
neighborhood of = € € if they are equal in an open neighborhood of this point.

Thorem 2.11 Let f,g € D'(Q) such that they are equal in the neighborhood of
every point of Q). Then f = g in Q.

The proof of this theorem is based on the following finite partition of unity:

Let €y,....,€2 be open sets and let K be a compact set such that K C

FoQi=Q and KN #0, i =1,....k. Then there exist ¢; € C°(€), i =

1,....k,such that ¢; > 0; % ¢ <1 and ¥, é(z) =1, in a neighborhood
of K in €.

Now we can define the support of a distribution: The support of f € D'(Q),
suppf, is the set of points in {2 having a neighborhood where f is not equal to
ZEero.

In other words, the support of f € D’(Q2) is the complement of the union of
all open sets in 2 where f = 0. It is a closed set.
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The next notion is of a great importance in the theory of partial differential
equations.

The singular support of f € D'(Q), sing suppf, is the set of points in 2 which
do not have a neighborhood where f is a smooth function (i.e. f is defined as a
regular distribution by a smooth function).

In other words the singular support is the complement of the union of all open
sets where f is a smooth function.

Partition of unity. A family {U,; o € A} of subsets of a topological space

Xisacoverof W C X it W C U U,. It is an open cover if every U, is an open
acA

set. Subfamily of {U, } which also covers W is called a sub cover and {Vj; 3 € B}
is called a refinement of {U,} if it covers W and for every 3 € B there exists
a € A such that Vg C U,. Recall, a family {A;; i € I'} is locally finite in X if for
every x € X there exists its neighborhood w, such that w, N A; # 0 only for a
finite number of indices ¢ € I.

We will assume that a topological space X is paracompat (every open cover
of X has a locally finite sub cover).

Partition of unity on an open set Q C X is a family {¢;; i € I'} of continuous
functions on (2 such that:

(a) The family of supports (supp¢;; i € I} is locally finite.
(b) 3 ¢i(x) =1 for every x € Q and ¢;(z) > 0 for every x € Q, i € I.
il

(Note for every z the sum is finite.)

The partition of unity {¢;; i € I} corresponds to the cover {U,; o € A} if
for every i € I there exists «; such that supp¢; C U,,.

Since the set R™ is paracompact we have:

Thorem 2.12 Let Q C R" and {U,; a € A} be an open cover of Q). Then there
exist a countable partition of unity {¢;; i € N} which corresponds to {U,} such
that functions ¢ are smooth and supp@; are compact sets, for every i € N.

Now one can prove the (second sheaf) property:

Thorem 2.13 Let {Q,; o € A} be a family of open set and let f, € D'(Q,) a €
A. Assume that for every a, f € A such that Q,NQg # O there holds: fo = f5 on
Q, N Qg. Then, there exists one and only one distribution f on 2 = U, such

that f = fo on €.

Without explanations, note that the sheaf of distributions is a fine sheaf but
not flabby.
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3 Operations in D'(Q)

Operations on the whole D'(Q2) are called regular operations while those opera-
tions defined only on appropriate distributions (proper subset of D’(£2)) are called
irregular ones.

Change of variables. Let
(3.1) r=Ay+b, ye,

where A is a regular linear transformation of ©; onto © and b € R™. (2 and
are open sets in R™). Let f € D'(Q2). Then f(Ay +b) € D'(€) is defined by

B2 (oo = (). ), 6 e piow).

Since ¢(y) — ¢(A~(z — b)) is a mapping from D(Q;) into D(1), it follows that
f(Ay +b) € D' ().

Ifin (3.1) A =1 (I is the identity matrix), b = —h = —(hq, ..., h,), then (3.2)
defines the translation: (f(t — h), o(t)) := (f(t), o(t + h)).

If A= —1I, b=0,(3.2) defines the transposition: (f(—t), o(t)) = (f(t), p(—1)).
If A=al, a #0, b =0, (3.2) defines the homotety:

1 t

(f(at), ¢(t)) := (f(), ch(g)%

It is said that f € D/(R™) is homogeneeous of order A if for every homotety
y=az, a>0: flax) = a’f(z) ie.

<f(33'), ¢(§)> = &A—i_n(f(x)a ¢(x)>7 ¢ € CSO(RR), a > 0.

This follows from

For example, 0(z) is homogeneous of order —n.

If A is an orthogonal matrix (A™! = AT) and b = 0, then (3.2) defines the
rotation:

(f(A1), ¢(t)) == (f(t), p(ATt)) (|detA] = 1).
For example, d(x) is invariant with respect to the rotation around zero.

In general, let yq, ..., yn, be smooth functions defined in 2 C R™ such that

(3.3) iz y=(y1(2), ... yn())
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is the bijection of Q onto €; C R™ (then at every point x € € the Jacobian

9y On
oxy Oz,
_ a(yh?yn) L
/= oy, .yxn) | :
Oyn Oy
8901 c%n

is different from zero). Mapping (3.3) has the smooth inverse a™' : Q; 3 y —
x € Q and the mapping D(2) — D(2)

(3.4) o) = ol W)IT W), ye, 2€Q

is continuous. Thus, for f € D'(€),

(f(e(@)), d(2)) = (f(v), pla” (Y)W}, ¢ € D(Q)

defines a mapping D'(Q2;) — D'(2). It is adjoined to (3.4) : f(y) — f(a(z)). It
is called the pull back and denoted by a* (a*f(x) = f(a(z))). This mapping is
continuous with respect to weak, respectively strong, topologies in D’(£2;) and
D'(Q).

Note, if a distribution f(y) is defined by f € L},.(Q;), then a* f is defined by
the locally integrable function f(a(-)).

The change of variables can be defined as an irregular operation in cases when
the above assumptions do not hold for a.. Let us show this.

Let a : Q — € be a smooth mapping and f € D'(€);). Let §, be as in (1.2)
and f, = f* 6. If lim f(a(z)) exists in D'(€2), then

(3.5) J(a(2)) = lim fy(a(2)) in D'(Q),
({f(a(2)).6) = lim (fu(a()), ). )

Example 3.1 Using (3.5), one can show:

§(2? —a?) = %(5(1‘ —a)+d(x + a)).

Value at the point. Let f € D'(R"),z0 € R" and y = ex + 2 ( A =
el, ¢ € R, [ is the identity matrix). If there is a constant C' such that for

(3.6) liny(f (20 + £), 6(2)) = (C.6), & € CF(R"),

then it is said thatf has a value C' at the point z = z¢; A; f(2)4=s, = C.
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Note that (3.6) holds if and only if (3.6) holds for every sequence ¢,, — 0, n —
00.

The value at the point is an irregular operation. Delta distribution é(x) does
not have the value at xy = 0. Also the Heaviside function (distribution )

1 >0
H(x):{o z <0

does not have a value at =y = 0. But if f (x) is a regular distribution determined by
a continuous function f(x) such that f(xy) = C, then the corresponding regular
distribution f (x) has the value C at © = z. This is a consequence of the Lebesgue
theorem.

Let f(z,y) € D'(R" x R™), xy € R™. If for every ¢ € Ci°(R") and every
Y € C§°(R™) there exists g(y) € D'(R™) such that

limy( (w0 + e2.). D)) = [ 6(x)de(aly). ().

R™

then it is said that g(y) is the value of f(z,y) over the manifold {zo} x R™,
f(@, ) o=z = 9(y).

Multiplication of a distribution by a smooth function. Let a € C*>(£2).
Then the mapping:
D(Q2) — D), ¢ +— a o,

is continuous and the adjoined mapping D'(Q2) — D'(Q) :

{a(2) f(z), ¢(2)) := (f(2), a(x)¢(2)), ¢ € D(Q),

is continuous with respect to weak, respectively strong, topologies in D’(2).

If for example f is a measure, then we can assume weaker condition on a. We
can assume that a € Lj,.(Q) with respect to the measure f (cf. Example 3.3).
Also, if f is a distribution of order m, then a(z)f(x) is defined for a € C™(2).

In general the product of two distributions is an irregular operation. It can
be defined through the product of their regularized sequences or in case of ”good
position” of their wave fronts. This will not be explained in this short presenta-
tion.

0
Differentiation of distributions. Let f € D'(€2). Then 5

defined by

f= s

i

9¢(x)

(37) <f(€i)(x)7 ¢($)> = —<f($), 8—:m>’ i = 17 ey M
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Clearly, if (¢,) — 0, then (?b
€Ly

(3.7) is defined a mapping D'(Q2) — D'(12) i.e., every distribution has all partial
derivatives:

) — 0, v — o0, in D(Q). This means that with

(0°F,) = (=)"(f, ¢
and the order of differentiation does not change the value 0 f in D'(£2).

Thorem 3.1 Let o € Ng. Then the differentiation 0% is a continuous and linear
mapping D'(2) — D'(QL) with respect to the weak (strong) topology in D' ().

Example 3.2 Let us show H'(z) = §. For every ¢ € D(R), we have
(H'(2), 6(2)) = ~(H (@), ¢ (2)) = — [ ¢/(@)dz = 6(0) = (3(x), 6(x)).

Example 3.3 We have
(09 (x — wo), ¢(x)) = (=1)6(0), () € C5°(R).

Example 3.4 If we apply Theorem 3.1 on a (classically) convergent series,
after differentiation we obtain a series which converges in D’(Q2) although it does
not converge in the classical sense.

Let us show that the trigonometric series 3.5 ___ b,e™?

v=—o00 "V ’

in D'(R) if there exist M > 0 and k € Ny such that

T € R, converges

(3.8) b,| < My|¥, v #0.

We have
bo+g? = Y b xR,

V=—00

where p € No, p > k + 2, and g(z) is a continuous periodic function defined by

(3.9) g(x) = ; (I;'u—)l” r € R™.

(g denotes a regular distribution determined by ¢.) In fact from (3.8) it follows
b,/ (iv)? ’ < M/v?, v #0. So, g() is a continuous function and by differentiation
(3.9) p-times, we have

bo+g? = 3 b

V=—0
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Example 3.5 One can easily prove the Leibnitz rule for a(z)f(x), a €
C>(Q), f(x) e D'(Q) :

) 0 0
5 @) = 50(e) () + alw) 5 ().

or for general k € N :

(3.10) OF(a(x)f(z)) = Z <k>a(a)(x)f(ka)(x).

o<k \&

We will generalize (3.10): Let p(y), y € R™, be a polynomial of order m € N,
ply) = X coy® (y* =yi"...ySm € R). Then we put p(d) = > ¢,0* and have
|| <m

|a|<m

(Hérmander’s formula) for f € D'(R") and a € Cs°(R™) :
1

pO)af) = ¥ Siap o)
lal<m

Relations of classical and distributional derivatives. Let a function
f(z), © € R, have the continuous derivative in the open set R\ U}_{z;}, x; €
R, j=1,...,k. Assume that the jump of f at x = z; is s; = f(z;+0) — f(x;—0).
Since f defines a regular distribution f in D'(R), we have

(i) =~ [ @ @dr =Y o)+ [ fowa,

where f’ is a function equal to the ordinary derivative of f(x) for x # z;, 1 <
J < k. This means

d ; £

—f= 0y

dxf A %:SJ g
where f’ is a distribution defined by f".
Thorem 3.2 If f € C?(Q), then the regular distribution f satisfies:

D'f = (Dif) for |i|<p (QCR" i€
Example 3.6 Let f € C*(Q)) where Q = QU is a closed bounded set with

the boundary S = 09 consisting of a finitely many closed (n — 1)- dimensional

surfaces of C'-class which do not intersect each other. Put f = 0 out of Q. By
partial integration we have

(o) = = [ o)zl =
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/ ) cos(v, z; dS+/ (x)dz, ¢ € C3°(R"),
s

where v is the outer normal on S (on Cl— parts of ) and (v, z;) - is the angle

between the positive axes z; and the normal v and dS is a part of the surface.

This implies

O 5oL of

c%j aZL’]

where s is a distribution defined by (s, ) = [ f(z) cos(v, z;)¥(x)dS.
s

(3.11) )+s on R,

If f € C3HQ)NCY(N) and f = 0 out of Q then (3.16) and— > cos(zj, v ai
L

7=1
imply Green’s formula:

(312)  (AF0) = (&1, 0)+ [ 2 faods — [ fla)-odS, 6 € CR(Q),
S S

2

where A = 3 — is the Laplace operator.

i

Note that in (3.11) and (3.12) (%) i (Af) denotes regular distributions
determined by locally integrable functions which are respectively equal to the

ordinary partial derivatives — f 1 Af where they exist in the classical sense.

aZL’j
Connections of differentiations in the classical and distributional sense is given
in the next theorem.

0
Thorem 3.3 Let u and f be continuous functions in 2 and —u = f in the

aZL’j
o _ _
sense of distributions: a—ﬂ = f, where u and f are corresponding reqular dis-
Lj
tributions. Then —u = f in the classical sense.

aZL'j

Example 3.7. This example illustrates the difference between the classical
and the distributional derivatives. Let f be the characteristic function for the
interval [0, 1]. Then u(z,t) = f(z —ct), x,t € R, is a distributional (we call it the
weak) solution to the differential equation

2
Ug — C Ugzy = 0.

Since f € L*(R), Theorem 2.10 implies that there exists a sequence (f,,) € C°(R)™
converging in L' to f. Thus

up(z,t) = folz —ct) —» u(z,t) as n— 00, n €N (z,t €R),
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in the sense of distributions. By previous theorem, f,(z — ct), n € N, is the
classical and weak solution to the given equation, and this implies that u(z,t) is
a weak (but not classical) solution of this equation.

Thorem 3.4 Let f € LP(Q), 1 < p < 00, 4, given in (1.2) and let f(*) € LP()
in the sense of distributions.

1
(i) If y € Q and d(y,R™\ Q) > o then

(f % 80)(y) = (f % 00) ().

(11) If Q1 C Q and (). C Q for some € > 0, then

1(f % 61)') — f(a)HLP(m) —0 as k— oo.

Example 3.8. Let Q be open so that € is as in Example 3.6. Let it be divided
with a smooth (n —1)-dimensional surface I" of C''-class into two domains ; and

QQ such that Q) = Ql U QQ Ur.

If ue C(Q) and ulg, € C(Q%), k = 1,2, then u has the distributional partial
derivatives (regular distributions) and

(3.13) a%@ => (a%(umk))-

k=1 J

Let ¢ € C3°(Q%), k = 1,2. By Example 3.6

/u(x)ai%qb(x)dx = — / (%u(m))dw)dw - /u(x)¢(3:) cos(v, z;)dr.

Qg Qf

Since the direction of the normal v on I is taken so that for k£ = 1, 2, it is directed
out of ), we obtain

0 0 0 0
(g 0) = (1. 5,-0) :/ua—xj(ﬁ da +Q/“a—xj¢ dz,

951

(2.6 = [ ool

Q

0
where v € L so that v|g, = (a—u)|gk)7 and this proves (3.13).
Lj

Structural theorem. One can easily prove that f = C' is the only distri-
butional and classical solution to equation f’ =0 on Q = (a,b). Also we have if
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f € D'(Q), then for every k € Ny there exists g € D'(Q2) such that ¢ (z) = f(z)
and ¢(z) is uniquely determined up to a polynomial of order < k — 1.

Now we will give a structural theorem for distributions which shows that D’(€2)

is the smallest extension of LS (€2) where every element has all the derivatives.

Thorem 3.5 Let f(x) € D'(2) and Oy CC Q2 C R™
(1) There exist g(x) € L* (1) andr € N such that in the sense of distributions
8n-7‘
flz) = mg(@-
(1 CC Q means theta Q is a compact subset of Q).

(ii) For every neighborhood Qs of Q1 in Q there exist a continuous function
F in R"™ and s € N so thatsupp F C €y such that

os
(0x1)%...(0xy)*

f= F(z).

4 Regularization

Division of distributions by smooth functions. Let a € C*({2) and g €
D'(©2). Consider

(4.1) a(z)f(x) = g(x) in D(Q).

If a(z) is different from zero everywhere in €, this is a trivial problem since

1/a € C®(Q) and f = 1g.

Let n = 1 and let the zeros of a be isolated and of finite order. This means
that for every zero point xy (a(zg) = 0) there exists k € N such that z —
(r — x9)"*a(x) is finite in a neighborhood of xy. So let {ax; k € N} be isolated
points of a; {U;, ¢ € N} be a family of open sets which cover R such that every
zero lies in at most one open set of this family. Denote by {¢;; i € N} the
partition of unity which corresponds to {U;}. If a solution of (4.1) exists it is
clear that

Z(afa ¢’L¢) = Z(g7¢l¢)7 ¢ € CSO<Q)7

1€EN 1EN
i.e. that for every ¢ € N there exists a unique solution f; in D'(U;) to
a;(z) fi(x) = gi(x) in €,

where a; and g; are the corresponding restrictions of of a and g on U;. Conversely,
if we know the existence of solution to a;f; = ¢;,7 € N, then using the above
partition of unity we have that >,cy ¢:9:/a; is a solution of (4.1).
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Thus we will assume that a has only one zero of finite order. Moreover,
assume that z = 0 € Q is a zero of order m: a(x) = 2™b(z),z € (2, where
be C™(Q), b(x) # 0 in Q. After dividing by b this equation becomes

(4.2) 2" f(x) = h(z), h € D'(Q).

Thorem 4.1 Let m € N. (i) A necessary and sufficient condition that fo(x)
satisfies 2™ fo(x) = 0 in D'(R2) is that

(4.3) folz) = > C,6"(x), C, €.

(11) Equation (4.2) has a solution in D'(2).

Thus the solution of (4.2) if exists, is not unique: two solutions differ by a
function of the form (4.3).

Let H = {¢; there exists ¢ € D(2),¢ = x™y}. By

(f1,0) = (h,¥), ¢=a"v, ¢ €H,

is defined a continuous linear functional on H. By the Hahnn-Banach theorem
(see the appendix) it follows that there exists a unique f € D'(f2) such that
fig = fi. This f satisfies (4.2).

Any other solution is of the form f(z)+>7= C,6®). If we consider (4.1) only
on R\ {0}, then the solution is unique:

flz)=1/2™, x € R\ {0}.

This function does not have a locally integrable extension on R. Note that there
exists a distribution f such that f(z) = f(z), = € R\ {0} : (f,¢) = (f,¢) for
every ¢ € C§°, ¢(x) =0 in a neighborhood of zero.

Thus we come to the definition of regularization:

Let f € L, \ {0}. A distribution f € D'(Q\ {0}), which satisfies

(f@),6@) = [ F@)o()dz, ¢ € CF(Q\ {0})

(¢(xz) = 0 in a neighborhood of z;) is called the regularization of a function f
(pseudo function).

A regularization of f € L} (Q\ {zo}) is a distribution in D’(2) such that its
restriction on Q \ {zo} equals regular distribution on Q\ {z¢} determined by f,
if it exists. Theorem 4.1 implies that the regularization is not unique, if exists.
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By partition of unity, we reduce the problem of regularization for a function
with discrete set of singularities to one point singularity.

Regularization is not always possible:
Example 4.1 Let h € L} (R \ {0}) such that h(z) > H(|z|), = € R\ {0}

1
where H (|z|) increases faster than any power of Tl as |z| — 0. Then there does
T
not exist the regularization of h. For example h(z) = e € D'((0,00)) does not
have an extension on R.
Thorem 4.2 If f € L} (Q2\ {0}) and for some m € N, flz|™ € Li,.(Q), then f

loc loc
has a regularization in ) :

(@) 0(a)) = [ 1) o(a) — (6(0) + mz L06(0))H (=  la]) o

¢ € C3°(Q2), where
0 0

ot Tap ) B@) oo,

dip(0) = (xla—xl .

)1 za x| <€
H(5—|x|)—{0 za |x| > e,

e is chosen so that Z(0,) C .

Regularizations by analytic continuation. Let A be an open set in R"
and t — hy(x) be a mapping A — D'(Q) (a family of distributions). For every
¢ €CP(Q), by t — (hi(x),¢(x)) is defined a function A — C.

The mapping A — D'(Q), t — hy(z) has a limit as t — t (g € A, t € A)
if there exists g € D'(Q) such that h; — ¢ in the sense of strong topology in
D'(R2). Since the strong and the weak sequential convergences are equivalent, this
is equivalent with

lim (hy (), d(x)) = (g,¢), ¢ € Co°(2).

t—to
Then we say that h; has a limit g at t,.

A family h, is continuous at the point ty € A if g = h(ty). (Again this is
equivalent with:

<ht7¢> - <htoa¢>7 ¢ S C(C])O(Q), as t—ty in A.
In a similar way we introduce the differentiation of ¢ — h; and, as above, we
have that

?OFhy exists in D'(Q) if and only if for every ¢ € D(Q) there exist the k—th
derivative of the function A 5 ¢t +— (h¢, ¢) € C.”
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Thorem 4.3 a) Let f(x) € D'(R"), then {f(x — h); h € R"} is a continuous
family of distributions and

in the sense of convergence in D'(R™).

b) If a family h, has a partial derivative 9y, at to, then for every m € Ny :

0

. oy 0
a—tj t=to (8a: ht) = al? (— t:toht>'

ot;
In the case that A is an open set in C and that for every ¢ € Ci°(12)

A= (ha(z), o(z))

is an analytic function in A, then we say that hy(x) is an anlytic family or an
analytic distribution (with respect to A.)

Thorem 4.4 (i) A family {h\(x); A € A} C C is analytic if and only if for every
Ao €A
hy —h
/\ll»r&lo ;_7)\0’\0 exists in D'(Q).

(i1) For every m € N" and k € N
dk . . dk
W(ﬁm h,\) = (935 (Wh/\>’ A€ A.

(11i) For every \g € A and X in an open neighbourhood of A\ there holds

L& (A=)
=2 k! (dAk

2 h,\) ’/\:/\0 (Taylor expansion ).

Let fy € D'(Q), X € A, be an analytic distribution and let for every ¢ €

C§°(£2) the analytic function (fy, ¢) have an analytic continuation on an open set
A; D A. Then:

Thorem 4.5 For every \y € Ay,  fo, € D'(Q), where (f\,,®) is the analytic
continuation of X\ — (fx, ) in the point \y = X\ (for every ¢ € C§°(12)).

Now we will explain the regularization through the analytic continuation by
examples.
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Example 4.2. Let 23 be defined on R by

P x>0
10 z<0.

For ReA > —1, 23 € L, (R) defines a regular distribution

(44) (@2,9) = [ 2o(e)de

0

By Thorem 4.4:

o0

d d \
ieh0@) = (a),0) = [ @} ne(e)de

0

Thus, z}is an analytic distribution on {\ € C; ReA > —1}. If (22, ¢) in (4.4) is
written in the form

(4.5) /xA(cb(x) — ¢(0))dz + /“’W Jdv + ;b(—f)l

(since / $(0)z*dx) it follows that the first member is an analytic func-

tion for Re)\ > —2 that the second member is an analytic function for every
A € C and that the third member is an analytic function for A # —1. This means
that 3, ReX > —1 is by (4.5) analytically continued to ReX > —2, X # —1.
Continuing this procedure, we get xi is analytically continued by

(wh,6) = [ *o(a)dr = Ofxwx) —6(0) — ..

n—1
n ¢(k—1)(0)

T =D+ R

into the domain ReA > —(n + 1), A # —1,—2, ..., —n, where we use

]+
-
=~
=
=
S~—
Il
—
_l’_
s
3
iR

2 (6(0) + z¢'(0) + B0 (0)de.
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We can show
() =yt N#£ -1 -2,

For Re)\ > 0 it is clear and from the unicity of the analytic continuation, it follows
for A # —1, =2,

Note that if —\ € N then the regularization is made by the use of Taylor
expansion.

Using the regularization of z} we can formulate the regularization for z?,

—\ € N, where
R (—z)* <0
10 x> 0.

For ReA > —(n+1), A # —1,-2,...,—n

® A n (=15 1o%D(0)
Teelalde+ X T ATy

1

Example 4.3 Let |z|* =2} + 22 1 |z[*sgnz = 2} — 2}, ReA > —1. Then

2

(o, 6(a)) = [[0(a) + 6(~2) — 2(6(0) + 56"(0) +

2m—2

+(2m %) 1% 2m=2)(0))]dx +/ (—x)|dx
(2k)
+2305 ¢ 2(0)

(2k)I(A+ 2k + 1)

for ReA > —(2m +1)i A # —1,-3,...,—(2m — 1).

(jasgnz. 6) = [ 2[6(w) — 6(~z) ~ 2(a6/(0)

+ m¢(2m_l) (0))]dz

3
(4.7) +%¢(3)(0) n

¢*H(0)
(2k+ DN+ 2k+2)

+ o) — o(—a)ldw +2 %

for ReA > —(2m +2), A # —2,—4,...,—2m.
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Since even negative numbers are in the domain of analytic continuation for
A —2k _ ,—2k o —2k .,
- ’ . 5 .
|z|* and |z| x =% from (4.6) we get regularizations for = k € N. Similarly
(4.7) implies regularizations for z=*+Y L € N,

One can see that 2=+ or 172 solutions to (4.2) if m is even or odd.

Example 4.4 Let x € R" i f(z) = |z|» = r*. If ReA > —n then f defines a
regular distribution

(™, 6) = [ Po(a)d.
Rn
By differentiation with respect to A for A > —n, we can enter into the integral. It
follows that |z|*, ReA > —n, defines an analytic distribution. Now we will make

the analytic continuation. Put x = r x where x is a variable on the unite sphere
S7=1 We have

[ |z o(x)dx Ofo [ ré(r x)rmldrd x
R 0 S

n—1

707“’”"*1 [ o(rz)dx.
0 g1

The integral / o(r x)d x, where |S™~!] is the surface area of the sphere

1
|Sn71| ol
Sn1) called the average (mean value) of ¢ on the sphere with the radius r, is
denoted by S,(r). Thus

o0

/|x|’\¢(x)dx = |S" /T)\+n_ls¢(7“)d7“.

0

Since the support of ¢ is contained in a sphere of a bounded radius, the function
r — Sg(r) is bounded. By definition, S,(r) is a smooth function of r if r > 0.
Taylor expansion of ¢(z) gives

where z; = rw; and w; is a product of corresponding ”sin” and ”cos” functions,
1 < j < n. Integration of addends containing an even number of factors, say 2m,
x; gives the addend of the form a,,7*™. By integration of addends containing an
odd number of factors x;, one gets the value zero.
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So we obtain Sg(r) = ¢(0) +ayr? + agr* + ... + azr® + o(r*), and this implies
that Sy has all the derivatives at zero. Thus Sg(r) € Cg°(R) and for Re\ > —n,

(4.8) (ol ¢) = {[S"H rit" ™, Se(r)),

where the right hand side |S"*|r2™! is applied to the test function in C3°(R).
By Example 4.2 it follows that (4.8) can analytically be continued in the complex
plane without points A = —n,—n —1, ... .
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PART II

Applications of Fractional Calculus in Mechanics

Teodor M. Atanackovi¢, Stevan Pilipovié¢
University of Novi Sad



1 Some basic properties of fractional integrals
and derivatives

The story of fractional integrals and derivatives started with Leibnitz who in his
letters to L’Hospital' in 1695 and Wallis in 1697 made remarks on the possibility
of calculating d"y/dz™ when n is % There are many possible generalizations of
a notion of a derivative of a function that would lead to the answer of the
question: what is d"y/dx™ when n is %? We start from the Cauchy formula for
n—fold primitive of a function f () given as

mn 1 ¢ n—1
where it was assumed that f (t) = 0, for ¢ < 0. By noting that (n — 1)! =T'(n),
where I' (n) is the Euler gamma function, the fractional integral of order « is
defined as

1

JOf(t) = m/o (t—7) ' f(r)dr, t>0, aeRT (1.2)

This is the Reimann-Liouville fractional integral. Note that J% satisfies the
semigroup property J*J? = Jt8 o B > 0. Thus the fractional integral is
commutative J*J? = J#J Introducing the function

tozfl

T (a)’

the integral (1.2) may be written in the form of convolution as

o, (t) = t>0, a>0, (1.3)

JO(8) = B (1) 5 (1) :/O B (t— 1) f (7 dr. (1.4)

Let L(f)(s)= [ e *'f(t)dt = F(s), for s € C be the Laplace transform of
f. Then, from the well known property of the Laplace transform of convolution,

and L (’;Y(;;) (s) = 1/s*, we have

~

()

s
s

L(J*f)(s) =

(1.5)

The fractional derivative of the order o may be defined as the left inverse of J<.
Formally suppose that o € R* and let m be an integer such that m—1 < a < m.
Then the Reimann-Liouville fractional derivative of the order « is defined as

m t T
P [r(ml_a) fo (t,TJ;ifl_de ,m—1l<a<m
Def(t) = (1.6)
g f () a=m

INote that I’'Hospital’s name is commonly seen spelled both "I'Hospital" and "I'Hépital",
the two being equivalent in French spelling.
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For example by using (1.2) and (1.6) we obtain

ap-1 _ LB pita
S B F(v+a)t ’
af-1 Mﬂ*afl
D¢ = F(B_a)t ., a>0,t>0. (1.7)

Note also that the o — th derivative of a constant function C' = const. is not
Zero

Cct—«
DC=———, a>0, t>0 1.8
T(l-a) “=" ’ (18)
Of course if @ € N then D*C' = 0 due to the poles of gamma function at
the points 0, —1, —2, ... In our application we shall use in most cases (1.7) with
m = 1.
Note also that

D) =0, if f(t):tll_a. (1.9)

Thus, the function t*~! plays the same role for fractional derivative D®f as a
constant in usual differentiation.

The definition (1.6) is just a special case of a more general definition. Thus,
suppose that f (t) is an absolutely continuous function in the interval ¢ € [a, ]
and suppose that 0 < o < 1. Then

o _ 1 d [ f()
Daf®) = r(1—a)E/a G-
b
Def(t) = —ﬁ%/t %dr, (1.10)

are called left an right handed fractional derivatives of the order «, respectively.
To determine the Laplace transform of a fractional derivative we may use defi-
nition so that fora =0,0 < a <1

L(Df)(s) = 5T (s) — [F< 1 )/Ot(f(” dTLO+. (1.11)

11—« t—71)°
If the function is locally integrable the term in brackets vanishes, so that
L(Df)(s) = s"F (s). (1.12)

The relation (1.12) could be used to define fractional derivative. We mention
the law of exponents valid for integer order integrals and derivatives

JUITf() = I () =TT (),

D"D™f(t) = D™D"f(t)=D""f(t). (1.13)
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It could be shown that for fractional derivatives, in general
DDPf (t) # D°Df (t) # D**f (). (1.14)

There are special classes of functions for which the law of exponents holds. The
Leibnitz rule for fractional derivatives does not hold. It could be shown that?

D09 =3 (§ ) [P@] [DH @) as0. ()
k=0

There is another important property known as integration by part formula (used
in formulating variational principles for fractional order differential equations.
It states (see [24] p. 46)

b b
/ 2 () DX,y (1) dt — / y(t) DY = (t) dt. (1.16)

We note that for validity of (1.16) no restrictions on the values of y (t) and
z (t) at the end points ¢ = a and ¢t = b are imposed. Finally we state another
property of fractional derivative, 0 < a < 1, of a function f (¢) as

o o d 1 tf(T)dT_i 1 Pf(t—T)dr
dt_af(t) = f _th(l—Oé)/o (t—r)o‘_dtf(l—a)/o T

[t 1 POt —1)dr
N +F(1—a)/0 T

'l-a)

- > () rmrra e (117)

n=0

where in (1.17)4 the binomial coefficients are (&) = (}8"_*;)01:12121—131) = (—1)"7/1(!—04)”

and (2), = 2z(z+1)...(z+n—-1), n=12,..(2), =1 From (1.17)4 it is
obvious that any constitutive equation that takes into account a — th derivative
of a function, takes, all integral derivatives at a fixed time ¢, each one with the
weighting factor equal to (Z) %

There is another important definition of the fractional derivative, due to
Caputo [8] and Caputo and Mainardi [9]. Thus, the Caputo derivative DS f (t)
of a function f (¢), of the order o, with m — 1 < o < m is

t (m) (-
a |:F('rnl—a) fO (t_fT)a—o(—l)—m dr , M — l<a<m
g (1) = o

i—m,; (t) a=m

2Note the apparent lack of symmetry in the derivatives of the two functions. The left
hand side of (1.15) does not depend on the order of the functions f (¢) and g (t), while on the
right hand side there are only integer derivatives of g (¢) and noninteger derivatives(integrals)
of f(t)! It could be shown that the two functions f (t) and g (¢) can be interchanged without
changing the value of the fractional derivative.
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We shall need another definition of a fractional derivative. It is introduced in
the form of fractional order differences. Thus, the Griinwald-Letnikov fractional
derivative of the order « is defined as

(—1) (j‘)f (t—jh), z>a (1.19)

It could be shown that f(fﬂ)r (t) exists for certain class of function and that
it is equal to Reimann-Liouville fractional derivative and Marchaud fractional
derivative and reads (see [24] p. 386)

a) _ o _ f(t) f
L0 = 190 = g e [ HO
0 < a<l. (1.20)

1.1 Fermat’s theorem for Riemann-Liouville and Caputo
fractional derivative

Starting from ([24]) p. 111, we have

o d 1 "y, _d 1 -7
(0Df'y) (1) = Ef(l—a)/o (t_T)adT_aF(l—a)/o T i

1 1 t () (4
_ y(@ [1een,
0

'l—a) to 'l-—a) T
_ 1 y(O

'l—a) t«

1 1) ( “1-a

o v (/5 e )
_ y(t) o y(t)—y(t—1)
N F(l—a)ta+F(1—a)/() Tlta dr

t>0, 0<a<l.

B y(t) o Pyt)—yt—r7)
P(l—a)ta—l_l“(l—a)/o Tl+a dr,
(1.21)

Similarly for Caputo derivative, we have

Dy (t) = (oDy) (t)—% = %

o "y (t) —y(x)
d t 1. 1.22
+F(1—o¢)/0 s x, > 0, 0<a< (1.22)
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Now suppose that y (¢) is an increasing positive function with a maximum at
t* € (0,t). Then y (t*) —y (z) > 0,z € [0,t*]. From (1.22) we conclude that

y ()
L1 —a)()”

y(t*) —y (0
[(1—a)(t)”

(D7) (%)

v

> 0,

(oDfy) (t*) > > 0. (1.23)
The above results may be used to prove the following theorem:

Theorem Suppose that an integrable on [A, B] function u (¢) attains a max-
imum at a point z* € [A, B] and there exist § > 0 such that u (t) satisfies Holder
condition with the exponent h > « in the interval {t : 2* —§ <t < z*}. Then,
for any a € [0,1] and a # x* we have

a C)
0Dy ) =2 ¢ 0 a) (&) (1.24)

Thus, at a maximum, fractional derivatives either satisfy (1.24) or do not exist.
It could be easily shown that for a minimum of a function, the inequalities
in (1.24) reverse sign.

1.2 An Expansion formula

It is well known that for the analytic function f (t) (see [24], p. 35 and p.278)
the left fractional derivative(o Dy f) (t),0 < o < 1, defined as

D) ()= ¢ / (fﬂdf

C(1—a)dt )y (t—7)°
1 fF) ) .
_F(l—a) [ ™ +/0 (t—T)O‘d ] (1.25)

is expandable in a power series involving integer order derivatives as (see [24],
p. 278)

(0D f) (1) = (a) F(Lf(m (t), (1.26)

—\n n+1—a)
_ ()" 'al(n—a) _ _T(a+l) _ sin(n—a)r M(a+1)I(n—a)
where (z) - F(l—a)af‘(nr—zi-ls - n!F(o?—n—i—l) = > n7r - = ! —=,

n:
We shall derive another expansion formula for (oD§ f) () . Let V,, (fP)) ,n €
N, denote the n — th moment of the function f® where f®) p € N is the p—th
(integer) derivative of f, i.e.,

V., (f(P)) (t) = /t f® (r)yr"dr, neN, t>0. (1.27)
0
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In what follows it is assumed that f € AC? (]0,b]) and 0 < o < 1. Then, (1.25)
is true on (0,b]. By partial integration in (1.25) we obtain

1

r'i-a r'2-—aw
1

_— t — ) () dr . .
+F(2_a)/o(t )10 () () dr, 0<t<b (1.28)

(OD?JC) (t) = f (0) Y+ f(l) (0) o

We now make use of the binomial formula

(1+@7_§:<g)zp_ijbﬁafgévbﬂ 2] < 1. (1.29)

p=0 p=0

The expression (1.29) holds also for z = 1 if and only if v > —1 and z = —1,y #
0 if and only if v > 0.
Also it is well known that

1
‘( ; >’ < CW’ v# —1,-2,... and p — oc. (1.30)

With (1.29) the expression for (o Dy f) (t) becomes (7 =1 — «)

;)f(o) Y+

e a/ F@(r ( ((a__lfggj) <¥> )dT, £>0.  (1.31)

Because of (1.30) we can integrate series in (1.31) term by term. Also by using
the relation

/ f(2) ) TPdr = tpf(l) / f(l) Jo—ldT7 p>1

n (1.31) we obtain

(0D f) (1) = =5 /()¢

F(2—a)

(0D f) () = mf(o) U
- F'p—1+4+a) /.4 1
e X T D (P9 @0 - 2y (1) )
+fé;%5ﬂ”@% t>0 . (1.32)

It is easy to derive a similar expression for the right fractional derivative by
using the operator @ : If f € C ([0,b]), or f € C ((0,b])then (Qf) (t) = f(b—1),
where f(b—1t) € C([0,b]) and f (b—t) € C(]0,b)), respectively. We know that
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+Dg (1) = Q (oDy (+)) Q. If we apply the operator @ to (1.32) taking into account
the properties of Q, we have for f € AC? ([0,b]) and 0 < @ < 1

1

Dy f) () = mf ) -1~

1aOO

x (_f<1> (b—t)— ﬁqu (—r - t)>>

b=1)""
—mﬂ)( t)y, t>0. (1.33)

Integrating by parts in (1.32) and rearranging the result, we obtain

11—«

@D?ﬂ@%:f@”6¥+pgia){ﬂn 1+§:I‘aji;

I'l—a)
— 1+a t v,
_ZF a—l ))l <ft(oc) +tp—1+a>}7 (134)
where t
V== [ @dr p=2. (139

Note that the moments, V;, p =1,2,... are solutions to the following system of
differential equations

f‘};(l) () = —(p— 1) P2f (1), /‘}; 0)=0, p=23,.. (1.36)

In application we shall use (1.34) with finite number of terms that is

O P AULE >{

11—«

'l—-a) T'2-«
Y Tp—1+4a) [f(t v,
_Z2F(a—1 )1)1 < ti) +,~jp1+a>}’ (1.37)

with N suitably chosen.
Another approximation of the fractional derivative may be obtained as fol-
lows. First, by substituting z = —1 in (1.29) we obtain

“TI'(p—1+a«
1+;M — 0, (1.38)
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so that (1.34) becomes

f) 1 1 T(p—1+a)
DIf)(t) = -
(0D f) (1) to [T (1-a) r(a—1)r(2—a)22 (p—1)!
1 T(p—1+a) ,V;
— 1.39
F(a—l)l“(Q—a)pz::2 (p—1)! tp-1lta (1.39)
Again, by using a finite number of terms in (1.39) we have
£ 1 T r(p-1 + a)
Dy ~
(0D f) (1) to [F(l—a) F'a-1)T 2—&2
p=2
N
F'p—-1 + a) V;)
T T(@-1)L@2-a) Z )W plver (1.40)
p=2
Note that the first sum on the right hand side could be written as
Nr —1—|—a ) T(N+a) T(l+a) i
Z TN« (141)
p=
Then, (1.40) becomes
F(N+a) TI(l+a)
f) 1 (N —-1)! a
DYf) (t) ~ -
(0D f) (#) te | T(1—a) IF'a—1T(2-a)
N N
F'p-1 + a) V,
" T(a—-1DT(2-0) Z N gplta’ (142)
p=

with ,V; satisfying (1.36). Equations (1.37),(1.42),(1.36) represent the basic rela-
tion that may be used in numerical solutions to fractional differential equations.

Remark. A numerical procedure based on different expression for the
fractional derivative can be used. Namely, using the relation

I'a)= /000 2 Lexp (—z) dz (1.43)

together with

T(a)T(1-a)=— (1.44)
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we obtain

sin (ra W (7
D5 ) = e T 4 S [ (o) L0
1 £(0) sm (mav) fO (1)
=T _a) i - / / Lexp (—2) = 7_)ad zdT
1 £(0) sm (mov) 1 z 1%dz
:I‘(l—a) to T // O @) e (- )|:t—7':| 7d7—

Introducing new variable y by the relation z = [(t—T) yQ} so that dz =
2 (t — 7) ydy we obtain

(OD?f)(t):F(ll_a)ft(a Sm (ma // fY () exp (- (t —7)y%) 2a§dyd7

:F(ll_a)ft(a())_l_Qsmﬂ(m /0 o1 [/ FO (7yexp (= (t— 1) y?) dr| dy.

Again introducing the new dependent variable

o) =v [ 10 (e (- ¢ - 7)g?)ar (1.46)
the last relation becomes
1 f(0) 2 sin (
DZf)(t) = . 1.4
(0 tf)() F(l—a) o / ¢y7 ( 7)
Note that from (1.46) we obtain
d o
20w =y V() — P (1) (1.48)
Next the integral in (1.47) is approximated by using Laguerre’s integration for-
N
mula (taking N points y;,i = 1,..., V) that is fooo o (y,t)dy = Z w; exp (Yi) ¢;-
i=1
Therefore,
f(0) 25sin (
DY) () ~ i i) & 1.49
0DFF) ()~ i~ ayge * ;wexpym (1.49)

where y; and w; are abscissas and weights of the Laguerre integration. The
relation (1.48) now becomes

o () + 22 O (1) — g, (1) = 0,
¢“> () + y22 7 fD (1) — 20, (1) = 0

oW (1) + 1207 f D (1) — o (1) = 0. (1.50)
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It can be shown that the system (1.49),(1.50) is equivalent to the replacement,
ab initio, of fractional dissipation element with classical Maxwell chain of springs
and linear viscous elements. Moreover, the relaxation times in Maxwell model
may be chosen arbitrary, while in (1.49) the values y? are fixed by the location of
Laguerre integration points. Note that functions ¢,,¢ =1, ..., N are solutions of
the system (1.50) in which coefficients are constants while in (1.34) the moments
Vi,i=1,...,N are solution of “rheonomic” system (1.36).

1.3 Viscoelastic body with fractional derivatives

In continuum mechanics, in general, and in Theory of viscoelasticity in particu-
lar the determination of restrictions on the coefficients in constitutive equations
that follow from the second Law of Thermodynamics constitutes a major field
of research. There are several possibilities to obtain those restrictions in the
case (as our case is) of isothermal uniaxial state of stress. Thus one may impose
the condition: ¢) that the work that is dissipated in any deformation process
is positive, i.e., f;ol ode > 0 where o and ¢ denote the stress and strain (g¢ is
the strain at the beginning of the deformation process and €7 is the strain at
the end of the deformation process. It is assumed that €y = &), 4) one may
impose the condition of thermodynamic stability of the equilibrium state, and
finally 4ii) use the condition that the tangent of the mechanical loss angle is
positive. We demonstrate next two of those procedures. We analyze here the
linear fractional viscoelasticity only.

Consider a standard viscoelastic body (Zener model), that in a uniaxial
isothermal deformation has stress strain relation of the form

o0V + 0 = Er.eW + Ee, (1.51)

where o and € denote the stress and strain at time ¢, respectively and (-)(1) =
% () denotes the first derivative with respect to time, 7, 7. are constants called
relaxation times, and F is a constant called the modulus of elasticity. The second
law of thermodynamics, implies that in (1.51) the following restrictions on the

constants must be satisfied
E>0, 7>0, 7c>7,. (1.52)

With equations of the type (1.51) it is not always possible to explain the experi-
ments. Indeed, there is a class of viscoelastic materials which is better described
by the constitutive equation (modified Zener model),

o +bc® = Ege + B, (1.53)

where ¢(#) and £(®) are fractional derivatives; 0 < o < 1,0 < 3 < 1. For classical
and modified Zener models of viscoelasticity theory, see also [23].

By invoking the second law of thermodynamics for sinusoidal strain and si-
nusoidal stress ( the tangent of the mechanical loss angle approach) the following
restrictions on the constants «, 3, b, £y and F; are obtained:

Ey>0, E;>0, b>0, T > FEy, a=p. (154)
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Except for the equality in (1.54); these conditions are identical to (1.52), when-
ever a comparison is possible, i.e., for « = 5 = 1.

There are other propositions for the constitutive relations that lead to (1.53)
as well. Thus the relation

T e (y
o(t)=D\Ye = - (Pf_ 3 /0 (i — EO?” du, (1.55)

was analyzed, where E and 7 are constants. Dia)s is the Caputo fractional

derivative of the order «. Note that Dia)e and (@) are connected by DEka)a =
gle) — %. An element with the constitutive equation given by (1.55) is

called a springpot. In the context of (1.55) it is possible to identify the inelastic
part g;,, of the strain by

o 1
D¢, = purey (€ —€in), (1.56)

and define a standard solid with the constitutive relation
0(t) = Eeqe + E (e —€in) . (1.57)

By interpreting a fractional damping in terms of a continuous superposition of
Maxwell elements in parallel it was shown that the condition £ > 0 guarantees
that the entropy inequality is satisfied. The parallel connection of springpot
elements of the type (1.55) is exactly the rheological interpretation of the model
(1.53) with o = . References to other works treating thermodynamic admissi-
bility of viscoelastic models with fractional derivatives can also be given.

Here we follow [3] and formulate a fractional derivatives type model for one

dimensional deformations of a viscoelastic body. The constitutive equation that
we construct is of the form (1.53) with @ =  and with an additional term. It
reads )
Te Vg 4 —
7_U)[d + - d]. (1.58)
The last term, by which (1.58) is different from (1.53), results from the desire
to make viscoelastic constitutive equation compatible with an internal variable
theory which lends itself for a clear-cut exposition of the thermodynamic con-
ditions imposed by the second law. In (1.58) the functional d is given as

t
i = / e (e (7)
0

4 /T e (s Ti)[—is (r—u) — D (r —w)dw)dr, (1.59)
0

o+71,0 =F [s + 7'55(7)] + E(1-—

o 7—O'

where e, ~(t; \) is defined by (1.84) below. The functional d is chosen so that
(1.58) satisfies the entropy inequality for all deformations e (t). The explicit
form (i.e. (1.58) solved for o (t)) of the constitutive equation is given by (1.111)
below. The functional d () is equal to zero when v = 1 and decreases strongly
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with time. Its influence is important only at the beginning of the motion.
We shall examine the restrictions which the entropy inequality and equilibrium
stability conditions imply on a constitutive equation of the type (1.58) and we
shall conclude that the presence of d(e) in (1.58) is essential, if one wants to
satisfy the entropy inequality for all deformations ¢ () (see Remark 1).

1.3.1 The internal variable theory

We recall the description of the constitutive relation (1.51) and of the thermo-
dynamic stability conditions (1.52) in the context of an internal variable theory.
Consider a rod in the uniaxial isothermal deformation. The length is L in
the undeformed state and [ (t) during the deformation. The rod is loaded by the
force P and F is the cross-sectional area in the undeformed state. Thus stress?
and strain are given by
P l
o(t)=—= and €(t) = T~ L. (1.60)
We describe a state of the body by two variables: the strain € (¢) and an internal
variable £ (t) . The equilibrium state of the unloaded body corresponds to

e=0, £=0. (1.61)

Thus the internal energy U, the entropy S and the free energy U — T'S are all
functions of ¢, or [ and £ and we may write the Gibbs equation for the free
energy U — T'S in the form
d(U —-1T5) de d§

Y _sVE e, 1.62

dt V%% (1.62)
T is the temperature, assumed to be constant. © is the ”force” associated with
the internal variable & so that @% is the power of the force ©, and V is the
volume of the body which is assumed to be constant. We assume that both o
and O are linear in the variables ¢ and £ so that

0= Fy e+ B, O =ve+ 6, (1.63)

where E.., 3,7 and § are constants. From (1.63) we conclude that & is propor-
tional to the difference between the instantaneous and equilibrium stress E€.
Note that with (1.63) the force P is given as

P = F (BEoe + 5€). (1.64)

The integrability for the free energy requires

V3= —1. (1.65)
Therefore, with (1.65) the equation (1.63) becomes
0= Eae + 8¢, ©=—Vie+ €. (1.66)

3The stress o is the load referred to the cross-sectional area of the unloaded rod.
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We return to the Gibbs equation (1.62) in which we replace % and % by the

dt
equations of balance of energy and of internal variable, viz.

dU . de dé
7 Q+oV o an 7 e (1.67)
Q is the heating and P is the production of £. Thus we obtain an equation of

balance of entropy in the form

= X _=ZPp >0, (1.68)

where we have indicated that the entropy production is non-negative. The
inequality (1.68) may be satisfied by setting P = a®© with a non-negative
coefficient «.. Therefore

WH=n00 a>o0. (1.69)
Elimination of £ and © between the three equations (1.66) and (1.69) provides
1 s E
W _ (g i o0 ) 1.
a+_5aa ( oo+V6>5+_a65 (1.70)

which is of the form (1.51), if we identify the coefficients in (1.51) with the
coefficients of the internal variable theory as follows

1 2 Eo 1
o = —_—, E = EOO V— ; e = 2 - ]..71
T da < + 5 ) T “ad Bt V? ( )

Thus the viscoelastic constitutive equation (1.51) is a consequence of the inter-
nal variable theory. It results upon elimination of all explicit reference to the
internal variable field.

The internal variable theory lends itself for an easy evaluation of thermody-
namic stability conditions. Indeed, elimination of Q between (1.67) and (1.68)
provides the inequality

d(U —-1TS — PI) dP
7 <l i (1.72)
Thus for a constant force the Gibbs free energy (U — T'S — PI) tends to a mini-
mum and it assumes that minimum in equilibrium. Therefore the matrix of the
second derivatives of the Gibbs free energy must be positive definite. Thus by
(1.62) an (1.66) we must have

[ g;? [i‘g } pos. def. (1.73)

or
Esx >0, —E.6—p%V >0, (1.74)
so that Eo, > 0 and 6 < 0 or B + BzTV > 0. By using this in (1.71) we obtain
T, >0, E>0, 7.>7,, (1.75)

i.e. the conditions (1.52).
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1.3.2 The fractional derivative model

Consider now the constitutive equation of the type (1.58). We write it as
o+7,00 =FE [5 + 755(7)} +g(e). (1.76)

where g (¢) is given functional. If g (¢) = 0 equation (1.76) reduces to (1.53)
with o = 8. We want to include this type of equation into the internal variable
framework of the previous section. We repeat the relevant system of equations
(1.66),(1.67),(1.68)

o = Eoog—’_/Bfa 0= —VBE-F(S&,
s 1dQ ©
n  — i _P 1.
3 Pe, — 7 >0, (1.77)
that must be satisfied by o (¢) and ¢ (¢) satisfying (1.76). Suppose that the v'*
derivative of £ is given by
€9 = a0 + X, (1.78)

where X is a functional that will be specified later. Equation (1.78) is a gen-
eralization of (1.69) and is of central importance in the analysis that follows.
Note that with X = 0 the equation (1.78) leads to a constitutive relation of
the type (1.53) with a = 5. Equation (1.69) is obtained if we take v = 1 and
X = 0. The special case of (1.78) with X = 0, # 1 was used for an internal
variable description of the fractional derivative model. In [?] equation (1.78)
with X = 0 is used in the context of finite deformations of a viscoelastic body..
Our intention is to choose X so that (1.77)4 is satisfied. Now from (1.66)2 and
(1.78) it follows

) 4 (—ad) € = Ke + X, (1.79)
where K = —aV 3. Suppose that X is given as
X =2 + (—ad) z, (1.80)

where z is another function. With (1.80) equation (1.79) could be written as
€ — )" + (—ad) (€ — 2) = Ke. (1.81)
The solution to the fractional order differential equation (1.81) reads:

(o - xBofom) 1 /Ot@(f)m(z»w)t:o

1 T(l-a (t—r1)

"By (ad (t—1)7)
—i—K/O T e(r)dr, (1.82)

where E, s (t) is the Mittag-Lefller function defined by

o0 ’I’L

Z NCTENE (1.83)
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Note that E (t) = e'. With E, g (t) thus given, a new function e, s can be

defined by
Eq, g (—AtY)

This function possesses the following properties
—At n d”
e (63 = N (S S (eap (5) 20, n=0,12,..
t 1 . . s
eap(t;N) = / e = Asin[(8 — o)} + r?sin (ﬁg)ro‘_ﬁdr. (1.85)
’ 0 T 2% 4 2\r® cos (am) + A

With (1.84) and by use of the fact that at ¢ = 0 both £ and x are equal to zero
(1.82) becomes

t
& = K/ ey (t—T;—ad)e(T)dr + 2
0
t
_ K / ey (ri—ad)e (t— 7)dr + 2. (1.86)
0
We now specify x in the form

r = K{/Otewﬂ(g(ﬂ

+ /OT ey ry (u; —ad) [Ae (T —u) — e (1 — u)]du)dT} . (1.87)

where A and A are constants. Combining (1.86) and (1.87) we obtain
t t
& = K {/ ey~ (T;—ad)e(t —T1)dr +/ e M (e (1)
0 0

+ /OT ey ry (u; —ad) [Ae (7 —u) — W (7 — u)]du)dT} . (1.88)

Next we use (1.88) to determine ¢V, and thus Pe (see (1.77)s). The first deriv-
ative of £ becomes

(1) — € —Q t € T, —CQ (1) — T T
¢ K{%wa )¢ )+ [ ery (ri—ad)e) ¢ - )a
+e(t) + / ey my (w5 —ad) [Ae (t — u) — M (t — u)]du
0
— e M) (e (1
AA (e (7)

+ /OT ey (; —ad) [Ae (7 —u) — W) (1 — u)]du)dT} . (1.89)
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and since € (0) =0
SO - t e T —Q —7)dT — te_)‘(t_T) T
e = K{e@+n [ e @imane-nar-a [ e
—I—/O ey my (u; —ad) [Ae (7 —u) — W (7 — u)]du)dT}
= « {—ﬁV@ (t) — BVA /t ey~ (t—T;a0)e(T)dr
0

t
+BVA / e M) (e (1)

0
+ / ey ry (u; —ad) [Ae (7 —u) — W (7 — u)]du)dT} . (1.90)
0
Suppose that A and \ are selected so that
—BVA=K§=(—aVP)s, pBVI=Kd=—-aVpid, (1.91)

or

A= (ad), A=—(ad). (1.92)
Then (1.90) becomes (use © = —V e 4 6£ and (1.88))

t t
f(l) = « {—ﬂVs (t)+ 0K [/ ey (Ts00)e(t —7)dr + / e M=)
0 0

x (e (1) + /OT ey my (u; —ad) [Ae (1 —u) — e (7 — u)]du)dr} }
= a{-pBVe(t)+0(t)} = aO®. (1.93)

Thus, with
a>0, (1.94)

the condition (1.77)4 is satisfied. Note also that (1.93) guarantees that the
constitutive equation for the internal variable € is local in time, since the right
hand side of (1.93) is a function of € (t) and & ().

We determine now the form of the constitutive equation (o —¢ relation) that
follows from (1.79). Combining (1.77)1,(1.79),(1.80) and (1.87) we have

<"‘TE°05>7 + (—ad) ("‘Tﬂwg> = (—aVB)e+ 2 + (—ad)z, (1.95)

where

r = —aVp {/t ea‘s(t_T)(e (1)
0

- /OT ey (u; =0) [ade (1 —u) — W) (7 — u)}du)dT} . (1.96)
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From (1.95) we obtain

o — B e — a0 + adEse = —aV 3% + Bz — adfz, (1.97)
or ,
1 E Vp g
— s — 2% () 2 PN G
mid +o —5° + [Foo + 5 le + — 5" + px. (1.98)
With ,
1 v Fo | B
To'__a57 E—Eoo+ 5 ) TE_—O[(;E_TUF (199)
(1.98) becomes
c 1
To0 + 0 = Blree™ + ] + BE(1 — 22)[d") + —d], (1.100)
o To

where

t
d = /e%“ﬂ(e(ﬂ
0

4 /O e (u; %)[—lg (r —u) — D (r — w)|du)dr. (1.101)

o TO'

Note that for v = 1 we have

1 1
e1a(t;—)=e 7", (1.102)
so that
b T 1
d = / e 7 (e (1) + / e 7o [——e (1 —u) — W (7 — w)|du)dr
0 0 To
t T
= /o e_%(t_T)(s (1) +/0 % (e_%ua (r — u)) du)dr
t
- / e~ (o (1) — & (r))dr = 0, (1.103)
0

and (1.100) reduces to (1.51).

Remark 1 The constitutive equation (1.100) reduces to (1.53), if we take d =
0. We show that in this case there is a deformation process € (t) such that
(1.77)4 is violated. If d =0 then, © =0 so that (1.88) becomes

¢
€= K/ ey~ (T;—ad) e (t — 7)dr. (1.104)
0

Also, instead of (1.89) we get
t
f(l) = K (emw (t; —ad) e (0) +/ ey~ (T3 —ad) e (t—1) d7->
0

t
= K/ ey ry (15 —ad) eM (t — 1) dr. (1.105)
0
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Therefore P = Kfot ey (15 —ad) M (t — 7)dr. Also, with d = x = 0 the
function © reads

O(t) = —-VpBe+§
t
= —Vpe(t)— aVﬂé/ ey~ (T;—ad)e(t —7)dr,  (1.106)
0

so that
© 1 !
TPg = 7 (—Vﬁe (t) — aV/B(S/O ey (T;—ad)e(t—1) dT) X
(—aV ) / t ey (15 —ad) eM (t — 1) dr. (1.107)
0

It is obvious from (1.107) that we can always choose ¢ (t) so that (1.77)4 is
violated.

The restrictions that follow from the stability of the equilibrium states are
satisfied since we started with (1.77) and since (1.77); guarantees that the inte-
grability conditions for U —T'S are satisfied. Therefore the convexity of U —T'S
as a function of the variables ¢, £ leads, again, to (1.74),(1.75).
~ To analyze (1.100) we apply the Laplace transform (Lf = [~ e ' f (t) dt =
f(s)) so that

10876 +5 = Eelres” + 1] 4 [B(1 — Z2)(s7 + —)]d, (1.108)

where it is assumed that o (¢) and € () are bounded? for ¢ — +0. From (1.101)
it follows

— 1 T 1 1
d = = %ﬁ <5 (1) +/O ey~ (U ;)[—;g (r—u)—e® (7 — u)]du>
1 T 1 1
= E+ L i | P —_ _ (D) _ d
s+ - <E+ </0 €.y (u; Ta)[ TUE(T u) — e (1 — u)] u>)
1 ~ 1 1
= 0 T (5 +L (emy(t; Z)> L <[_E€ (t) — e (t)]))
1 1 1 .
= —— =5
s+ TL sY + % To
1 1 57 —s
- - €= , 1.109
<S+% SVjL%) (3+L><37+L> ( )
' ‘ is gi ~ = f(r)
!The Laplace transform of f() is given as £ (f)) = s7f — [r(ﬁw Jo <t4>v]t:0. The

term in brackets vanishes if thrﬁof (t) is bounded (see [20]).
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where L (e, (t;1/75)) =1/ (57 + %) and ¢ (0) = 0 was used. From (1.109)
and (1.108) we get

Te Ay sT-s
B 7E[TESW+1]+E(1_TU)[S’Y_'_TU](S-}-TLUS)(S’SY—Q-%)

g = £

ToS7T +1

7-874_14_(1_7_5)5”_—8
= Ega 7o) (s+7)

1.110
Ts87 +1 ( )
The solution o (¢) can be obtained by finding the inverse Laplace transform of
(1.110) or from (1.77);. By using (1.88),(1.92) and (1.99) we may write the
solution of (1.100) for o as

Te 1 Te t 1 b
o) = et o0 2| [ Dea-nart [ me
T 1 1 &
x|e(r)+ ey ~y(u;—)[——e(r—u) —e" (r —u)ldu | dr ;.
0 To To

(1.111)

Note that the constitutive equation (1.100) with d given by (1.101) is equivalent
to (1.51). This can be concluded from (1.93) and (1.69) or from (1.110).

1.3.3 Creep and stress relaxation

To examine the asymptotic behavior of the solution to (1.100) or (1.111) and to
compare it to the asymptotic behavior of the solutions to (1.53) for o = 3 we
consider the special kind of applied stress (strain). Thus, suppose that

0 t<0
a(t){ A (1.112)

Then L (o) = 0¢/s, so that (1.110) leads to

1 87 + 1
e=20" Tos * . (1.113)

B +1+(1-2) )

Now, if tlim e (t) exists, it is given as tlim e(t) = limésé (s) (see [?]). Use of this

in (1.113) leads to
. __ 0o
th_glos (t) = ok (1.114)

Also, if }in%e (t) = € (+0) exists, it is given as € (+0) = lim s (s) . Therefore

$—00
00 To g0
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Next suppose that
0 t<0
e(t) = { ey t>0 (1.116)

From (1.110) it follows that

v _Te ) _s¥=s_
1 Tes +1+<1 >(

To S_A,_TL)
(e

o = Eeo- T (1.117)
Again tli)rgoa (t) = 95%)86 (s) so that
tli}r&a (t) = Eeyp. (1.118)
Also, for t — 0 we have
}i_r)%a (t) =0 (4+0) = Sin;osﬁ (s) = EEO:—z > Eey. (1.119)

We prove next that o (¢) is a decreasing function. First we decompose o (t) as
o (t) = BEeo-= + o (t). (1.120)
To

Then from (1.117) it follows that
_ Te 1 1 1 1 37_1 1
p— —E — —_— — — J—
o 807‘0 <TO' T£>{587+%+57+%8+%

S L} (1.121)

1 1
87+T—8+T—
o o

Inversion of (1.121) leads to

7 (1 1 ¢ 1
or(t) = —EaOT—E <T— — 7_—> {/0 ey~ (T; 7_—)d7'
(o (oa IS o

where E, (t) = E, 1 (t). With (1.120) and (1.122) we have

1 1 t 1
o(t) = E50E - ESOE (— — —> {/ (1 — e*%(“ﬂ) ey (T3 —)dT
0 T

TO' TO' 7—0' TE e

b 1
+/ e?(tT)EW(——TW)dT}. (1.123)
0

To

Since EW(—%t'Y) = e,,1(t; %), there follows that EW(—%tV) is a monotone

(positive) function. Therefore from (1.123) we conclude that (M) (t) < 0, i.e.
o (t) is a decreasing function.
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Remark 2 If the term d in (1.100) is neglected we obtain a solution to (1.53)
with a = [. By setting the corresponding terms to zero we have, instead of

(1.123)
T T 1 1 t 1
Od=0 — ESO (i — i <Z — 7'_€> /0 67,7(7; E)dT) . (1124)

Let A = 0 —04=o. From (1.123),(1.124) it follows that A (0) = 0. To determine
lim A (t) note that from (1.117) it follows that

t—o00

_ 1 Y _
A = Eeq <1 - E) - S . (1.125)
To/) S (1,87 +1) (s + %)

By using (1.125) we conclude that linésﬁ (s) = 0. Therefore tlim A(t) =0 and

thus, the difference between o (t) determined by (1.100) and o 4—¢ is zero att =0
and tends to zero when t — oo.

1.3.4 Conclusions

1. By using the internal variable approach we formulate a constitutive equation
for a viscoelastic body in isothermal uniaxial deformation. It is assumed that
the state of the body is described by two variables, strain (¢), and an internal
variable (£). The time evolution (balance equation) of the internal variable is

assumed to be in the form
¢ = a0 + X, (1.126)

and X is chosen so that
¢ = p; = a®. (1.127)

The functional X is given by (1.80). Note that 5(1) is local in time when
expressed in terms of ¢ (t) and £ (t). However when ¢! is expressed in terms of
e (t) only, it is not local in time (see (1.88)).

2. The constitutive equation that follows from (1.126) is of fractional deriv-
ative type, see (1.100),(1.101). In the form solved for stress the constitutive
equation is given by (1.111). Equation (1.111) satisfies the entropy inequality
for all deformations € (¢) and the stability condition of the equilibrium state
(minimum of Gibbs free energy in dead loading).

3. To compare (1.111) with the generalized Zener model (in an arbitrary
deformation process) we solve (1.53) with o = v,5 = v,b = 7,,F = Ey, F1 =
E7. for stress. The Laplace transform of (1.53) leads to

_ _Elr.s7 +1] Te Sv‘i‘%_
G, = E————— =F— =&
ToST 4+ 1 To 87 + =
1 1 1
= B a4 <— - —) & (1.128)
To Te Ts) §7+ —
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By use of £71 (1/ (s“Y + })) = e,,,(t; =) and of the convolution theorem it
follows that
Te 1 Te ¢ 1
o ()= B+ Lpa - —)/ ey (7 ) (8 — 1) di (1.129)
To To To Jo To
Equation (1.129) may be obtained from (1.111), if we neglect the terms contain-

ing the factor e~ 7o =7) under the integral sign. The difference between o (t)
and o, (t) in a stress relaxation test is zero for ¢t = 0 and when t — oo (see
Remark 2). Thus (1.111) has the same asymptotic behavior as the generalized
Zener model (1.53) or (1.129). The most important difference between (1.129)
and (1.111), with the restriction on the coefficients (1.52), is that (1.111) sat-
isfies the entropy inequality and the condition of stability of equilibrium for all
deformation processes ¢ (t).
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1. Introduction

There are many DGS (Dynamic Geometry Software) and CAS (Computer Algebra
System) software packages today, aimed at teaching geometry. The most well known
DGS are Cabri, Cinderella, Euklides, Dynageo, Geometer‘s Sketchpad, Geonext, Zirkel
und Lineal, Ruler and Compass:

Cabri geometrie I+ (www.cabri.com),

Cinderella (www.cinderella.de),

DynaGeo (www.dynageo.de),

The Geometer's Sketchpad (www.keypress.com/sketchpad),
Geonext(www.geonext.de)

Zirkel und Lineal (www.mathsrv.kueichstaett.de/MGF/homes/grothmann).

CAS software perform algebraic and numerical computations, and provide symbolic
representation as well. Therefore they are well suited for teaching algebra and calculus.
The most well known CAS are Derive, Mathematica, Maple, MuPad, MathCAD:

Derive (www.chartwellyorke.com/derive.html)

Mathematica (www.wolfram.com)

Maple (www.maplesoft.com)

MuPad (www.sciface.com/)

MathCad (www.ptc.com/appserver/mkt/products/home.jsp?k=3901)

In today's classroom there is a need for a tool which can provide combined
representations of algebra, geometry and calculus. We have found such a tool in
GeoGebra.

,sThere is no true understanding in mathematics for students who do not incorporate

into their cognitive architecture the various registers of semiotic representations used to
do mathematics.“ (Duval 1999)

1.1. Awards

GeoGebra has been translated into 38 languages and has won many awards.

e EASA 2002: European Academic Software Award (Ronneby, Sweden)

Learnie Award 2003: Austrian Educational Software Award (Vienna, Austria)

digita 2004 : German Educational Software Award (Cologne, Germany)

Comenius 2004: German Educational Media Award (Berlin, Germany)

Learnie Award 2005: Austrian Educational Software Award for "Spezielle

Relativititstheorie mit GeoGebra" (Vienna, Austria)

e Trophées du Libre 2005: International Free Software Award, category Education
(Soisson, France)

e cTwinning Award 2006: 1st prize for "Crop Circles Challenge" with GeoGebra
(Linz, Austria) Learnie Award 2006: Austrian Educational Software Award for
"Wurfbewegungen mit GeoGebra" (Vienna, Austria)

e AECT Distinguished Development Award 2008: Association for Educational
Communications and Technology (Orlando, USA)
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1.2. What is GeoGebra?

GeoGebra is a free dynamic mathematics software for elementary and middle schools
that joins geometry, algebra and calculus. It is developed by Markus Hohenwarter at the
University of Salzburg (until 2007), and at the Florida Atlantic University since then.

GeoGebra is:

a dynamic mathematics software

for students and teachers

dynamic geometry, algebra and calculus
open source (free of charge)

On the one hand, GeoGebra is a dynamic geometry system. You can do constructions
with points, vectors, segments, lines, conic sections as well as functions and change
them dynamically afterwards.

On the other hand, equations and coordinates can be entered directly. Thus, GeoGebra
has the ability to deal with variables for numbers, vectors and points, finds derivatives
and integrals of functions and offers commands like Root or Extremum.

These two views are characteristic of GeoGebra: an expression in the algebra window
corresponds to an object in the geometry window and vice versa.

Advanced authors can add functionality to GeoGebra drawings by implementing
JavaScript programs in Web pages.

1.3. What does GeoGebra offer?

Points, vectors, segments, polygons, lines, all conic sections and functions in x
Dynamic constructions using the mouse

Coordinates, equations, vectors, numbers and commands (keyboard)

Intuitive notation c¢: (x - 3)>+ (y +2)*=25

Easy-to-use interface

Multilingual menus, commands, help

Bidirectional combination of dynamic geometry and computer algebra

High portability: runs on Windows, Linux, Solaris, MacOS X

Dynamic worksheets using HTML and Java applets

1.4. GeoGebra for teachers

Introduction to GeoGebra.

Tools of GeoGebra.

Creation of dynamic worksheets (HTML).

GeoGebra as a presentation tool.

Constructions including points, vectors, segments, polygons, lines, all conic
sections and functions in x dynamic constructions (mouse), coordinates,
equations, vectors, numbers and commands (keyboard).

e Visualization two vectors with their sum and difference and the vectors
measured rectangular coordinates.
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Virtual Manipulative for Linear Equations.

Graphing in plane. One can either use the Cartesian Grapher to graph y as a
function of x, or use the Parameterized Grapher to graph x and y as functions
of z.

Review the basic ideas from trigonometry.

1.5. GeoGebra for students

Introduction to GeoGebra.

Tools of GeoGebra.

Creation of dynamic worksheets (HTML).

Applets are designed for use in calculus courses.

Continuity. The Epsilon Delta Applet designed for a visual exploration of the
delta-epsilon definition of continuity of functions in one variable. The user
highlights an epsilon and delta band around a proposed limit of a function at a
point. It is easy to zoom in or out, and the applet has a nice collection of pre-set
examples.

How the Taylor polynomials can be used to approximate functions. The base
point and degree are controlled by sliders.

Interpolation. Interpolations polynomial for a function and corresponding error.
Integration. Lower- und Upper Sum of a Function.

Numerical integration. Simpson's rule

Numerical solution of equations in one variable.
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2. Introuduction to GeoGebra

2.1. Why should GeoGebra be used in a classroom?

GeoGebra's dynamic behavior enables the teacher to draw a construction and alter it in
real time. The construction can later be saved to a file, played back step by step, and
textual explanations can be added. Therefore, GeoGebra can be used as a presentation
tool.

Students can do mathematical experiments, which helps them discover mathematics on
their own. Teachers can prepare problems in GeoGebra for students to solve, and guide
them along the way. Many teachers have uploaded their teaching materials on the
GeoGebra wiki (www.geogebra.at/wiki).

GeoGebra implements the didactic principles:

Student activity orientation principle

Interaction of representations principle (iconic and symbolic representations)
Genetic principle (experimental learning of mathemtics)

Activity based learning

Iconic and Symbolic representations (Bruner)

2.2. Obtaining GeoGebra

GeoGebra is available for free download at www.geogebra.org. There are two versions
to choose from:

e Webstart - use GeoGebra without having to install

e Download - GeoGebra Geometry installation package
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3. Tools of GeoGebra

GeoGebra has many tools. Some of them will be demonstrated in this section. From
version 3.0, GeoGebra has user-defined tools, which are easy to create and can perform
complex construction tasks at a click of the mouse.

3.1. Examples

3.1.1. Triangle with Angles

Select mode " New point in the toolbar. Click three times on the drawing pad to create
the three vertices 4, B, and C of the triangle.

Afterwards, select mode +* Polygon and successively click on points 4, B, and C. To
close triangle P click on the starting point 4 again. In the algebra window the area of the
triangle is shown.

In order to get all the angles of a triangle, choose mode <. Angle in the toolbar and click
on the triangle.

Now, choose R Move mode and drag the vertices to modify the triangle dynamically.
If you don't need the algebra window and coordinate axes, hide them by using the View
menu.

3.1.2. Linear Equationy =m x + b

We will now concentrate on the meaning of m and b in the linear equation y = mx + b
by trying different values for m and b. To do this we might enter the following lines in
the input field at the screen's bottom and press the Enfer key at the end of each line.

m=1
b =2
y=mx+5b

Now we can change m and b using the input field or directly in the algebra window by
right clicking one of the numbers and selecting Edit. Try the following values for m and
b.
2
-3
0
-1
Also, you can change m and b very easily using
e the arrow keys

T T 33
I nn

e sliders: right click on m or b and select "o Show / hide object

In a similar way we might investigate the equations of conic sections such as
o ellipses: xN2/an2 + yn"2/bn2 = 1
e hyperbolas: b"2 x"2 — an2 y?*2 = a™2 b”~2or
e circles: X -m"2 + (y - N2 =r"2

3.1.3. Centroid of Three Points A, B, and C

We are now going to construct the centroid of three points by entering the following
lines in the input field and pressing the Enter key at the end of each line. Of course, you
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can also use the mouse to do this construction using the corresponding modes in the

toolbar.
(_21 1)
G, 0)
©, 5)
= Midpoint[B, C]
= Midpoint[A, C]
= Line[A, M_a]
= Line[B, M_b]
Intersect[s_a, s b]

>

oo oo I I

Alternatively you can compute the centroid directly as S1 = (A + B + C) / 3
and compare both results using the command Relation[S, S1].

Subsequently we can experiment whether S = S1 is true for other positions of 4, B,

and C as well. We do this by selecting mode % Move with the mouse and dragging the
points.

Split Line Segment AB at a Ratio of 7 : 3

As GeoGebra allows us to calculate with vectors, this is an easy task. Type the
following lines into the input field and press the Enter key after each line.

A=(2,1)

B = (3, 3)

s = Segment[A, B]
T=A+7/10 (B - A)

Another way of doing this could be
(_2 ’ 1)

G. 3)
Segment[A, B]
Vector[A, B]
A+ 7/10 v

A< n W>
(T | I I I

In a next step we could introduce a number ¢, e.g. by using a == Slider and redefine
point Tas T = A + t v. By changing ¢ you can see point 7 moving along a straight
line which could now be entered in parametric form: gz X = T + S Vv

3.1.4. Set of Linear Equations in Two Variables
Two linear equations in x and y can be interpreted as two straight lines. The algebraic
solution is the intersection point of these two lines. Just type the following lines into the
input field and press the Enter key after each line.

g: 3Xx + 4y = 12

h: y =2x - 8

S = Intersect[g, h]

To change the equations you can right click one of them and select Edit. Using the

mouse you can drag the lines in Rk Move or rotate them about a point using « R Rotate
around point.
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3.1.5. Tangent to a Function of x

GeoGebra offers a command for the tangent to a function f{x) at x = a. Type the
following lines into the input field and press the Enter key after each line.

a=3

f(xX) = 2 sin(x)

t = Tangent[a, T]
By animating number a the tangent slides along the graph of function f.

Here is another way of getting the tangent to a function f'in a certain point 7.

a=3
f(xX) = 2 sin(x)
T = (a, f(a)

t: X =T+ s (1, t7(a))
This gives us point 7 on the graph of f whereby tangent ¢ is given in parametric form.

By the way, you can create the tangent of a function geometrically too:

e Select mode " New point and click on the graph of function fto get a new point
A that lies on function f.

) . . . .
e Select mode #~ Tangents and click successively on function fand on point 4.

Now, select R Move and drag point 4 along the function with your mouse. In this way
you can observe the tangent changing dynamically too.

3.1.6. Investigation of Polynomial Functions

With GeoGebra you can investigate roots, local extreme, and inflection points of
polynomial functions. Type the following lines into the input field and press the Enter

key after each line.
f(X) = x"3 - 3 xM2 +1

R = Root[f]
E = Extremum[f]
I = InflectionPoint[f]

In B Move you can drag function f with the mouse now. In this context, the first two
derivatives of f could be interesting too. You get them by typing the following
command into the input field and hitting the Enter key after each line.
Derivative[T]
Derivative[f, 2]

3.1.7. Integrals

To introduce integrals, GeoGebra offers the possibility to visualize lower and upper
sums of a function as rectangles. Type the following lines into the input field and press

the Enter key after each line.
f(xX) = xr2/4 + 2
=0
2
5
LowerSum[f, a, b, n]
UpperSum[f, a, b, n]

Crr-So9o
Il
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By modifying a, b, or n you can see the impact of these parameters on the upper and
lower sum. In order to change the increment of number n to 1 you can right click on
number n and select Properties.

The definite integral can be shown using the command Integral[f, a, b], while
the antiderivative F is created using F = Integral [T].

3.2. GeoGebra Homepage
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4. Numerical Mathematics with GeoGebra

4.1. Introduction

We have prepared a suite of motivational examples which illustrate numerical methods
for equation solving. Fixed point iteration, Newton's method, secant method and regula falsi
method are implemented as GeoGebra tools. Our experience in teaching of numerical
mathematics in "Jovan Jovanovi¢ Zmaj" high school in Novi Sad is presented. We have tested
pupil proficiency in numerical equation solving with and without use of a computer and the
results are presented.

In this paper we present solving equations in GeoGebra. For that purpose, we have
developed several GeoGebra tools, as well as a collection of examples, which are available at
http://www.im.ns.ac.yu/personal/hercegd/cadgme2007.

Numerical equation solving in high school consists of 14 lessons, which cover the
following units:

o Localization of roots

. Approximation of a root

o Bisection method

. Newton-Raphson method

o Secant method and regula falsi method
) Fixed point iteration

Without a computer, these lessons are presented on a whiteboard and by solving only
the basic examples. The teacher must carefully choose the problems and solve them completely
before class. In the class, the teacher can only present those and similar problems, which can be
solved by using well-known properties of elementary mathematical functions.

In order to maximize the positive effects of a lesson, it is essential that the pupils
engage actively with their learning. Teaching that accomplishes the maximum effect is
interactive, direct and collaborative, and, most of all, interesting. We hope to have achieved this
by combining several approaches and tools, which we developed in GeoGebra and
Mathematica.

In this paper we present three basic numerical methods for equation solving: bisection
method, Newton-Raphson method and regula falsi.

4.1.1. The classroom and the software

We teach numerical mathematics in a classroom with 18 PC workstations and one pupil
at each workstation. The workstations are networked and have Internet access, as well as USB
ports and a CD/DVD drive. The teacher’s computer is connected to a data projector and is also
used by pupils for demonstrating their work in front of the class. This computer is also a
classroom file server. The whiteboard is used for writing down key steps in equation solving. In
that way important information is retained, even when the projected picture changes.

The teacher uploads the examples and tools to the file server, thus allowing the pupils to
use them during class and exams, when appropriate.

Pupils are allowed to talk to each other and use the Internet, as long as it is about
solving the assigned problems. It is important to keep the pupils on track, and sometimes we
achieve this by blocking their access to the Internet or specific sites.
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We keep record of pupil attendance and classroom activity, which influences their
grades. The grading process is transparent, i.e. the pupils are allowed to track their progress and
they always know their current standings.

In class we used GeoGebra 3.0 and Mathematica 5. While Mathematica satisfies most
of our computing needs, it lacks interactivity, which GeoGebra supplements in more than one
way. Besides, GeoGebra is much simpler to use, and it is available in many languages,
including pupils' native Serbian. Of no lesser importance is the fact that GeoGebra is free, while

Mathematica is not.

GeoGebra 3.0, which has appeared only recently, brings some important improvements,
such as user-defined tools, which have enabled us to implement tools numerical methods for
equation solving.

4.1.2. Localization of roots

Localization of roots without a computer can be a tedious job. Teachers then usually
choose simple examples. For example, to solve the equation f(x)=0, where

f(x)=In(x+3)-2sinx,
we can begin by graphing the function. This graph is not easy to produce without a computer, or
at least a calculator. It is much easier to draw a graph of the two functions
g(x)=In(x+3) and h(x)=2sinx,
and to look for intersection points, since f(x)=0 is equivalent to g(x)=/(x). The pupils

can easily graph the elementary functions g(x) and A(x) (Figure 1).

-3

'
L
L}
L}
L}
]
1
]
L}
[}
1
1
'

Figure 1.

Determining the intervals which contain zeros can be a tedious job. It is also time
consuming and requires a rather long series of steps, where possibility of error increases with
each step. The pupils usually lack the needed skill and experience, and are easily discouraged at
the first failure, which quickly leads to a loss of interest on their part.

With a computer, pupils can experiment with varying the interval bounds and find
where some of the roots are. To find out how many zeros a function has and where they all are
requires a detailed analysis of the function.

In GeoGebra, we can easily find and count the zeros of a function by panning and
zooming. GeoGebra enables us to analyze more complex examples, like these:

210gx—%x+1=0, x—sinx—%zo, x> —20sinx=0,
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2xInx=1, 2°—4x=0, x*>-sin(zx)=0.

Let us consider the equation x* —20sinx = 0. In Figure 2 it is not clear whether there
are two or three real roots in the interval (-8,8).

Figure 2. How many zeros does the function have?

By zooming in at the interval (—5.6,—-3.6) we see that the curve does not touch the x-
axis, therefore we conclude that there are only two real roots in the interval (-8,8).

5.2 -5 -4.2 4.8 -4.4 -4.2 -4 -38 3.6

Figure 3. Zooming in at the possible zero
Using GeoGebra, we can look into more complex examples such as:
e —1=0, 2sin(cosx)=1

Simply by moving the function graph by mouse, teacher can modify the problem to get a
function with no roots or one with an infinite number of roots. The pupils are encouraged to
experiment and investigate new cases and to draw conclusions.

Similarly, we can observe a function which depends on several parameters. For
example, the function

f(x) =a ebsin(cx) +d

has four real parametersa,b,c and d . The parameters are controlled by sliders, and by

changing their values many interesting exercises are created. We can look for all roots which
belong to a given interval, a maximum root, etc.

By zooming in we can read the approximate value for a zero from the intersection point
of the graph and the x-axis.

The tool "New point" can be used to read the coordinates from the graph, simply by
moving the point along the curve. At the intersection of the function with the x-axis we can read
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the approximate value of a real zero of the function. We can then use the intersection tool to set
a point there. The point's x coordinate is the approximate value of a zero.

Similarly, a root can be localized at the intersection of two graphs. Here we can
emphasize parts of the drawing using different colors and line styles.

We can introduce parameters into the problems, and assign unique tests to each pupil or
group of pupils. That way, we can produce an infinite number of examples.

4.2. GeoGebra tools for numerical methods
One of our goals was to facilitate understanding of principles of common iterative
methods for numerical equation solving. Recent development of GeoGebra and
introduction of user defined tools has made this possible. While in earlier versions of
GeoGebra it was neccessary to manually construct tangents, secant lines and midpoints
of intervals, now we can simply define a tool and let the pupils use it. The pupils who
do not understand geometrical interpretation of iterative methods can still use the tools.

We have developed several GeoGebra tools which perform one iteration of the
following iterative methods:

e Bisection method,

e Regula-falsi (secant) method,

e Newton-Raphson method.
The tools are based on geometrical representation of these iterative methods. By
repeatedly applying a tool at the result of the previous iteration, we can simulate the
working of an iterative method.

4.2.1. Bisection Method

One of the first numerical methods developed for finding roots of a nonlinear equation
f(x) =0 was the bisection method. This is one of the simplest methods and is based on the

following theorem.

Theorem. An equation f(x) =0, where f(x) is a real continuous function in [a,b],
has at least one root between a and b if f(a)f(b)<0.

To find a root of f'(x)=0 using this method, the first thing to do is to find an interval
[a,b] suchthat f(a)f(b)<0.Bisect this interval to get a point (¢, f(¢)). Choose one of a
or b so that the sign of f'(¢) is opposite to the sign of ordinate at that point. Use this as the new
interval and proceed until you get the root within desired accuracy.

The Bisection tool performs one step of the bisection method. It requires the following
input: a function which has real zeros and two points @ and b on the x-axis. It produces a new

point ¢ on the x-axis with the coordinates (b%a,OJ and it marks the part of the interval which

does not contain the zero with a red line.

Example. We shall apply the bisection tool to the equation 2sin(cosx)=1. First, we

need to type in the definition f(x)=2 sin(cos(x))-1 in GeoGebra's input box. This displays a
graph of the function f(x). We obtain the "exact" solution of the equation with the Intersect

tool, by finding the intersection point A of the curve with the x-axis. Then we select the
Bisection tool from the toolbar. In order to perform one step of the bisection method, we need to
click on the function in the geometry window, and then click two times on the x-axis, defining
the points B and C, which will mark the initial interval (Figure 4). The Bisection tool generates
a midpoint D, which will be used in the next step. .
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----- & f(x) =2 sin(cos(x)) - 1
' Dependent objects
""" @ A=(1.02,0)
----- @ D= (2.04,0)
----- @ E=(2.04,-1.88)
----- & a=1.69

@ ’ Input: ] |f(xj=4 sin{cos(dg)-1 || v||c: v| | Command ... v|

Figure 4.
We continue by again clicking on the function, and, this time, by clicking on the points

B and D, since the interval [B,D] contains the root of the equation.
14 1

Figure 5. The second and third step of the bisection method

Figure 6 shows the interval which contains a zero after five steps of the bisection
method. We need to use the zoom in tool in order to see it.

(0.9,0.07)

085 A 1.15

(1.18,-0.113
Figure 6. The interval after five iterations

New points, obtained as a result of the bisection tool, are the approximations of the root.
In Figure 7, these points are named D, F, H, J, L in the algebra window.

When the interval which contains a zero becomes too small to see, we need to use the
zoom in tool in order to get a better view of the interval. Since GeoGebra can display up to five
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decimal digits, we can get a rather precise approximation of the root. This applies to other
numerical methods as well.

E GeoGebra - Primer bisekcije za rad.ggb |E||E|E|
File Edit View Options Tools Window Help

.

b e @]l [2] [o4] 2. 2
i il = il il . al _| drawing... 2
Free ohjects # || (0.4388, 0.3807)

----- @ B=(0.3475,0)

----- @ C=(3.736,0)

----- & fix) = 2 sinfcos(x)) -
Dependent objects

----- @ A=(1.0197,0)

----- @ D=(2.0418,0)

----- @ E=(2.0418, -1.8767)

----- @ F=(1.1947,0) =

----- @ G=(1.1947,-0.2318)

----- @ H=(0.7711,0)

----- @ 1=(0.7711, 0.3145)

----- @ J=(0.9829,0)

----- @ K=1(0.9829,0.0533)

----- @ L=(1.0888,0)

----- @ M= (1.0888, -0.1057

- a4 snan —

< | >

oG

(15504, -0.3272)

@ [ Input: ] |f(x)=‘ sin(cos(x)-1 ||" v||u v| |Cummand w

Figure 7. Approximations shown with 5 digits

4.2.2. Newton-Raphson

The Newton-Raphson method of solving the nonlinear equation f(x)=0 is given by
the recursive formula
S(x)
S (x)

One of the drawbacks of the Newton-Raphson method is that the derivative of the
function needs to be evaluated for every iteration. With availability of symbolic mathematics
software such as Mathematica and GeoGebra, this process has become more convenient.
However, it still can be a laborious process.

For Newton-Raphson method only one initial approximation of the root is
needed to get the iterative process started to find the root of an equation. This method is
based on the principle that if the initial guess of the root of f(x) =0 is at x,, then if one

draws the tangent to the curve at f(x,), the point x, where the tangent crosses the x-
axis is an improved estimate of the root (Figure 8). Tangent line is given by

S () (x=x)+ f(x)-

Xier1 = Xy -

The solution x, of equation
S (x)(x=x )+ f(x%)=0
is given by
_ (%) )
’ f(x)

So starting with an initial guess x, one can find the next approximatons x,,x,,..., until

X =X

the root within a desirable tolerance is found.
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Figure 8. Geometrical representation of the Newton-Raphson method

The steps to apply Newton-Raphson method to find the root of an equation f(x)=0
are:
1. Evaluate f’(x) symbolically

2. Use an initial guess of the root, x,, to estimate the new value of the root ;.
3. Repeat step 2, using the value x; to obtain a new value x,,,.

The NewtonRaphson tool performs one step of the Newton-Raphson method. It
requires the following input: a function and an initial point on the x-axis. It then produces a
tangent to the function and a new approximation in the intersection point of the tangent and the
x-axis.

Example. Let us consider the equation x+1.5—sin(x+1.5)+0.06 =0. We start by
typing in f(x) = x + 1.5 - sin(x + 1.5) + 0.06 into GeoGebra's input box. . This displays a
graph of the function f(x). We obtain the "exact" solution of the equation by
intersecting the curve with the x-axis. Now let us select the NewtonRaphson tool from
the toolbar. First we click on the function, then on the x-axis near the point (1,0). The
tool then generates point C, which is the next approximation of the root of the equation.

Repeating the procedure, we can perform several steps of the Newton-Raphson method
(Figure 9).

Figure 9. Three steps of the Newton-Raphson method

4.2.3. Regula falsi method

Methods such as bisection method and the false position method of finding roots of a
nonlinear equation f(x)=0 require bracketing of the root by two guesses. These methods are
always convergent since they are based on reducing the interval between the two guesses to zero
in on the root.

In the regula falsi method, we start with two initial points, x, and x,, such that

f(x)f(x)<0 sothat f(x)=0 hasa solution & between x, and x,. We assume that « is
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the unique solution to f(x) =0 between x, and x,. The new approximation x, is the point of
intersection of the straight line passing through ( x,, f'(x,)) and (x,, f(x,)) with the x-axis:

_ S ) = x)
F) = (%)
If f(x,)=0 then a=x, and we stop. If f(x,)f(x,)<0, then we leave x,

unchanged and continue to the next iteration; otherwise, we set x, = x; and continue to the next

X, =X

iteration in the same way.

In case f' and f" have fixed signs in an interval containing «, which is the
situation of interest to us here, the point x, ultimately remains fixed. Therefore, in such a
case, the regula falsi method becomes a fixed-point method at some point during the iteration
process. Without loss of generality, we will assume that x, remains fixed. In this case the
regula falsi method is given by

_ S () — x)
S = f(x)

The Secant tool performs one step of the regula falsi method. It requires the following
input: a function which has real zeros and two points on the x-axis. The tool produces a secant
line between the given points and an intersection point with the x-axis. It also generates the
point x,,,, which is used as a starting point for a new iteration.

X1 = X

Example. Figure 10 shows three steps of the regula falsi method applied to the
equation e —0.5x=0. The Secant tool is used similarly to the Bisection and
NewtonRaphson tools. Point A is the root of the equation. Points B and C determine the
initial interval.

Figure 10. First three steps of the regula falsi method

4.3. Conclusion

The advantages introduced by a computer are not only in quicker calculation and
drawing. The computer does all the tedious work, which leaves the teacher and the pupils with
enough time to discuss the problem, try out multiple ideas and approaches to solving, and,
finally, compare and analyze them. The method of solving a problem is as important as its
solution. Use of a computer is particularly important when working with pupils who have
difficulties understanding all the aspects of solving a mathematical problem. They are freed
from uninspiring and time-consuming solving by hand, so they have more time to learn the
important points.

GeoGebra has revolutionarized the way we teach numerical mathematics. It enabled us
to do geometrical constructions and animate them easily. It is simple, powerful, and, most
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importantly, it is free. Compared to other symbolic mathematics software, such as Mathematica,
the price/usability ratio of GeoGebra is without a match.

Testing results show that the pupils who were instructed to use GeoGebra have
achieved better scores. However, not all the pupils were independent enough to complete the
tests without teacher's help and guidance. This confirms the fact that no mathematical software
can replace the teacher.

4.4. References
[1] Herceg, D., Herceg, D., Numericka matematika, Stylos, Novi Sad, 2003.
[2] Uhl, J., Davis, W., Is the Mathematics We Do the Mathematics We Teach?,

Contemporary Issues in Mathematics Education, MSRI Publications, Vol. 36
(1999), 67-74.

[3] Hohenwarter, M., GeoGebra - didaktische Materialien und Anwendungen fur
den Mathematikunterricht, Dissertation, Naturwissenschaftliche Fakultit der
Universitét Salzburg, Salzburg, 2006.
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5. GeoGebratools reference

5.1. Geometric Input

5.2. Modes
Button | Name Description
% Move In this mode you can drag and drop free objects with the

mouse. If you select an object by clicking on it in R Move
mode, you may delete it by pressing the Del/ key move it by
using the arrow keys. Pressing the Esc key activates the
Move mode too. By holding the Ctrl key you can select
several objects at the same time. Another way of selecting
multiple objects is by pressing and holding the left mouse
key in order to specify a selection rectangle. You may then
move the selected objects by dragging one of them with the
mouse. The selection rectangle can also be used to specify a
part of the graphics window for printing, exporting pictures,
and for dynamic worksheets.

% Rotate around Select the centre point of the rotation first. Afterwards you
. point may rotate free objects around this point by dragging them
with the mouse.

File Edit View Options Tools Window Help

. L3 - Move

; % Rotate around point
.

5.3. Points

A New point Clicking on the drawing pad creates a new point. The
coordinates of the point are fixed when the mouse button is
released. By clicking on a segment, straight line, polygon,
conic section, function, or curve you create a point on this
object. Clicking on the intersection of two objects creates
this intersection point.

X Intersect two Intersection points of two objects can be produced in two

objects ways. If you...mark two objects all intersection points are
created (if possible). click on an intersection of the two
objects only this single intersection point is created. For
segments, rays, or arcs you may specify whether you want
to allow outlying intersection points. This can be used to
get intersection points that lie on the extension of an object.
For example, the extension of a segment or a ray is a
straight line.

0" Midpoint or Click on ... two points to get their midpoint, one segment to
centre get its midpoint, a conic section to get its centre.
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File Edit View Options Tools Window Help

A L) > @ ‘{JL LY L— New Point
o ||| N ——] é'ﬁ Click on drawing pad or ling
Q2 Frea o NewF‘culm |
) Depe

X Intersect two objscts

.
_0 Midpoint or center

5.4. Line, segment, ray, vector

/ Line through Marking two points 4 and B fixes a straight line

two points through 4 and B. The line’s direction vector is (B - 4).
/ Segment Marking two points 4 and B fixes a segment between
between two A and B. In the algebra window the segment's length
points is displayed.
a® Segment with Click on a point 4 that should be the starting point of
¢ given length the segment. Specify the desired length a of the vector
from point in the appearing window.

Ray through two | Marking two points 4 and B creates a ray starting at 4
points through B. In the algebra window you see the
equation of the corresponding line.

two points

./,.0 Vector between | Mark starting point and end point of the vector.
. '

Vector from Mark a point 4 and a vector v to create point B = 4 +
point v and the vector from 4 to B.

~*

File Edit View Options Tools Window Help

A . 4 L i Line through two points
iy o

0 Free objects .Linpmmu ntwo paints
) Dependent ab, ,r/ R b

/ Segment hetween two points

."/" Segment with given length from point

/ Ray through two points
/. Wector between two points

-
-;' “ector from point

5.5. Perpendicular and parallel line, bisector, tangents, locus

* Perpendicular Marking a line g and a point 4 yields a straight line
—T | line through A perpendicular to line g. The line’s direction
is equivalent to the perpendicular vector of g.
,:,f— Parallel line Marking a line g and a point 4 defines a straight line

through 4 parallel to g. The line’s direction is the
direction of line g.

;X’ Line bisector The line bisector of a line segment is stated by a
N segment s or two points 4 and B. The line’s direction
is equivalent to the perpendicular vector of segment s
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or AB.

.& Angle bisector Angle bisectors can be defined in two ways. Marking
' three points 4, B, C produces the angle bisector of the
enclosed angle, where B is the apex. Marking two
lines produces their two angle bisectors. Note: The
direction vectors of all angle bisectors have length 1.

O Tangents Tangents to a conic can be produced in two ways.

' Marking a point 4 and a conic ¢ produces all tangents
through 4 to c. Marking a line g and a conic ¢
produces all tangents to ¢ that are parallel to g.
Marking a point 4 and a function f produces the
tangent line to f'in x = x(4).

@ Polar or This mode creates the polar or diameter line of a
* % | diameter line conic section. You can either Mark a point and a
conic section to get the polar line. Mark a line or a
vector and a conic section to get the diameter line.

b:; Locus Mark a point B that depends on another point 4 and

whose locus should be drawn. Then, click on point 4.
Note: Point B has to be a point on an object (e.g. line,
segment, circle).

File Edit View Options Tools Window Help
e
3 Er:pee?w?:rﬂsobjecls ;_,__ Perpendicular line
__‘,_..- Parallel line
X Line hisector
4 Angular bisector
.Q Tangents
_\Q Polar or diameter line
a{ Locus
@ l Input I | : v|i§\ iCummand v.l.
5.6. Polygon
*, | Polygon Mark at least three points which will be the vertices of
« the polygon. Then, click the first point again in order
to close the polygon. In the algebra window you see
the polygon's area.
1 °, | Regular polygon Marking two points 4 and B aqd typing a npmber n
ot into the text field of the appearing dialog gives you a
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regular polygon with n vertices (including points 4
and B).

File Edit View Options Tools Window Help

) Free objects
) Dependent ohjects

. . _ Polygon
. =2
Select all vertices, then click first point again
.

J':‘ Polygon

:.- Regular palygon

5.7. Conic section

©

Circle with centre
through point

Marking a point M and a point P defines a circle with
centre M through P. This circle’s radius is the distance
MP.

Circle with centre

After marking a centre point M you are asked to enter the

@ and radius radius in the text field of the appearing window.

O Circle with centre | After marking a centre point M you are asked to enter the
and radius radius in the text field of the appearing window.

(“- Semicircle Marking two points 4 and B produces a semicircle above

the segment 4B.

N

Circular arc with
centre through
two points

Marking three points M, A, and B produces a circular arc
with centre M, starting point 4 and endpoint B.
Note: Point B does not have to lie on the arc.

Circumcircular
arc through three
points

Marking three points produces a circular arc through these
points.

Circular sector
with centre

Marking three points M, A, and B produces a circular
sector with centre M, starting point 4 and endpoint B.

through two Note: Point B does not have to lie on the sector.
points
Circumcircular Marking three points produces a circular sector through

sector through
three points

these points.

O D & O

Conic through 5
points

Marking five points produces a conic section through
them.

Note: If no four of these five points lie on a line, the conic
section is defined.
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E GeoGebra

File Edit View Options Tools Window Help

(][]

) Free objects
) Dependent objects

> K{._ . as2 "}' Circle with center through point
. _| Center point, point on circle
@ Circle with center through point

@ Circle with center and radius

Q Circle through three paints

p Semicircle through two points
.3 Circular arc with center through two paints

'/:j Circumcircular arc through three points

Q Circular sector with center through two points

Q Circumcircular sector through three points

G Conic through five points

5.8. Angle, distance, area, slope

Angle

This mode creates ...

angle between three points
angle between two segments
angle between two lines

angle between two vectors

all interior angles of a polygon

Angle with
given size

Mark two points 4 and B and type the angle’s size into the
text field of the appearing window. This mode produces a
point C and an angle o, where a is the angle ABC.

Distance or

This mode yields the distance of two points, of two lines, or

. length a point and a line. It can also give you the length of a
segment or the circumference of a circle.
GFEZ Area This mode gives you the area of a polygon, circle, or ellipse
as a dynamic text in the geometry window.
Slope This mode gives you the slope of a line as a dynamic text in

the geometry window.

E GeoGebra

15 (ol) =N

File Edit View Options Tools Window Help

[ B S

) Free objects *
) Dependent objects

"P Angle
_| Three points or two lines

L]
Qs Angle with given size

Angle

:m “ Distance or length

2
DEﬂ Area
/ Slope

5.9. Transformations

o
L]
L

Mirror object at

At first, mark the object to be mirrored. Afterwards, click
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point

on the point that should be the mirror.

Mirror object at
line

At first, mark the object to be mirrored. Afterwards, click
on the line that should be the mirror.

Rotate object
around point by
angle

At first, mark the object to be rotated. Then, click on the
point that should be the rotation centre. Afterwards a
window appears where you may specify the rotation angle.

Translate object
by vector

At first, mark the object to be translated. Afterwards, click
on the translation vector.

Dilate object
from point

At first, mark the object to be dilated. Then, click on the
point that should be the dilation centre. Afterwards, a
window appears where you may specify the dilation factor.

File Edit “iew Opfions Tools Window Help

‘% Mirror object at line
_| Ohbjectto mirror, then line of reflection

) Free objects

) Dependent objects

x

object atline

.
,® | Mirrar object at paint

/2 »| Rotate object around point by angle
-/; Translate object by vectar

.; ® Dilate object from point by factor

5.10. Slider, text, image

a=2
[N —

Slider

In GeoGebra a slider is nothing but the graphical
representation of a free number or angle. Click on any free
place on the drawing pad to create a slider for a number or
an angle. The appearing window allows you to specify the
name, interval /min, max] of the number or angle, as well
as the alignment and width of the slider (in pixel). You can
easily create a slider for any existing free number or angle
by showing this object.

The position of a slider may be absolute on the screen or
relative to the coordinate system.

Check box to
show and hide
objects

Clicking on the drawing pad creates a check box (Boolean
variable) in order to show and hide one or several objects.
In the appearing window you can specify which objects
should be affected by the check box.

ABC

Text

With this mode you can create static and dynamic texts or
LaTeX formulas within the geometry window. Clicking on
the drawing pad creates a new text field at this location.
Clicking on a point creates a new text field whose position
is relative to this point.

Afterwards, a dialog appears where you may enter the text.

Insert image

This mode allows you to add an image to your construction.
Clicking on the drawing pad specifies the lower left corner
of the image. Clicking on a point specifies this point as the
lower left corner of the image. Afterwards, a file-open
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dialog appears where you may choose the image file to
insert.

11 =2

Relation

Mark two objects to get information about their relation.

File Edit “iew Opfions Tools Window Help

5.11. General modes

) Free objects
) Dependent objects

Slider
__' Click on drawing pad to specify position of slider

2 °I|d ar

[¥]#| Chack boxto show and hids objscts

ABC Insert text

» ;
-}\’ Insertimage

az p Relation between two objects

<

Move drawing
pad

Drag and drop the drawing pad to move the origin of the
coordinate system. You can also move the drawing pad by
pressing the Shift key (PC: also Ctrl key) and dragging it
with the mouse. In this mode you can also scale each of the
axes by dragging it with the mouse.

Scaling the axes is also possible in every other mode by
pressing and holding the Shift key (PC: also Ctrl key) while
dragging the axis.

a Zoom in Click on any place of the drawing pad to zoom in.
Q Zoom out Click on any place of the drawing pad to zoom out.
J Show / hide Click on an object to show or hide it. All objects that
object should be hidden are highlighted. Your changes will be
applied as soon as you switch to any other mode in the
toolbar.
A A Show / hide Click on an object to show or hide its label.
label
<t Copy visual This mode lets you copy visual properties (e.g. colour, size,
style line style) from one object to several others. To do so, first
choose the object whose properties you want to copy.
Afterwards click on all other objects that should adopt these
properties.
el Delete object Click on any object you want to delete.
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File Edit View Options Tools Window Help

Mowve drawing pad
Drag drawing pad or one axis (Shift + Drag)

Free ohjects
Dependent objects

Q Zoomin

Q Zoom out

o Show [ hide object
A A Show hide label

<t | Copyvisual style

7 | Delsts object

5.12. The Menus

Export drawing

EGeoGebra
(JI- Edit View Options Tools Window Help

[ mewwindow Cri+M = —_

Mew \_7 Drag aor select objects (Esc)
E Open Ctrl+0
IE Save Cirl+5

Save as ... Ctrl+Shift+3
(& Print praview Cri+P

Export 3 |?L Dynamic Waorksheet as Webpage (html) ... Ctrl+Shift+W
€3 Sistemn jednacina.ggh Drawing Pad as Picture {png, eps) .. Ctrl+Shift+P
¥ Jednacinaax + by=c.ggh Drawing Pad as PSTricks ... Clrl+Shift+T
&3 Investigation of Palynomial Functions.gab [7] Drawing Pad o Cliphoard Ctrl+Shift+C
ﬂ Linear Equationy=mx+ b.ggh
[ close Alt+F 4

Undo the last operation

E GeoGebra

% Unda Ctrl+Z

& Redo

Move
Drag or select objecis (Esc)

View options

E GeoGebra

File Edit BYETE Options Tools Window Help
% ‘l_Axes as2 Move
ﬁ Grid —'—V Drag or select objects (Esc)

<

E Free obj Algebra window Clrl+Shift+A
Dspand Auxiliary objects

v Horizontal splitting

v Inputfigld
v Command list

= construction Protocol
Mavigation bar for construction steps

@ Refresh views Crl+F
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Point capturing

EG@oGebra
File Edit Yiew

Move

an Drag or select objects (Esc)

on (Grid)
o

£ Angle unit
Decimal placas

Free objects i
Dependent okj Continuity

«* Point style »
b Rightangle style »

Coordinates 3
A4 Labeling L3

’EI Font size ]
@ Languags »

Drawing Pad ...

@ Save settings
Restore default seftings

Angle units

E GeoGebra

File Edit “iew BEelgilE¥ Tools Window Help

| © Point capturing 4 I[il S -
3 ® Degree

Move
Drag or select objects (Esc)

Radians

Decimal places

Free objects i
Dependent okj Continuity 4

«" Point style

J:L Right angle style
Coordinates

w4 Lakeling

- v v v

IEI Font size
@ Languags »

-

Drawing Pad ...

[#] save sattings
Restore default settings

Decimal places

E GeoGebra

File Edit View Eelailli-@ Tools Window Help

€ Paint capturing

[ Move
<. Angle unt Drag or select ohjects (Esc)
1]
Free objects
Dependent obj Continuity y o1
L)
«" Point style » 3
.l:\_ Right angle style » 4
Coordinates » .
A~ Labeling 3
@ Font size b
° Language »

Drawing Pad

@ Save setlings

Restore default settings
Il

Contiguous movement
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E GeoGebra

Filz Edit View BeIIGUEN Tools Window Help
Q © Point capturing 3 Move
£, Angle unit » Drag ar select objects (Esc)
Free objects Decimal places 3
Dependent ot T "
| » off
" Point style »
J:\_ Right angle style »
Coordinates ]
A4 Labeling ]
@ Font size 3
@ Language »
Drawing Pad ...
IE Save settings
Restore default settings
I

Point style

E GeoGebra

File Edit View EeJqilEN Tools Window Help

[}S € Point capturing » Move
<. Angle unit k Drag or select objects (Esc)
Frae objects Decu."na\ places L3
Dependent obj Continuity 4
b Rightangle style o
Coordinates »|_x_|
wn Lakeling 3
El Font size ]
@ Language »

[&] Drawing Pad ...

[#] save sattings
Restore default settings

Right angle style

EGeoGebra
File Edit “iew BEelgilE¥ Tools Window Help

% € Point capturing 4 —
o M- s . Drag or select objects (Esc)
i 3
Free obiects Dec@a\ places
Dependent obj Continuity »
«* Point style ’
L3
Coordinates » =0
44 Labeling >! .
El Font size ]
@ Language »

Drawing Pad ...

EI Save seftings
Restare default settings

Coordinates
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E GeoGebra

File Edit View BeLGEN Tools Window Help

 Point capturing

k Move
£ Angle unit Drag aor select objects (Esc)

Free ohjects Decu.ﬂa! places
Dependent abj Cantinuity

+" Point style »

b Rightangle style 3 B

i ] ® A=y

As Labeling Y AXIY

@ Font size 3

@ Language »

@ Drawing Pad ...

IE Save seftings

Restore default settings
I

Labeling of objects

E GeoGebra

File Edit View BolGGLEN Tools Window Help

€ Point capturing »

% Move
£ Angle unit ] Drag or select objects (Esc)
Frae objacts Declmaf places L3
Dependent obj Continuity 4
«* Point style »
_b_ Right angle style 3
Coordinates 3

All new objects
|E| Font size ]

Mo new objects
@ Language »

Mew points only

[&] Drawing Pad .

[®] save settings
Restore default settings

Text size

E GeoGebra

File Edit View BolGGLEN Tools Window Help
% € Point capturing » Move
£ Angle unit ] Drag or select objects (Esc)
Frae objacts Declmaf places L3
Dependent obj Continuity 4
«* Point style »
J:L Right angle style L3
Coordinates »
An Labeling 3
@ Language ¥ 14npt
& 16 pt
Drawing Pad ..
d 18pt
[®] save settings 20 pt
Restore default settings 24 pt
28 pt
32 pt

Language selection
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EGeoGebra
File Edit View BSILLEN Tools Window Help

% £ Pointcapturing Move .
<, Angle unit Drag or select objects (Esc)
Free objects Decimal places
Dependent akj Continuity
«" Point style 3
_l:\_ Right angle style 3
Coordinates }
A% Labeling »
[A] Font size |
< Arabic
| H-Z» Basque
Drawing Pad ... BosHisi
[®] save settings Bulgarian
Restore default setfings Catalan
Chinese (Simplified)
Chinese (Traditional)
Croatian
Czech
Danish
Dutch
® English (US)
Enalish {UK)
Estonian
Finnish
French
Galician

© [t ]| | B9 T

User tools

EGeoGebra

File Edit View Options RELIEN Window Help
#4 Create new tool ...

% Manage toals ...

Free objects Customize toolbar

Dependent abjects ||

Move
Drag or select objecis (Esc)

Help

EGeoGebra

File Edit View Opfions Tools Window Mg

% @ Help

€F www.geogebra.org

Frae objects ® A8 GeoGebra Forum
Dependent objects Q GeoGebrawiki

Move
Drag or select objects (Esc)

i About/License

Help contents

¥ - :&W:.’Nm&mebu.w"mﬁmmm.kw

WO ) ceosebns e 20

GeaGebm Help 20
.-i_d- GeoGebra Help 3.0
e GeoGebra Help 3.0
e 1. What i GeoGeteal
4 2. Bxamples Last modified” October 15, 2007
eq 3. Geometric Input Authors

A 4. Mgebeac nout

4 5. Frintng and Liport
4 6. Dptors

9 7. Tooks and Tockar
b 8. JovaSeript Inberface

Markus Hohenwarter, markus@geogebra.org
Judith Prener, judsdhgdoe

GeoGebra Online
Website:
Help Search: hitp

febra orghelp/zearch himl
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GeoGebra on the Web
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About / License

GeoGebra 3.0 (RC 5)
March 3, 2008

GeaGehra - Dynamic Mathematics for Schools
Copyright 2001-2008 GeoGebra Inc.
hitp:ifwww.geogebra.orgl

>

LICENSE

You are free to copy, distribute and transmit GeoGehra
free of charge for non-commercial purposes

(see conditions and details below).

DEVELOPMENT

Creator of GeoGebra, Project Leader

*Markus Hohenwarter

Developers

*Markus Hohenwarter (Austria, USA): since 2001
*Yyes Kreis (Luxembourg): since 2005
*Michael Borcherds (UK): since 2007
Contributions by

*Lode Le Cog (France): 2006

*Joan Carles Maranjo, Victar Franco, Eloi Puertas (Spain): 2007
*Philipp Weissenbacher (Austria): 2007

Special input

@ | input - vJ Command ... v
Greek alphabet

)

T = o o =<

a

GeoGebra commands

AffineRatio
Angle
[AngularBisectar

Arc

Area

(Asymptote

Axes v

@ Input: ° v Command

5.13. TRANSLATIONS

* Arabic: Brahim Boulakbech, Haboubi Abdessalem (Tunisia)
* Basque: Gonzalo Elcano Vizcay (Spain)
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* Bosnian: Maja Hrbat (Bosnia and Herzegovina)

* Catalan: Jorge Sanchez, Jaume Bartroli, Pep Bujosa, Antoni Gomf,
Roser Sebastian (Spain)

* Chinese: Fu-Kwun Hwang, Chen-Hui Lin, Pegasus Roe, Joe Chen (Taiwan)

* Croatian: Sime Suljic, Ela Rac (Croatia)

* Czech: Marie Pokorna, Pavel Sokol (Czech Republic)

* Danish: Steen Grode (Denmark)

* Dutch: Beatrijs Versichel, Ivan De Winne, Pedro Tytgat (Belgium)

* English: Markus Hohenwarter, Judith Preiner (Austria), Yves Kreis (Luxembourg),
Michael Borcherds (Great Britain)

* Estonian: Jane Albre (Estonia)

* Finnish: Hannu Korhonen, Kirsi Malinen (Finland)

* French: Noel Lambert (France)

* Galician: Jestis Garcia Otero (Spain)

* German: Markus Hohenwarter, Judith Preiner (Austria), Yves Kreis (Luxembourg)

* Greek: Nicholas Mousoulides, Constantinos Christou (Cyprus),
Spiros Mavrogiannis, Manolis Koutlis, Fergadiotis Athanasios (Greece)

* Hebrew: Guy Hed (Israel)

* Hungarian: Sulik Szabolcs (Hungary)

* Ttalian: Enrico Pontorno, Alessandra Tomasi, Palmira Ronchi, Simona Riva (Italy)

* Japanese: Akihito Wachi (Japan)

* Macedonian: Linda Fahlberg-Stojanovska (FYR Macedonia)

* Norwegian: Sigbjirn Hals (Norway)

* Persian: Saeed Aminorroaya (Iran)

* Polish: Marzanna Miasko, Malgorzata Paliga, Ewa Piwek (Poland)

* Portuguese (Brazil): Humberto Bortolossi, Herminio Borges Neto, Alana Paula,
Luciana de Lima, Aratjo Freitas, Alana Souza de Olivieira (Brazil)

* Portuguese (Portugal): Jorge Geraldes, Antonio Ribeiro (Portugal)

* Russian: Anatoly Scherbakov (Russia)

* Serbian: Djordje and Dragoslav Herceg (Serbia)

* Slovak: Peter Csiba (Slovakia)

* Slovenian: Stanislav Senveter (Slovenia)

* Spanish: Liliana Saidon (Argentina)

* Turkish: Erol Karakirik (Turkey)

* Vietnamese: Nguyen Thanh Trung, Quang Nguyen (Vietnam)
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5.14. Keyboard shortcuts

5.14.1. Windows

o Ctrl + N — new window

o Ctrl + O —file

o Ctrl + S — save the current file

o Ctrl + Z —undo

o Ctrl +Y —redo

o Ctrl + F — refresh

o Ctrl + A — Show / hide algebra window

o Ctrl +key + or kay — or arrows — contiguous animation of a point on an object
o Shift + key + or kay — or arrows — non contiguous animation of a point on an object
o Esc — mowing

5.14.2. Mouse

Ctrl + left mouse button — mowing drawing pad

Ctrl + mouse wheel — zooming

Ctrl + click on multiple objects in the property window - selection of multiple objects

Shift +click on two objects in the property window — selection of two objects and all
between them

Double left click on an object in geometry window — select property window

Double left click on an object in algebra window — redefine

Pressing right mouse button and mowing the mouse — select the zoom area

Click right mouse botton — select many of drawing pad

Click right mouse botton on an object — select many of object

5.14.3. Input field

Ctrl + A —select all

Ctrl + X — cut selection
Ctrl + C — copy selection
Ctrl + V — paste selection
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GeoGebra - aMHaMunyka reomeTpuja n anrebpa

1 YBop

Beh cmo panwmje Harmacwim, riiaBa 2, TJaBHE pas3jiore 3amiTo CMO Ce
ompeneman 3a GeoGebr-y. OBaj makeT mpyka Ha jeHOCTAaBaH M BeoMa TpH-
CTylayaH HauuH TMPUIpPEMarme ¥ caMOCTalaH paji yuYeHHKa M3 JBE BeOMa BaKHE
00J1aCTH IIKOJICKE MaTeMaTHKe, U3 reoMeTpuje u anreope. Kpenpame anumMarmja
Y jeJHOCTaBHE WITyCTpaIfje IIKOJICKOT cajapikaja omoryhaBajy HacTaBHHIIIMA Ja
3a Kparko BpeMe M BeomMa e(DUKAaCHO YIO3HAjy YUYEHHKE Ca OCHOBHHUM
MaTeMaTNun4YKnuM HOjMOBI/IMa U 3HAkbUMa.

[Tporpam GeoGebra je MmaTreMaTHUKu cO(TBEP KOjU MOBE3Yje T€OMETPUJy U
anreOpy. Pasuo ra je Markus Hohenwarter ca YauBep3urera y Cannoypry 3a
noy4yaBame MaTeMaTuke y Ikojama. becrmiaraH je w gocTynaH Ha Bumie ox 15
jesuka. Moxe je MMaTH W KOPHCTHUTH CBaKM yueHHK. MHcTanamuja je Kpajme
jeaHOCTaBHa.

Ogaj mporpam o0jenumbyje MHOTE OCOOMHE KOje MMajy MHOTH CUCTEMH, Al
HUjenaH oBako KommieTHO kao GeoGebra. Omucyjyhu GeoGebra-y, majemo
MPAKTUYHO TPUHIIMIT Pajia MHOTUX APYTUX CHCTEMA.

Omnucahemo camo oHaj neo GeoGebra-e koju Ham je morpedaH 3a oOpamy
MaTtepujana of MeToT 10 OCMOT pa3peaa OCHOBHE HIKOJIE.

Y OCHOBHO]j IIKOJIH, TOCEOHO OJ1 METOT J0 OCMOT pa3pe/a, HacTaBa MaTeMa-
THKE je KOHIUIMpaHa TaKo Jla Ce CaJapkaju reoMerpuje u anreOpe mperumhy u
npoxumMajy, Tako aa je GeoGebra opne moceOHO MOroHA. YMECTO JBa OJBOjEHA
mporpaMa, jelaH 3a TeOMETpHjy a ApPYyrd 3a anreOpy, MMaMo caMoO jelaH —
GeoGebra-y.

Panne moBpmmue kpeupane y nporpamy GeoGebra Mory ce MpeHOCUTH Y
html u word nokymenre. [Topen Tora KOHCTPYKIIHje C€ MOTY TIOHABJbATH 10 BOJbU
KOpaK I10 KOpaK U ayTOMAaTCKU U PY4YHO.

2 AnHaMuuka reomeTpuja

EnemenTapHa reoMeTpuja paBHH, INIAHUMETPHU]ja, MOXKE CE BEOMa YCIIEITHO
oOpalhuBatu y HacTaBH moMohy NWHAMHUYKUX reoMeTpujckux cuctema (Dynamic
Geometry Systems, DGS), Schumann [85], Strder [89, 90]). [Ipumepu oBakBuX
cucrema cy
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e (Cabri geometre II+ (www.cabri.com),

¢ Cinderella (www.cinderella.de),

¢ DynaGeo (www.dynageo.de),

e The Geometer's Sketchpad (www.keypress.com/sketchpad),

e Geonext(www.geonext.de)

e Zirkel und Lineal (www.mathsrv.kueichstaett.de/MGF/homes/grothmann).

Kox oBux cucrema, amata, Moryhe je momohy Muma KOHCTpyuCaTu
reoMeTpujcke Gurype u AMHAMUYKK WX MemaTu. [Ipu Tome oBe durype ce Hehe
negopMHCcaTH, Tj. OHOCH T€OMETPHUjCKUX O0jeKaTra OCTajy OYyBaHHU, Ha IpUMeEp
napajielHe ¥ HOpMajHe MpaBe OCTajy mapajielieH u HopMmaiaHe utia. O0jexkTu cy
Tayke, IpaBe KPyroBu, KOHYCHHU Mpeceny U rpaduuu GpyHKuyja.

YoOuvajeHo je ma ce y CUCTeMHUMa JMHAMUYKE T€OMETpHje 00jeKTH MOTY
MIOCMAaTpPaTH aHAIMTUYKH, TIPEKO CBOJUX KOOpAWHATA U jeaHadnHa. OOpHYyTO, Aa ce
3a7ajy KOOpJIWHATE W JeJHAYMHE M J1a C€ TOTOM MOjaBH Tpaduyka Mpe3eHTaIH]a
JaTux objexara Koja OM ce MOTIJia joIl U MEHhAaTH JUPEKTHO TOMONY MUILA y OBUM
CHUCTeMHMa HHje Moryhe.

3 Cucremu pauyHapcke anrebpe

Cucremu paugyHapcke anredpe, (Computer Algebra Systems, CAS), npyxajy
MoryhHOCT 3a aHanmMTHUKy 00Opamy reomerpuje, Davenport [11], Fuchs [27].
[To3HaTH ¥ LIEHEHU OBE IPyTIe ajara cy

e Derive,
e Maple
e Mathematica.

Koxg oBux amata moryhe je koopAauHaTte M jeIHAYMHE TE€OMETPU]jCKHX
o0jexata BHU3yeIHM3UpaTH, Tj. MOryhe je Tpaguuky MpeICTaBUTH M ITOCMATPaTH
npoMeHe KoJ anre0apckux ofjexara MmocMaTpaTd Ha HHUXOBUM TpapHUKUM
npukasuma. OBa rpadudka npeacTaBibama, Tako3Banu Plots, He Mory ce Mematn
nomohy mumia. 3agaBame anrebapckux objekara HUje YBEK jeHOCTABHO, MOIITO
CHMHTaKCca OBHX CHCTEMa YeCTO MMa BEOMa MaJl0 3ajelHUYKOr ca yOoOM4ajeHOM
MIKOJICKOM HoTauujoM. OBHM cHUCTEMHM MOry, u3Mel)y ocrajior, Ja peliaBajy
anrebapcke cucreme, aa oapelhyjy, Ha nmpumep, koHycHe npeceke. CAS amaru cy
BeoMa MONHM ajaTH OIIITE HaMEHe, ajli He JI03BOJbaBajy y 00JIaCTH aHAJMTHYKE
reoMeTpHje HUKAaKBe AUPEKTHE JHHAMUYKE TPOMEHE.

4 GeoGebra

Ouwurnenno, 6uno 6 HOOpPO MMATHU jeAaH anarT KOju OM caap)KaBao CBe
npennoc DGS u CAQ amara. ¥ Schumann [85], Hana3umo mpBa yIyTCTBa 3a
jenHy KOMOMHAIMjy OBOT THMa. 3a MpaBe M PaBHHU OBO ce MOjaBJbyje MPBH MyT Y
anary ,,3D-Geometer" Klemenz [55]. OBa ocHOBHa uzeja pazpahena je kpo3 amat
,GeoGebra" Hohenwarter [46] (on Geometrie und Algebra) nmpeHera Ha KOHYCHE
npeceKke W aJeKBaTHO CO(TBEPCKH pealn30BaHA. TEOMETpHja M anredpa ce
M0jaBJbYjy y ,.lapTHepckoMm" ogHocy, Fuchs, Vasashelyi [29].
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Oo6uacrt 1: KoHcTpyKIHja Kpy>KHUIIE —> MMOKAa3UBahE HHETOBE jeTHAYMHE,

Oobnact 2: 3ajaBame jelHAaUMHE KPY)KHUIE —> IMPHUKa3UBambe KPYKHHIIE

Kao CTaTH4YHE CIIHNKEC,

Oobnacr 3: 3anaBame jeHAYNHE KPY)KHUIE —> TMPHUKA3UBAmbE KPYKHHIIC

Kao IMHAMUYKe CIIMKe (oMepame cluke je Moryhe).

Cimmka 1.

npeqcTaBbama o0jekara, mpema Bruner-y [4], ciuka 2.

/ GeoGebra \

__________________ Model L e e s Ereerem e e m

(matematicki objekti)

simbolicki ikonicki

_14 Free objects 1 . y
4 A=(10,5) S 1 | g
) a:8x+3y=47 o~/
JC(x-2P+(y-2y=25 il \ ST

_A Dependent objects . Spojeni ( :
J b:1.82x + 6.68y=51.66 oblici prikaza e
J W 5.77% - 3.84y = 38.51 y /

Algebarski prozor Geometrijski i graficki prozor

5 i
N S

Enaktivisticki (tastatura) Enaktivisticki (mis)

——————————————————— Ucenik e e e i e

Cnuka 2.
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C jenne crpane, GeoGebra je DGS anat. /IupekTHO HHTEPAKTUBHO CE MOTY
KOHCTPYHCATH TayKe, BEKTOPH, JIMHUjE W KOHYCHH TPECEd M TIOMEPAmEM Ce
MOTy TMHaAMHYKU Mematu. [lopen kpyroBa Mory ce pTaTH enuIce, xumnepooie u
napabose. KoHCTpyknmje TaHTEeHTH M Tojlapa Crajajy Takohe y OCHOBHE
byHKuyje.

C npyre ctpane, y GeoGebra-u mMoryhe je jegHaunmHEe W KOOPJMHATE
nupekTHo 3anaBaTi. GeoGebra mo3Haje U eKCIUTMIIMTHE U UMILTUAIIMTHE jeTHAYIHE
NpaBUX M KOHYCHUX IIpeceKa, MapaMeTapcKo MpPEICTaBJhbalkbe NpPaBUX Kao M
nonapHe u [lekaproBe koopauHaTe Tayaka u BekTtopa. byayhu na GeoGebra
pauyHa ca OpojeBMMa, YIJIOBUMa, BEKTOpPHMa, TadykKama, MpaBaMa M KOHYCHHM
npecenuma, Moxke ce pehu na je GeoGebra nHymepuuku CAS amat. 360r tora
GeoGebra Hyau BHIIE T€OMETPHUjCKUX HapenOw: oapehuBame cpemuinTa IyXd,
KIDKa M TeMEHa KOHYCHHMX Tpeceka. [lopex Tora naje koeUIMjeHT MpaBIla,
BEKTOp TpaBlla M HOPMAaJHH BEKTOp jeIHE IpaBe, TJIABHE OCE M MPEIIHUK
KOHYCHOT TIpeceKa.

GeoGebra je nammcana y Java-u. Tume je omoryheHo na ce kopuctu
HE3aBUCHO 01 Tora mra je y ynorpebu: Windows, Linux, MacOS X wmum Unix.
[Topen Tora GeoGebra ce MoXxe MOKPEeHYTH AUPEKTHO Tpeko Internet Browser-a,
Ha pumep, Internet Explorer mnu Netscape.

GeoGebra ce 3acHMBa Ha TPOJEKTHBHO] M EYKIHICKO] T€OMETPH]H.
[TonuHoMHa TmOjeAHOCTaBIjeHja ce 3acHUWBajy Ha Parser anroputmMuma a
reoMeTpHjCcKe aaropuTMe je pazBuo aytop GeoGebra-e Markus Hohenwarter.

GeoGebra je pesyarar auruomckor paga Markus Hohenwarter-a, xoju je
pahen Ha Institut fiir Didaktik der Naturwissenschaften der Universitit Salzburg.
Hampu pan Ha mporpamy GeoGebra ayTop HacTaBiba KpO3 HM3paay OKTOPCKE
IFcepTalyje U3 TUIaKTHKEe MaTeMaTHKE Ha

Universitdt Salzburg. OBaj paxg ¢uHaHCHpa Kao mpojeKaT aycTpHjckKa
akaznemuja Hayka Osterreichischen Akademie der Wissenschaften.

IIporpam GeoGebra je HarpaleH ca Buie Harpaza 3a 00pa3oBHU cOPTBEp:
e EASA 2002: European Academic Software Award (Ronneby, Sweden)

e Learnie Award 2003: Austrian Educational Software Award (Vienna,
Austria)

o  digita 2004: German Educational Software Award (Cologne, Germany)

e  Comenius 2004: German Educational Media Award (Berlin, Germany)

e Learnie Award 2005: Austrian Educational Software Award for Andreas
Lindner (Vienna, Austria)

e Trophées du Libre 2005: International Free Software Award, category
Education (Soisson, France)

[Iporpam GeoGebra je Oecruiatan u JaKo goctynas. JJoBojpHO je moBe3atu
ce Ipeko uHTepHeTra Ha http://www.geogebra.at. Ilopen mporpama GeoGebra
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Mmoryhe je moByhu u 6pojae npumepe u TekctoBe 0 GeoGebra-u. MHOTH yYeHHITH
Y HACTaBHUIM IIaJby CBOj€ MpUMEpe U nmpumeade, Tako Ja ayTop uMajyhu y BUIY
¥ ToBpaTHe HH(OpMalMje, paad Ha JajbeM No0O0JbIIaky OBOT IOIMYyJIApHOT
nporpama. GeoGebra moBesyje DGS 1 CAS anate Ha jeJjaH HOBH HAYHMH IITO
HacTaBW MaTeMaTHKE Jlaje BeoMa JIeTie ¥ IUPOKE MOTYNHOCTH.

GeoGebra je nocTynHa Ha BUILE je3UKa: €HIJIECKH, HEMAa4yKH, ayCTPHU)CKH,
WTAJHMjaHCKH, (PAHIyCKH, IIMAHCKH, KAaTAaJTOHCKH, IMOPTYTAICKH, XOJIAH/ICKH,
JaHCKH, Mal)apcku, CIIOBEHAUKH, XPBATCKH, KHHECKH, CPIICKH, PYCKH.

Ha ou unycrpoBanmu Mmoryhnoctu GeoGebra-e, nahemMo HEKOJIMKO MpuMepa.
[Tpumepn cy m3abpaHu Tako J1a MPUKaKEMO HEKe caJapikaje HaCTaBe MaTeMaTHKe
OJI TIETOT JI0 OCMOT pa3pe/ia OCHOBHE IIKOJIE.

WDAGOGHK
'\)‘L?' ",
5 e,

At 1
* Comenius %

iy

Ja+ GESELL g

Auss F-E'_'
zéichfiungen :
5, 2004 &

i, "
4 Wi
ARisepp wa®

N

Cruxka 3.

4.1 Mpumep

[Ipu npaBpewy nporpama GeoGebra nmoceOHa nmaxma je 6uia nocseheHa
JETHOCTAaBHO] YIOTPeOW CBUX Hapea0HW W OIIHja, IITO je jako J00po 3a yUeHHKE,
Kako OM OOMIM BOJBY Ja SKCIIEPUMEHTHINY M caMocTaiHO pane. Ha mpumep,
jeTHAYHMHA TIPaBe U KPyTa MOTY C€ 33JIaTH jeTHOCTABHO y MITKOJICKO] HOTAIIH]jH:

e mpasa a:2x-3y =8
® KpYy)KHHULA c:(x—2)2+(y—3)2 =16.

VYmpaBo ce oBako yHoce oBu 00jekTH y GeoGebra-y! Camo jemaH TOKpeT je
JIOBOJbAH JIa C€ OJPEAM IPEceK MpaBe M KPY)KHHUIE — Tauka. MIcToBpeMeHo ce y
anre0apcKoM TPO30py I0jaBJbyje IpPECcedyHa Tadyka ca CBOJUM KOOpJAMHATaMa.
JlpyruM mokpeTrom a00Hja ce apyra mpeceyHa Tauka MpaBe M KPYKHHIIEC U HbEeHE
KOOpJIMHATE y anre0apcKkoM mpo3opy.
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@ GeoGebra EEX
Datoteka Uredlvane Prll—caz Opcue Prozor Pomoc
] s
i Mezavisni objekdi % 101 |Pani&ti
0 ar2x-3y=8
1 Zavisni objekt
1 Pomodcni abjekti R

4

4

7

B M 2 6 5 10 12
—4
a

Macin: Presek dva objekta wiy=1:1
Unos: 7!2x-3y=El J = VJlu v7|r|Naredba :

Cruka 4.

@ GeoGebra EEX

Datoteka Uredivanje Prikaz Opcije Prozor Pomod

DT (o] 4) =

_AMezavisni objekt 10
Ja:2x-3y=8
oel(x-2P+y-3P=16
A Zavisni objekt R
@ A= ({2586, 0.986)
= (5.44, 0.96)
1 Pomocni abjekti

5 4 5 ] il 12
— A
a
Macin: Presek dva objekta Xiy=1:1
Unos_| (x2r2+ y-31r2 =1 |[= ¥lla v [Naredba J

Ciuka 5.

YyeHunm y OCHOBHO] IIKOJU HE 00palyyjy jeaHaunHy KpykHuie. 300T Tora
KPY>KHHUILy MOXEMO 3aJaTH MPEKO T'eoMEeTpHUjcKor mpo3opa. M3abpahemo Tauky
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(2, 3) 1 ca momynpeunukoM 4 HanpTaTH KpykHMIy. Tama he ce y anrebapckom
MPO30pPYy MOjaBUTH jeTHAYNHA KPYKHUIIE, CITUKE 6-9.

[® GeoGebra - Prava i kruznica.ggb

Datoteka Uredivanie Prikaz Opcile Prozor Pomoc
2 6
“4 Mezavisni objekti * 104
e A= (2!3)
Ja2x-3y=8
1 Zawvishi objekti B8
1 Pomodni objekdi
G
4
A
L]
54
5 4 2 6 5 10 12
_4
a
Nacin: Pomeranje
. [Wiglat=y o v Maredba . |

Cruka 6.

[® GeoGebra - Prava i kruznica.ggb

Datoteka  Uredivanje Prikaz Opcije Prozor Pomod

[ 2 ) e 23 ik

3 Nezawisni objext @ Kruznica odredena centrom i jednom tackorm
TP A=2,3)
- ar2x-3y=8

71 Zawisni objekti

) Pomacni objekt O Kruznica kroz tri tatke

(_\‘ PolukruZnica odredena dvermna tatkama

.'} KriEni luk odreden centrom i dvema tackama
‘/:J Luk odreden trima tatkama
Q IseCak kruga odreden centrom | dverna taCkama

q lsetal kruga odredenog trima tackama

G Konusni presek kroz pet tataka

-2

a
Macin KrFnica odredena centrom i jednom tadkom

. Unos: \_“cc_VI Naredba ..

Ciuka 7.
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Kruznica odredena centrom i poluprecnikom

poluprecnik

| = %l

Frimeni || Cdustani

Cnuxka 8.

GeoGebra - Prava i kruznica.ggbh
Datoteka Uredivanje Prikaz Opcije Prozor Fomod

o FA|ER oC
24 Nezavisni objekti * Iy

COA=(23)

o ar2x-3y=8

O b=4 i

24 Zavisni objeli
SO -2+ (y-3)2=16
1 Pomocni objekt

Macin: KruEnica odredena centrom i poluprecnikom wiy=1:1

[ Unos H ||: VHot V||Naredba A4

Ciuka 9.

[lomepameM mpaBe W KPY)KHHIIE, jeIHOCTAaBHO HX CEJIEKTyjeMO momMohy
MHIIIa U TOBJIAYUMO MX Ha JKEJbEHO MECTO, MOYKEMO IEMOHCTPUpATH Ja IpaBa |
KpY>KHHIIa MOTY MMaTH JIBE, jeJJHY WM HUjeHY 3ajeIHHUKY Tauky. [Ipu Tome ce y
anre6apckoM IMpo30py M0jaBJbyjy oOAroBapajyhe jeqHaunHe IpaBe, KPYXKHUIE U
KOOpJIMHATE MPECEYHUX Tauyaka ako UX UMa, ciauke 9-12.

AKO ce mpaBa celeKTyje IECHUM AyrMeTOM Mwula, noouhe ce MeHH
noMmohy kojer Mo)keMo H3abpaTh HEKe OIMje 3a MPOMEHY MpaBe WM HEKHUX
BEHUX ocoOnHa: nebsbuHa U 060ja rpaduka, mpoMeHa uMeHa uTa. Ha nmpumep, ako
u3zabepeMo cBojcTBa nodujamo cneaehe onmuje, cnuka 13.

Ako n3abepeMo eKCIUTMIIUTHUA OOJIMK jeHauuHe, ciuka 14, Haiie mpase
y=kx+d moxemo nomepajyhu mpaBy MHILIEM MOCMAaTpPaTH MPOMEHY BEIMYUHE
d . KoedunujeHt npasia npase ocraje UCTH Kao U panuje. OBaj reOMETpHUjCKU
EKCIIEPUMEHT MOXE MpPAaTUTH U anredapcku y KojeM O Memaiau KOepHUIHjeHT
mpaBia mpaBe y anrebapckoM mposopy. Ha rpaduky Ou ce oamax Bujene
IPOMEHE KO0je TaKo HacTajy, Tj. MojaBuo O6u ce rpaduk usadpaHe mnpase. JacHo je
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a TpaBy KOJy CMO MpBY HAIpTadd MOXXEMO 3aap>KaTH U 3aJaTh HOBY Y
EKCIUTUIIUTHOM OOJIMKY Ca CIIOOOHUM YJIaHOM UCTHM Kao KOJ MPBE IpaBe

@ GeoGebra - Prava i kruznica.ggb

Diatoteka  Uredivanje  Prikaz Opcue Frozor Fomod

) B B B8 o) PR 23 >
;JNeZ‘ .A MNova tatka 107
. o
Y Zavit o SrediSte ili centar

@ el (-2 + [y -3F=16
1 Pomoéni objekti

a

Macin: Mova tadka

. Unos: \_“u Maredba .. |

Ciuxka 10.

[®] GeoGebra - Prava i kruznica.geb

Datoteka Uredivanie Prikaz Opcije Prozor Fomoc

M III o)) =] g

Na

(3
Jl\lezawsnl objekt 10
G A=(23)
9 ar2x-3y=8
L) b=4 54

4 Zavisni objekti
@ B = (2.56, 0.96)

0 e{x-2P+y-32=16
1 Pomoéni objekt

= (5.44,0.96)

Zin. Pomeranje

Unos: \_“u MNaredba ..

Cmuka 11.
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@ GeoGebra - Prava i kruznica.ggb
Datoteka  Uredivanje Prikaz Opcije Prozor Pomod

53| 55 W ) 4 N 8 K

4 Nezavisni objekti
0 A={2,3)
Jar2x-3y=

-14.2

24 Zavisni objekt

~@ B={-198,341)

@ C=(3.15,683)

L@ c: (x _2)2+ (Y _3)2: 16
1 Pomoéni objek

Magin: Pomeranje

Criuka 12.

@ GeoGebra - Prava i kruznica.ggb
Datoteka Uredwanje Prikaz Opcwje Prozor Pomoé

. Unos: \_“M Naredba ..

7 Brisanje
B Preimencvanje

2 6
o Nezawanl ob ektl
Jar2x-3y=-142
..... O h=4 g
24 Zavisni objekt pravaa
-3 B={-198,341) dednacinay = kx+d
@ C=(3.15,683) Parametarski oblik
COoeix-2P+(y-3P=16 v Prikazi objekat
L 1Pomodni objekd v Erikasi omaky
Ukljuii trag
Pomaocéni objekat
= Uredivanje
# Redefinisanje
Er Polie za unos |

Magin: Pomeranje

Cnuka 13.
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Osobine X
Objekt Dsobine
tacka A [l Prikazi obj o | I
jekat  Boja:
tacka B
taclka C [¥] PrikaZi oznaky: |Ime v
a
broj b ClPrikaZi trag Ll Nepomican objekat
kruznica ¢ TeeieEe
Yrsta linije: v
Debljina linije
1T 3 5 7 9 11 13
Korak: 0.1
Ll Pomocni objekat
ERES Primeni || Odustani
Cnuka 14.
4.2 Tlpumep

[IpaBy y eKCITUIIUTHOM OONMUKY ) =ax-+b MOXEMO 3aJaTH Ha Ta] HA4WH

mro hemo mpBo m3abparu nBa kim3ada. [IpBu he onpehuBate BpemHoCT 32 a a
JIpyTH BpemHOCT 3a b . Ha cimmm 15 npBuM KiIM3ad je mOCTaB/beH XOPU30HTAIHO a
npyru BepTtukaiaHo. Ilocie Tora ce y mpo3opy 3a yHOC OTKyla y =ax+b u nocie

yHOIIIEHka T¢ Hapeaoe nqoduja ce rpaduk mpaBe ca BPEIHOCTHMA 32 a U b Koje cy
neuHUCaHEe TOJIOKAjeM Kin3aya, ciuke 15 u 16. Ako MuliieM noMmepamo Tauky
Ha jeHOM KiHM3ady Memahemo oxaroBapajyhm mapamerap mro he ce oamax
BUJIETH NoMepameM rpaduka. [lomepamem Tauke Ha IPyroM KiIu3ady H3a3MBaMO
ormer mpoMmeHy rpaduka. Ha Taj HaumH ce BeoMa OYHMITIETHO IEMOHCTPHpA
npupoaa KoeduuujeHata y jeqHauMHH TpaBe. VHTepBanu M KOpak NpPOMEHE
CBaKor mnapamMerpa AchUHUCAHOT KIU3auyuMa MKOTYy ce Mematu. Cenekrtyjyhm
KJIM3a4 JIECHUM JAYTMETOM MHIIIAa J00MjaMo MOTYNHOCT J1a MEHhaMO MHOT'a HEroBa
cBojcTBa, ciuka 17. Tako mMokeMo W Ja WX 000jUMO, INTO MIDKE JOMPHHETH
nakmeM npahemy ekcriepuMeHTa.
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@] GeoGebra - Prava.ggb FEX

Datoteka Uredivane Frikaz OpC| e Prozor Pomoc
I [ALA[C] &[] 2] ° s
A"
J MNezavisni objekt 104
@ as= 2 e
] b - 3 —_——
1 Zavisni objekdi h=2 5
I Pomocni objekt
4
4
74
T T T D T T T T T T
-G -4 -2 0 2 4 B 3 10 12
24
— 4
Macin: Pomeranje Xiy=1:1]
Unos: y=ax+b| | = V||02 V||Naredba v“

Cnuka 15.

@] GeoGebra - Prava.ggb =]t

Datoteka Uredivanje Prikaz Opcije Prozor Pomod
I [ (o] ][] I 2
J Mezavisni objekt c
v a=2 g=2
e ph=3 —_—
A Zavisni objekt h=2 8
O ery=2x+3
__1Pomocni objekt
64
44
T D T T T T T T T
-6 0 2 4 6 g 10 12
24
_d A
Macin: Pomeranje iy=1:1]

Cnuka 16.
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Osobine X

Objekt Osobine
2 Prikazi objekat  Boja [ I |
broj b
pravac PrikaZi oznaku: |Ime & Vrednost

O Nepomiéan objekat
Apsolutni poloZaj na ekranu

Vreta linije | ————— %
Debljina linije

y

1 3 &5 7 & 1113

Interval
min; | -5 max, | 5
Klizac

horizontalan +| Sirina | 100 Cfiksiran

Korale |01

O Pomocni objekat

l Primeni H Odustani

Cnuka 17.

4.3 GeoGebra y HacTaBu

4.3.1 YBopa

Junamuuko jennHCTBO TeoMeTpuje u anredpe y GeoGebra-u omoryhasajy
YYCHHUIIMMA jeHOCTaBaH CKCIEPUMEHTAIHH Mpuia3 MareMatuiiu. OHl MOTY Kao
COIICTBEHH YYHTEJbM CAMOCTAIHO Ja HaNpeyjy, HHIUBHUIYaTHO U OTKPUBAYKH J1a
pane u yue. Kpo3 mpumepe koju ciene mnpeanoxuhemMo Kako MOxe Ja ce
OopraHu3yje yac MaTteMartuke y3 ynorpedy nporpama GeoGebra. CBakako, OBO je
caMo jeJaH TMOKYIIaj, HaCTa0 U3 PEIaTUBHO MaJlo eKCIEPUMEHTAIHUX 4acoBa. Y3
yemrhy ymoTpeOy padyHapa W OBOT Mporpama W 00Jby OOYy4YEHOCT, Tpe CBera
HACTaBHHUKA, OpraHMW3alja dYaca MOXe OuTH U 0oJba W 3aHUMIBUBHjA O]
npemaioxkeHe. Peakiuje yuenuka, mopatHe nuaopmamnuje, Takohe he yrunatu Ha
Oynyhe opranuzamuje yacosa.

4.3.2 GeoGebra kao anar 3a MaTeMaTuyke eKCnepuMeHTe

[TyctuMo ydYeHHWKe Ja caMH OTKpHBAjy MaTeMaTHYKe CTBapud M OIHOCE
nomohy GeoGebra-e. JlajMo uM 3amatak kKoju Tpeba jJa pelre U Ja Ha jeTHOM
ety xaprtuje win ¢ponuju nomohy GeoGebra-e ucnuiry pemerwe. Hacrasa ce He
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MOpa OpXKaBaTh y padyHapckoj yunonuiie. JloBossan je jeman PC ca GeoGebra-
oM, 11a OU ce OpraHu30Bao je/laH TPYIHU Pal.

4.3.3 Heke moryhHoCTH

dopMynHIIATE CBOj 3a7aTaka IITO je MOryhe jacHHje U OTBOPEHHU]E, KaKO
OM y4eHUIIM NOOWIIM BHIIE MPOCTOPA Jia TPake CBOje MyTEBE 3a CaMo-
CTaJTHO pelIaBame MOCTABJHEHOT 33JaTKA. YUCHE j¢ WHANBUAYAIHU TPO-
IIEC TAKO JIa TO MOXKEMO 3aXTE€BATH O] YUCHHUKA.

[ToBexuTe MHAWBUAYAIHU pajl ca TUMCKUM pajioM. AKO YYEHHK pajau y
napy ca JIpyruM YY4E€HHKOM WJIHM y Majoj TPyIH, Y9ecTO ce AellaBa Jaa
CBOj€ HJeje CynpoTCcTaBiba TyhUM M Taja HEroBe Heje MOTy Ja MOIpH-
M€ CaCBHM JIpyTe OOJIMKE.

Jlo3BonuTe Y4YeHUKY Ja cBoja mnpenocehama, uaeje u pesynirare
OJlIITaMIIa Ha Marupy WM Ja UX Mpenuuie y cBecky. Takohe je moryhe
na u3 GeoGebra mraMmare KOHCTPYKIIH]Y U Bb€H MTPOTOKOJ.

OBakaB MHUCaHU MaTepHjall MOXKE MOCIYKUTH Ka0 OCHOBA 3a IUCKYCH]Y Y
olleJbeby O HJejama U pesyaTaruma. Tpeba JO3BOJIUTH Ja TPyIe OKYII-
JbE€HE OKO 3aJ/IaTKa M3IJI0KE CBOjE WJEje W pe3yJsiTaTe Mpei IeluM O/ielbe-
BEM U J1a uX 0o0pasnaxy u OpaHe.

3a Bpeme pana ca GeoGebra-om moTpeOHO je 1a HACTaBHUK OyJ1e JTOCTY-
NaH CBAaKOM YYCHHMKY KaO CaBETHHK W IoMarad y MpUMEHH ofpeheHux
HapenOu GeoGebra-e. Tume moctmwxeMo MOTYhHOCT Ja YyYEHUK y MUPY
MIDKE J1a Pa3MHIIIba O MATEMaTHYKOM TPOOJIeMy U J1a TPaXKH CONICTBEHE
MyTEeBE pellaBamba MOCTaBJHEHOT 331aTKA.

4.4 GeoGebra kao anat 3a npeseHTaumjy

GeoGebra ce MOXke KOPHCTH Kao JUHAMHYKH TIPOjEKTOp Ja Ou ce MaTepuja
U3JI0KHIIA 1IeJIOM OJIeJbClhY WM Ja OM Cce M3BEO HEKH EKCIIEPHMEHT. 3a TO je
norpeban jeman manton wm PC u mpojekrop. M3nmarame Moke TOUYETH ca
npa3HuM npo3opoM GeoGebra-e win ca yHanpea CIpeMIbEHUM KOHCTPYKITHjaMa.
VY apyrom ciy4ajy moTpeOHO je MpuKa3aTH KOHCTPYKIHMOHH MPOTOKOJ Ja Ou ce
KOpakK 1o KOpakK MpHKa3ajia u 00pa3iokuia KOHCTPYKIIH)a.

4.4.1 Heke MoryhHocTH

VY4eHuke npH Mpe3eHTaluju Tpeda YBIAuuTH y MAaTEMaTHUKy JHUCKYCH]Y
U BUX0Be ujaeje Tpedba onmax nomohy GeoGebra-e ncpo0aBaTi.

Tpeba omoryhutn ydeHuuma aa cBoje ujeje U caMu HcrpoOaBajy mpen
onesbemeM kopuctehu GeoGebra-y.

[Tonynure yueHnnuma na Hampase U Heke pedepare momohy GeoGebra-
e. ITomro je GeoGebra GecruiatHa, CBakM y4€HUK MOXKE MOHETH CBOJY
KOMHjy Tporpama Kyhw.

4.4.2 TonasHe Tauyke 3a NOCTaB/bake 3ajaTaka

Axo mpumpemamo 3amatke koje hemo pemaBatm momohy GeoGebra-e
UMaMo pa3iyuTe MOryhHoCT:
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e Jlocmasmarwe omeopeHoz npobrema: TPUIPEMAMO yUCHHKE 3a
MaTeMaTH4KH EKCHEePHUMEHT Tako ITO hemMo mpoOieM M muTama TakKo
dopmynHcaTH a YYEHUIM HMMajy MOTyhHOCTH 5@ camMu OTKpHUBajy U
Tpake MHIMBHIYAJIHE ITyTEBE 3a PEIIaBamke MOCTABJHEHOT 3a/aTKa.

o Koucmpykyuja ciuke: OCTaB/baMO YYCHHKE Jla CaMU  ITOHOBE
KOHCTPYKIIM]y KOjy MM TIOKa3yjeMO Kao TOTOBY CIHKY. Pazmuautu
KOHCTPYKITMOHU MPOTOKOJIM KOj€ YUCHHUIH T00H]jajy MOTY MOCTYKUTH 32
ynopehuBame NocTynaka Koje ¢y KOPUCTHIIN YUCHULIH.

e Koncmpykyuonu npomokon: YYEHHLIUMa ce€ 3a/aje KOHCTPYKIHMOHHU
IPOTOKOJI KOjU OHM Tpeba Ja nmoHose. [1ojequHN KOHCTPYKIIMOHE KOpakKe
MOKEMO "CakpUTH" U IMyCTUTH YUEHHKE J1a ux "Hahy".

OBe w™moryhHocTH MOXemMo KomOuHOBaTH. Takohe, MoxkemMo W camu
J0JlaBaTH HEKEe HOBE MOJAJIMTETE 3ajlaBama MpolsieMa, Ille U HACTaBHUKOBA
KPEaTUBHOCT JIOJIa3H 10 M3paxaja.

4.4.3 [puMepu OTBOpPEHUX NUTakA

Crnenehn nmpumepu WIycTpyjy MOTYhHOCT TOCTaB/bakba OTBOPEHHUX MUTAA
U Tpeba /1a oCIy)Ke HACTaBHUKY 324 KPEUPAHE CIMUYHUX U MOTITYHO HOBHX.

CucreM nMHEapHUX jeTHAYMHA Ca JIBE HEMO3HATe,
Omwmrrap wnu Tyn yrao,

TaHreHTe Ha KpyKHULLY,

Tpoyrao n oko mbera onucaHa KpyKHUIa,

bR

JluneapHa jenHaunHa y =kx+d .

4.4.4 Tpumep 1.
3amarak: Opnpenu rpaduuke pemieme cieneher cucTtema JIMHEAPHHUX
jenHaYnHa:
g:4x=-8,
h:x-2y=3.

[Tpo6aj y cBeciy fa pemu 1aTu CUCTEM.

[Ipomenu jegHaUMHY g TaKO Ja HOBH CHCTEM HEMa peIleie, Tj. J1a je leroB
cKyn peuiema npasad. llta To 3Haum reomerpujcku? Hammmm 3anaxama u
pe3yiTaT y CBECKY.

[Ipo6aj ma oxpeamin joir HEKU CHCTEM JBE jeJHAYMHE ca JBE HEMO3HATe
TaKo J1a j€ CKYII pellieha TOI CHcTeMa ipa3aH. Mosker i pehu KojuM mocTymkomM
Moxkern Hahu Buie TakBux cuctema? Hamnwuim 3amaxarma U pe3yJsitaT y CBECKY.

4.4.5 lMpumep 2.

4.4.5.1 /la nu je yeao owmmap unu myn?

Y XII Beky apancku marematudap AOy XacaH je o0jamimaBao Kako ce
Op30 ¥ CHTypHO MOXE YTBPAUTH Ja JH je maTu yrao XABC omrap, Tyn Win
npaB. A0y XacaH npeanaxe Ja ce HaupTta Kpyr npeunuka AC , ma npema Tome J1a
JM je Tauka B BaH Kpyra, y Kpyry WId Ha Kpy KHULH, TOHOCH 3aKJby4ak Jia Jiu je
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yrao XABC omrap, Tyn uid npas. JJokaxxumo uiu onoBpruumMo AOy XacaHOBY
KOHCTPYKIIH]Y.
1. OtBopumo ¢ajn "Da li je ugao ostar ili tup.ggb" u mocraBumo npBy
CUTYyaIujy, Kao Ha caumy 1.

Komb6unanuja CTRL+"knuk" Ha TekcT oTBapa oarosapajyhu dajn: Da li je
ugao ostar ili tup? Y cimydajy Hekux npobiema mokpenute Uputstvo.

1. Oat je yrao ABC.

Cnuka 18.
2. JemHuM KJIMKOM Ha HABUTATOPY OTBapaMoO TEKCT ca muTameM "Jla mu je
yrao omrap wiou tyn?"

1. 0atjeyrao ABC.
2. 0a nu je Taj wrao owpa, Npaeg Mnd Tvne

Cnuka 19.
3. Hosu kiuk Ha HaBUTaTOpY M30aIyje BpeaHoct yrina « = £ABC .

1. 0at je yrao ABC.
2.3 nu je Taj yrao owpa, NPEe ANy Tyn?

a=7208"

Cuka 20.
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4. VYdeHuKe 3aMOJIMMO J1a TOMEPAEM TauyKe B U YMTamkeM BPEIHOCTH yTIJia
o TIOKYIIajy Aa YTBPJE Kaja je yrao omrap a Kaja TyIl.

1. 0aT je yrao ABC.
2. 0a nu je Taj yrao owpa, Npae vnM Tyn'?

o=107.66°

Cmuka 21.

5. Tlocrme wu3BecHOr BpeMeHa, Kaja YYCHHUIIM CAOoIITe CBOje HICje U
3amakama, MPOJAUCKYTYjeMO MPEIore 3a PelieHkhe MOCTaB/BLEHOT 3a1aTKa.
AKO ce HUKO HE jaBU ca HEKUM IMpeajoroM, HAaCTaBHUK MOXKE caM
aHAJM3UPATH MTOCTABJbEHH 33JaTaK U HA Taj HAYMH NOKPEHYTH U YUCHUKE
na oucMo yunHWIM ciiefiehu kopak. Taj Kopak ce cacToju y KOHCTPYKIIH]!
noykpyra ca npednukoM AC .

1. 0aT je yrao ABC.
2. 0a N je Taj yrao owpa, NPae MK Tyn?

o="107.66°

Cnuxka 22.

6. TloHOBO 3aMOJIMMO YYEHHKE Ja IOMEpajy TauKy B W caommTe cBoja 3ama-
xama. Ouekyjemo na he uurajyhu BpegHocT yrina o u rienajyhu moso-
kaj Tauke B 3aKJbyuuTH Ja je yrao o = £ABC omTap Kajaa je Tauka B
BaH Kpyra M J1a je Tyl Kajia je OHa y KpyTYy.
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1. 0atjeyrao ABC.

2. [anu je Taj yrao oWpa, Npag Wil Tyn?

[N RS

Cnuka 23.
7. Taj 3akspyuak hemo 3anucatu kao TBpheme koje hemo u 1okazaT.

1. 0at je yrao ABC.

2. [anw je Taj yrao owpa, Npae v Tyn'?

[N RS

3. %ran je oWTap K0 C8 TaYKa B HANazH BaH NOMYKRPYra, NPAL, 3KO j& Ta4ka Ha NOMyKDCKHKLM, 3 TYN aKD ja v namypyry

Cnuka 24.

[MuTtame koje ocTaje Aa ce pa3MOTPH OJTHOCH CE Ha IOJIOXKa] Tauke B Ha
KpyXHUIM. JlaraHuMm momMepameM KJIn3ada, MOXKeMO NOCTHhHM /1A je Tauka
B Ha Kpy>XHUIH 1 /1a je HCTOBpeMeHO yrao o = XABC =90".

1. 0atje yrao ABC.

2. 0anujeTajyrao oWpa, NPae MN9 Tyn'e?

B
o =490°

A

3.%1a0je oWTap AK0 ce TaYKa B HANAZM BAH NOMYEDRYTa, NPAL 3K0 J& TAYKS Ha NOMYKDYGKHHLM, 8 Ty 3KO ja y nonykpyny

Crnuka 25.
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4.4.6 TeMe 3a ANCKYCHjY

Ja a1 cMo 106po MOCTaBUIIM peslocie]] CInKa?

Ha nmu cmo no0Opo rpynucanu ciauke?

Ja nu je moTpeOHO BHIIE TEKCTA?

Jla Huje MOXKIa cyBHIIIe TeKCTa?

Kako 6u cana usrienao nokas tBphema koje cMo U3peKin?
3amTo HICMO HAIPTANU 110 KPYT U 3aTHM NOMEpai Tauky B ?
Kako o6jacHuTH onpeziesbere /1a je TOBOJbHO IIoCMaTpaTH caMo
HOJyKpYT?

NNk =

4.4.7 Mpumep 3.

3amarak: Koncrpyuimn mnokmohy GeoGebra-e KpyXHHUILy ca LEHTPOM Y
tauku O =(1,2) u nonynpeyHukoM 7 =5 . Ha Ty KpyHHIly TOCTaBU TaHT'€HTE U3
tauke A= (10,3).

[IITa ce nemasa kaja ce Tauka A moMmepa MHUILIEM?

Kako ytuue nonoxaj Tauke A Ha TaHreHre?

Hanumm 3anaxkama 1 pe3ynrar y CBECKy.

[® GeoGebra - Primer 3.ggb
Datoteka Uredivanje Prikaz Opcije Prozor Pomoc

DREECE >
% b 0]

24 Mezavisni objekt

% A={10,3)

2 0=(1,2)

O a=5

24 Zavigni objekt

O b:345x +6.72y =54.63
e (x-1)2+ (y-22=25
0 d: 4.84x -5.8y = 31

1 Pomocni objekt

Macin: Tangente ¥iy=1:1

’ Unos: H ||: V||0t vHNaredba . v
Cnuka 26.
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Opis konstrukeije
Datoteka Frikaz Fomod

Br. |Ime Defincija |ﬂlgebra |
1 tatka O =1 2)
2 broja a=5
3 kruZnicac  kruZnicasacentar OO0 Cox- 1R+ 1y - 2= 25
4 tacka A A=110,3)
5 pravab tangenta kroz Anac b 345+ 6 72y =54
5 pravad tangenta kroz Anac o 4 84x- 58y =31

(™ [« J5i5[» |[ ]

Cnuxka 27.

4.4.8 Tlpumep 4.

[TocmaTpahemo nuHEapHY jeTHAYNHY
v=kx+d
U MIPOy4YaBaTH 3HAUCHE MmapameTapa k u d Bapupajyhu pa3nmuduTe BPETHOCTH 3a

k mn d. To moxemo nmoctuhu Tako mTo heMo y MmoJby 3a YHOC Ha JIHY pO30pa
YOUCUBATH BPEIHOCTH 32 OBE MmapameTpe (MOocie CBaKor peia MPUTUCHE ce enter).

[ ] k:l
e d=3
o y=lkx+d

[TapameTpe MO)XeMO MeWATU y aJIredapckoM Npo30py (eCHU KIMK MUla,
Ypehusarve) unu y nospy 3a yHoC:

o k=-2
o k=3

¢« d=-2
o d=-1

[TapameTpe MOXKEMO MEHATH U JeTHOCTaBHO, MOMOhyY KiM3a4a Wi CTTpelniama
Ha TacTaTypHu.

4.5 GeoGebra kao anar 3a npunpeMy 3azataka

HacraBHuk moxe na xopuctu nporpam GeoGebra u 3a mpunpemy 3anaTaka,
IIKOJICKUX, noMahuX, 3a TecToBe, KOHTpoiaHe Wiu nmucMeHe. On momohu cy my
anre0apCcku U TEOMETPHjCKH TPO30p, TEKCT Y3 KOJH MOXKE Ja Jaje U HEKe
U3pavdyHaTe BeJIHYHHE.
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4.5.1 TMpumep 5.

Hampra ce Ttpoyrao aABC. Ha ciunu ce mojaBe oOene)keHa TeMEHa U
cTpanule, ciuka 28. M3 Bpxa Tpoyria 4 CHOyCcTH ce HOpMaja Ha CTpaHHIy d,
cauka 29. 3atuM ce oApend BUCHMHA e Tpoyria u3 TteMeHa A, ciumka 30. Y
anrebapcKOM TPO30py TOjaBU C€ O3HAaKa Tpoyria P W HheroBa MOBPIIMHA,
P=56. Y anrebapckoM Tpo30py c€ T0jaBJbyjy Iy>KWHE CTPAHHIA TPOYIJIA U
IErOBE BHCHMHE e. AKO ce 3aTBOpH anrebapcku mpo3op, ciuka 31, Hectajy
BEJIMYMHE Be3aHe 3a Tpoyrao. Caja ce mpeKo TeKCcTa MOTY 3aJlaTH HEKH €JIeMEHTH
TpPOyTa, a Off YYCHHKA CE MOXKE TpaXUTH na Halhe Heke npyre BenuuuHe. Ha
npumep, 3anajy ce crpanuna a =16, b=11.4 u BucuHa e=7, a Tpaxu ce
CTpaHHUIla ¢ WU MOBPIIMHA TPOyIJa Wiu meroB ooum. [lomepajyhu crnoboaHo
JeIHO WM BUIIE TEMEHA TPOyIJia HACTaBHUK J100Wja MHOTOOpPOJHE BapHjaHTE
UCTOT 3a/1aTKa. Tako cBakM y4EHUK MOKe TOOUTH CBOj 3aj1aTak. Pemieme cBake
KOMOWHaIIMje HAaCTaBHUK MMa CaKPUBEH Yy alre0apckoM mpo3opy. AKO ra OTBOpH,
MOJK€ UX IpUKa3aty, ciuke 32 u 33.

GeoGebra - Povr[ina trougla.ggb

Datoteka  Uredivanje Prikaz Opcije Prozor Fomod

®

4 Nezavishi objekti
0 A=(0,6)
S0 B=(5,1)
L@ c={1,-1)

1 Pomoéni objekt

Matin® Mnogougao wiy=1"1

’ ILnos: H ||: vHot v||Naredba... hd

Cnuka 28.
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[® GeoGebra - Povr[ina trougla.ggb
Datotel—ca Uredwanje Prikaz Opcwje Prozor Pomoc

A Nezawsnl ob ekt\
9 A={0,6)

-3 B= (5, _1)

~GC=(11,4)

A Zawisni objekt

@ D= (0, _1)

e (@ P - 56

e a= 16

- @ b =13.04

e c= 8-6

B dx=0 e

1 Pomodni objekt

Matin: Presek dva objekta

[® GeoGebra - Povr[ina trougla.ggb
Datotel—ca Uredwanje Prikaz Opcwje Prozor Pomoc

. Unos: \_“M Naredba .. I

Cruka 29.

JNezawanl ob ekt\
9 A={0,6)

-3 B= (5, _1)
@ C= (11, _1)
A Zawisni objekt
-6 D={0,-1)
-3 P =66

@ a=16

=@ h=13.04

e c=8_6

D drx=0 e
3 a=T

1 Pomoéni objekt

Matin: DuZ odredena dvema tataka

. lUnos: \_“M Naredba ..

Ciuxka 30.
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@ GeoGebra EEX

_File Edit \ﬂew O__ptwong Windgw H_elp

[&R][]]

a=16
h=114
e=7

Mode: Move iyl
Input: 7“;_vi||7£lr|00mmand v7|‘

Ciuka 31.

@ GeoGebra EEX

File Edit Wiew Options Window Help

DREECREEE s
A" &%) v ¥ A" e, A%/

A Free objects e

SO A=ET)

-~ @ B={4,0)

'"JC=(12,0) a=186

A Dependent objects

- @ D=(3,0)

-~ @ P =56

@ a=16

-~ @ b=11.4

e (g c=9_9

-0 dix=3

@ a=T

1 Alxiliary objects

p

Mode: Insert text Kyl
Lopc | |-l vfcommend. o

Ciuka 32.
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[® GeoGebra DEXE
File Edit View Options Window Help
B =]+, :
a=16
b=721
e=f //,\A
> b
e
.'/’/
/// .
/,/
Bt D E
. . ®
Mode: Move ]
= v a ¥ |Command .. b
Cnuka 33.

Kox cnoxxenujux 3amartaka, Te ce pe3yJTaTH HE T0jaBJbyjy HEMOCPEIHO,
Kao y MPETXOJHOM MPUMEPY, MOy C€ pelIema T0OUTH KOMOWHAIMjOM Hapeaou
KOje Cy Ha pacrosaramy. Y TOM clly4yajy HACTaBHUK, a U YUCHHUIM, MOpajy IpPBO
Ja JOBEIy pelielme 3aJaTka J0 padyyHCKHX paamu. PauyHame ce Tama Moxe
paZUTH U €TaIHO WM CaMO jeIHOM Ha Kpajy.

GeoGebra npyka MOryhHOCT 3a KpeHWpame CIOKEHHUJHX CIIMKa Ha OCHOBY
KOjuX, y3 jgare OpojuaHe mojaTke, y4eHHIM Tpeba nma pemaBajy oapehene
3ajaTke. 3a ycCHemaH IPTeX Ha pacloyiaralkby Cy pa3induTe BpPCTE JIMHU]A,
pa3nuuuTe BeIUYMHE Tauyaka, pa3inyure 00je U lUXOBE HUjAHCE.

HactaBHUK MOXXe TPHUIPEMJbCHE CIIOKEHHUje NpPTeXe Ja yYSeHHIHMA
,,TTOJIETN* eIEKTPOHCKOM IIOIITOM, Ha HEKOM HOCHOIly IOJaTaka W caMoO Ha
nanupy. Pemema 3amataka, nomahe 3amarke, ydeHUIM Tpeda J1a MHIITY y CBECKE,
anmu uxX Tpeda MOJICTUIATH Ja 3aJaTKe MOTY MpeAaTd Ha HEKOM HOCHOILY
noJaTaka, Mpeko EJEKTPOHCKE IMOINTe WM Ha moceOHoM mamupy. Kao momahum
3a/laTak MOXKE C€ 3aXTEeBaTH Ja yYCHUIM Bapupajy HACTABHUKOBY TEMY M CaMU
CacTaBJbajy CIMYHE 3aJIaTKE.

Jlena yyeHnudka pelrema MOry ce IIPUKa3aTh CBUM YYECHUIIMMA Y OJCIbEHY.
Jobpo 6m Omio ma TO W3BENE caM YYCHHK KOJU j€ PEIIMO 3aJaTak, a OCTalu
YYCHHUIIM U HACTaBHUK Tpeba CBE TO J]a MPOKOMEHTAPHIILY .

Ha Taj HeunH ce y4eHMLIM CTUMYJIMIIY Ha CaMOCTajlaH paJl, Ha U3HOIICHE
CBOT pajia Ha IUCKYCHjy U oOpa3iarame mocTymnaKa 1 pe3yrara.
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4.6 GeoGebra Ha yacy maTeMaTuke

Sama organizacija ¢asa na kojem se nastava odvija uz upotrebu racunara bice analizirana
i sa tehnicke i sa metodicke strane.

Ha wacy xoju je mpenBuhen 3a oOpamy mehycoOHOr onmHoca mpaBe H
KPY>KHHIIE MOTY c€ KOMOMHOBATH PaJl Ha Manupy, OJHOCHO Tabau u padyHapy. Ha
MOYETKY HACTaBHHMK WM HEKO O] yYCHHWKa TOHOBH Ne(UHHIM]Y KPYXKHHIEC, a
3aTUM HalpTa KPYXKHHUIy Ha Tabmu. Heka je meHtap kpyxHmie Tauka O U
MOJIYIPEYHUK 7 .

HacraBuuk: ,,AK0 y UCTO] paBHH y KOjOj je KPY>KHHIIA HAI[PTaMO IpaBy
P , KakaB MOe J1a Oyzie lUX0B Mel)ycoOHU momoxkaj*“?

VYuenuk: ,,IIpaBa Moxke 1a cede KpyxHHMIy, J1a je TOJUpPYje UM J1a HeMa
3ajeJHIYKUX Tadyaka ca Kpy>KHUIoM!

HacraBuuk: ,,Ox yera To 3aBucu?

VYuenuk: ,,OqHOC KpY)KHHIIE M TIpaBE 3aBUCH OJl pacTojama IIEHTpPa
KPY>KHHIIE O]1 IpaBe.*

HacraBnuk: ,,Kako hemo onpenurtu To pacrojame?*

Ha oBoMm MecTy moTpeOHO je OOHOBUTH KOHCTPYKIIM]Y HOpMajie M3 J1aTe
Tayke Ha JaTy NpaBy. YKOJIHMKO je Majlo BpeMeHa 3a TO WIM HACTaBHHUK OIICHHU J1a
MOHaBJbaKkE HHUjEe TOTPEOHO, KOHCTPYKIMja ce Moke m3behu. Y Tom ciyuajy ce
noMohy Nemupa MocTaB/ba TpakeHa Hopmala. PacTojame meHTpa KPYKHUIE O]
MO/THOYKja HOpMaJIe je Ty>KUHA Ty>KH ofpeheHa Tum Taukama.

YuyeHuKe HACTaBHHUK CaJa MOXKE YIIyTUTH Ha EKCIIEPUMEHTE LPTAHEM
BHIIIC MPABHX, OJ] KOJUX HEKE CEKYy, HEKE JOIUPY]y a HEKE HEMajy 3ajeTHHYKHX
Tavyaka ca Kpy>KHUIIOM.

[Tocne xkpahe muckycuje W H3JIarama Y4YEHUKAa Ope3yJTaTUMa CBOJUX
eKCIIepMEHAaTa, HACTABHUK MOXKE MPUCTYNMHUTU padyyHapy M MPHKA3aTH HEKE O]
KOHCTPYKIIMja Koje ¢y moowmiu mojenuau yuenunu. OBaj neo paga O6u Morao jaa
ypaau U HEeKH YUYEHHUK KOjH je oBiagao KopuinhemeM nporpama GeoGebra TOnMMKo
Jla MO’K€ HalpTa KPY>KHUILY ¥ ITPaBY.

Cnuke mory uhu cnenehum penocienom. Ha mpBoj ciamum ce Hampra
npaBa 1 Kpy>KHHIA ca n3a0paHUM [EHTPOM U JIaTHM TIOJTyTIPEYHUKOM, ciuka 17.
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@ GeoGebra - Prava i kruznica.ggh
Datoteka Uredivanje Prikaz Opcije Prozor Pomoé

Matdin: Pameranje wiy=11

= ~||la = | Maredba A4
Cnuka 34.

OBpe je BaXXKHO MPHUMETUTH Ja MOMEPame MpaBe MapajeiHO MTPBOOUTHOM
M0JIOXkKAja MOKXEMO OCTBAPHUTH CEJICKITU]OM OMIJIO KOje TauKe MpaBe U MOBJICUCHEM
npase, ciuka 35. Cenekiyja ce U3BOAM KIMKOM Ha JIeBU TacTep muiia. HapasHo,
Tpeba IEMOHCTPUPATH U Jia C€ KPY)KHHUIA MOXKE ITOMEPATH TaKO IITO CE CEIEKTYje
u momepa ueHtap. [lomepamem objekaTa Moke mocTuhu J1a ce CeKd, AOIAUPY]Y
WM Jla HEeMajy 3ajeJHUYKUX Tadaka. M300pom omiyje 3a KOHCTPYKIIM]y HOpMaJIe,
cnuka 36, U3 MEeHTpa KPY>KHUIIE HAa TIPaBy, J00OHjaMO TpaBy Koja JaTy MpaBy cede
y Ta4Ku KOjJy ozpehyjeMo omiujoM mpecek, ciuka 37. 3aTuM HOpMaly YYMHHUMO
HEBUJBMBOM, clUKa 38, U 00enexnMo IyX oapeheHy HEHTPOM U TMOIHOXK]eM
Hopmaute, ciuka 39. [lomepamem mpaBe MeHaMo U Iy )KHHY yodeHe ayku. Ha Taj
HAYMH MTPUKA3YjeMO Kako ce Mel)ycoOHU OJTHOC KPY KHHIIE U TIPABE MEHA a ca THM
U JIy’)KWHA ITOCMAaTpaHe JTyKH.

Kbyuynn wMomeHaT HacTyma Kaaa Maio Jae0/boM JyKH —HalpTamo
NOJYTIPEYHHUK KPYXKHHIIE OApel)eH HEHTPOM M MPECEKOM HOpMaie M KPYXKHHIIE,
cimuka 40. Y3 onmwmjy ,,Jl03Bonu mpecek y mpomykeTky, ciuka 41, mobujamo
MOTYNHOCT /1a MOJYNpPEeYHUK YBEK BHAUMO, ciuka 42. [lomepajyhu wnm mpaBy
WIM KPYXHHIy U mpaTehu OmHOC pacrojama IEHTpa KpPYKHHIIC Of TpaBe H
MOJTYTIPEYHHUKA KPY>KHUIIE HABOJUMO YUCHHKE J]a U3BEy MPAaBUJIaH 3aKJby4YaK.
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[® GeoGebra - Prava i kruznica.ggh
Datoteka Uredivanje Prikaz Opcije Prozor Pomoc

25

P
Macin: Fomeranje

. Unos: \_Hu MNaredba

Cruka 35.

[® GeoGebra - Prava i kruznica.g
Datoteka  Uredivanje Prikaz  Opcije Prozor Pomod

—* Paralela

>< Simetrala dufi

é‘ Simetrala ugla

/Q Tangente

_\Q Polara il konjugaovani precnik

Macin: Maormala

. Unos: \_‘M MNaredba .. |

Cnuka 36.
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@ GeoGebra - Prava i kruznica.ggb
Datoteka Uredivane Prikaz Opcije Prozor Pomoc

3 {55 B C) A | 9 K 00

C
p
MNatin Prava kroz dve tatke woy=1:1
IUnos: = v||a ¥ |Maredba . v
Cnuxka 37.

[@ GeoGebra - Prava i kruznica.ggb
Datoteka Uredivanje Prikaz Opcije Prozor Pomod

(3 P ¥ [c) P KA EE R 0C

prava a: prava kroz O normalno na p
Jednacinay =kx+d
Parametarski oblik

Frikadi oznaku
Ukljugi trag
Pomocni objekat
# Redefinisanje
Er Polje za unas
4 Brisanje

ot Preimencvanje
= Osobine

: A\

Macin DuF odredena dvema tadaka

. Unos: \_“u MNaredba ..

Crnuka 38.

206



@] GeoGebra - Prava i kruznica.ggb
Datoteka Uredivanie Prikaz Opcije Prozor Pomoé

3 [E55 29 B8[C) P | B9 B9

p

MNagin: Pomeranje

. M u M MNaredba .. I

Cnuka 39.

@ GeoGebra - Prava i kruznica.ggb
Datoteka Uredivanje Prikaz Opcije Prozor FPomod

I 59 9 % o) e I 9 3 ve

[
A
p
Madin Pomeranje
. Unos: o v |Naredba .. I
Crnuxka 40.
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Osobine X
Objekt Osobine
tacka A Prikazi obj i
jekat  Boja:
tatka B !E
tatka C Ll Prikazi oznaku: | Ime v
tactka D
tatka O L1 Prikazi trag
pra?fa a Yrsta linije: v
broj b
B Debljina linije
duZ d .—;"
prava p
M Dozvoli presek u produZetlo
L1Pomocni objekat
[ o ] ’ 7 ] Frimeni | | Odustani

Ciuka 41.

[®] GeoGebra - Prava i kruznica.ggb
Datotelka Uredivanje Prikaz Opcije Prozor Pomoé

[x] o

Matin: PFomeranje xiy=11

[ Unos H ||: V||C( V||Naredba A4

Crmmka 42.
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Opis konstrukeije
Datoteka Prikaz Fomod

Br. |lme Defincija
1 pravap
2 tacka O
3 brojb
4 krudnica k kruZnica sa centar O poluprednik b
5 tatkabB tacka preseka od k, p
B tackaC tacka preseka od k, p
T |prava a prava kroz O normalno na p
g tacka A tacka presekaodp, a
9 dufc DuZ[0, A]
10 ftacka D tacka preseka od k, ¢
11 duzd DuZ[0, D]

IERIEKREEE

Cnuka 43.

Omnwuc KOHCTpYKIHje, ciuKa 43, cap>Ku CBe Hallle Kopake.

Hpyra moryhHOCT 3a CTBapame CHUTyalldjeé 3a EeKCICPUMEHTHCAmhE |
JoBOheme yueHHKa 10 MpaBWIHOr 3akibyuyka je cneaeha. IlpBo ce 3ama

MOJYNPEYHUK KPYKHULE

r=4

Kao KJIM3a4. 3aTUM C€ HalpTa KPY>KHUIIA ca IEHTPOM y NPOU3BOJBHO] TaUku A ca
HOJYTIIpeYHUKOM 7, ciuka 44. OHna ce uzabepe Kimzad

d=5,

ciuka 45, a momohy mera nyx AB nyxune d, ciuke 46 u 48. Ilotom ce
MOCTaBJba HOpMaJa U3 Tauke B Ha nyx AB, cnuka 47. Ilomepawem kiau3aya r U
d MemaMoO TOJYNPEYHHUK KPY)KHHUIIE U pacTojame LieHTpa oj mpase. CBakako,
OBJIE MOXXEMO TOHOBO MOMEPATH KPYXHUILy MeHajyhu Mojoxkaj BeHOT IEeHTpa.
Ha oBomM MecTy ydeHMIM MOry JOUCKYTOBAaTH M MpeAJiaraTh 3akJbydKke o
Mel)yCOOHOM MOJI0Kajy KPYKHHIIE U TIpaBe.
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[® GeoGebra (3) CBX

Datoteka Uredwanje Prikaz Opcije Prozor Pomod
(] III pREED s
a Nezawsnl objektl
r=4
A Zavisni objekt ¢
@ e (x-007Y+ (y-283)2=16
1 Pomoéni objekt
< | 3
Natin: Pomeranje xiy=1:1]
IUnos: | # V||C( v||l’\laredba... VH

Cruka 44.

[® GeoGebra (3) ]3]

Datoteka Uredwanje Prikaz Opcue _Prozor Pomocd
JL) >
a Nezawanl obj ekt\
4 A={0.07,283) d=5

o () d = 5 —_—

..... Jr=4 r=4

A Zavisni objekt *

@ e (X -007+ (v -2831=16
1 Pomodni objekt

< | (>

Nacin: Duz zadate duzine 1Z tacke Kivsln
Unos: | = "||C( V||Naredba... VH

Crnuka 45.
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@] GeoGebra (3) CBX
Datoteka Uredlvanje Prll—caz Opcue Prozor Pomoc
. ‘/ AEIC 26
,./ Prava kroz dve tatke
/' DuzZ odredena dvema tacaka
) Poluprava kroz dve tacke
/' Wektor odreden dvema tackama
"; Vektor iz tatke
I}a Mnogaugan
Macin: Prava kroz dve tatke xiy=1:1]
Inos: | # "||CE v||l’\laredba... VH

Cruka 46.

@l GeoGebra (3) ]3]

Datoteka Uredlvanje Prikaz Opcue _Prozor Pomod

\% 2B 0"

J Mezavisni objektl
-9 A={0.07,283) d=5

~@ B =(5.07,2.83) —*

o d=5 r=39

L0 r=39 I A

A Zavisni objekt

@ a=5

9 hrx=5607

@oe (x-007F+ (v -283)P=15

1 Pomocni objekt

m

< I
Macin: Pomeranje

. Lnos: |L||CE V||Naredba :H

Cnuka 47.
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Duz zadate duzZine iz tacke

duZina

d = w([og w

Frimeni || Odustani

Cruka 48.

Huckycuja o meh)ycoOHOM OHOCY KpY)KHHIIE U MIpaBe MOXe OUTH 0Jiaro
yCMepeHa ako ce Ha paJHoj MOBPILIMHU 10/ajy ABe AyxHu. [IpBa u3 Heke tauke C
ca Iy>)KHHOM 7 M JIpyra U3 Heke Ttauke £ ca pyxkuHoMm d . Ha couuum 49 cy to
nyxu CD u EF . Axo u3zabepeMo 0cOOMHY OBHX JAYKH Ja CE€ IOjaBJbyje CaMo
BUXO0BA Ty)KMHA, MEHajyhu Ha KITM3aurMa MOJIYIIPEYHHUK U PACcTOjabe IIEHTPA 01
npase, Memahe ce u ayxuHe oBux nyxu. Caga camo y3 IpeTXo/Hy akiujy Tpeda
MOCMaTPaTH W OJHOC KPYXKHHUIIE W TIpaBe. 3akbydak ce Op30 Hamehe m yueHunn
MOTY JIaKO /1a Ta U3BEeAY.

[® GeoGebra (3) 03]

Datoteka Uredwanje Prikaz Opcue FProzor Pomod

D[ I 2e

| Nezawanl obj ekt\ b
- A=(0.23,287) d=5 :
@ B = ({523, 2.87) —_— o
-4 C=(64,857) r=4 4
--@ D ={10.4, 857) - * E F
-3 E=(6.57,7.03) 5
@ F={1157,7.03)
e () d - 5
@ r=4
A Zavisni objekt
@ a=5 B
@ b x=523
0 ¢ (x-0.237+ (y -2871=16
3 e=4
4 f=5
1 Pomodcni objelkt

<
MNacin: Pomeranje S Ry T
ILnos: I—H:Huﬂr\laredba._ W

Crnuka 49.
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@] GeoGebra (3) FEX

Datoteka Uredivanje Prikaz Opcije Prozor Pomod¢

A Il

24 Mezavisni objeld b

L0 A=(023,287) d=2 ¥

@ B=(2.23,287) — & 2,
5 C=(64,857) r=4 4

- @ D=(10.4,8.57) — E -

-0 E={657,7.03) 2

@ F=(857,7.03)

o (G d=2

@ r=4

A Zavisni objekt

@ a=2 A, B

@ b x=223 a

O ¢ (x-023P+(y -2872=16

o (G e=4

e (g f=2

L1 Pomocni objekti

i Il 5|
Macin: Pomeranje R

Lnos: = v.i!-ct v.i:r\Jaredba... |

Cnuka 50.

[IpeTxoana aBa moctynka npukasyjemo u Ha CD-y kao mane duimose.

Ha BehuHm wacoBa HAacTaBHHUK MOXeE CIMYHO NOCTYNmuTH. Hberosa
mpUIpeMa 4aca cacToju ce€ y NYaHHWpamy NUTamka MW KOHCTPyKIHja Koje he
U3BOJUTH Ha Yacy, caMocaTajbIHO WM y3 NoMoh yueHuka. Jla Om vac Tekao
MOKEJbHUM TEMIIOM HAacTaBHMK Tpeba Ja MMa MOTYHO jacaH IJIaH U JOBOJbHY
curypHoct y pany ca GeoGebra-om. IIpexknname TOKa KOHCTPYKIHjE y3 MHUTamka
ynyheHna y4eHuImma:

»LTa name?*,
,,Kako maspe?*,
»11Ta 3akpydyjemo u3 opora?*
uT/. Tpebayno Ou 1a ,,yByKy* yUCHHUKE Y TUCKYCH]Y U TPATUBO.

3a 3amaTke Koje OM YYCHHIIM CaMOCTaTHO pelllaBajid HACTABHUK MOXE J1a
NOCTaBM HEKY O]l CHTyalldja, Ha TalJld U Ha padyyHapy, a 3aTHM J1a OJl yYCHHUKa
Tpaxxu peiieme. Ha npumep, HACTABHUK HAIpTa KPY>KHUILY M TPAXKH O] YUCHUKA
Jla HaIpTa MpaBy Koja cede KPY>KHUILY. Y YSHHK MOJKe Jia Oupa B TadyKe 3a MpaBy
Ha pa3nuunTe HaunHe. [luTame Koje HaCTaBHUK MOXKE J1a TIOCTaBU MOKeE Ja TJ1acH:
,/3a0epu jemHy TauKy Tako Ja HE3aBUCHO OJ] M30opa Jpyre Tadke (HapaBHO,
paznuuMTe O] MpBE Tayke) T€ JABE Tadke ojapelyjy mpaBy Koja CHUTYpPHO ceue
kpyxHHIY . Tako ce momcehamo Ha TO a KPy>KHHIIA JEJIM paBaH HA YHYTpaIlby
U CIoJhallliby 00JacT U J1a je jelaH O] KpUTepujyma 3a yTBphuBame Koja 0bmacT
j€ YHyTpalllkha yIpaBO TPECEK MpaBe W TrpaHulle Te objacu (OBOT TyTa
KPYXKHHLIE).
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4.7 KISS MpuHUmMn

KISS je akponmm ox "Keep it small and simple!", mTo 6m ce Mmorio
npeBecTH kao "HampaBu jenHocraBHO M npersienHo". OBaj npuHuun ce cpehe y
uHpopmatuin U Omo je Boacha wuzaeja npu mnpaBibewy GeoGebra-e. Kao
o0pa3oBHU copTBep OHa Tpeba Ja oMOoryhu jeIHOCTaBHO MAaHUITYJIMCAE KaKo Ou
ocTaJioMecTa 3a yYEeHUKE Ja OTKPHBAjy MAaTeMaTHKy M Jla €KCIePUMEHTHUIY.
OO0pa3oBHU cOPTBEp Tpaxku MOpPE] MATEMaTHUYKOr 3Hamba U 3HAHbEe M BELUTHHY
meroBor kopumhema. OBe nprpeke Ou Tpedase 300r Tora ga Oyay mro je moryhe
Mame. 30or tora ce GeoGebra opujeHTHCana Ha anrebapcKo 3amaBambe OJMCKO
IIKOJICKO] HoTauju. IIpaBy MoxxeMo 3agaTu Kao

p:3x+4y=2,
a QyHKUHjYy Kao
f(x)=3x—2.

Geogebra HapenOe naje Ha u3abpanoM je3uky. [lo cana je mpunpemsbeHa Ha BUIIIC
on 38 je3uka.
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DERIVATIVES OF HIGER ORDER FOR FUNCTIONS FROM
Rn tO Rm
S. Pilipovi¢, A Takagi, Dj. Takati

The purpose of this note is to give an elementary and unified approach to the notion of
the derivative F®, pe N, of afunction F from R" into R™. It is supposed that

the students only have the elementary knowledge from the differential calculus and linear
algebra. In the standard textbooks this notion is served to students on the basis of their
knowledge of normed space of continuous linear mappings from one into another normed
Space.

The distance in Euclidean space R" isdenoted by | Ir" orby Il | and the usual
orthonormal basisby e,...,e,.. A function A: R"x..xR™ — R" isslinear if it is
linear with respect to any variable when all others s—1 variables are fixed. Recall the
well known facts from the linear algebra: (LA1) Amapping A : R™x..xR™ - R" is
¢ — linear if and only if it is of the form

A(X1,...,Xs) = Z a'tsx it XS

|$=1 ..... ns

where o e R, i,=1..,n,...,i;=1..,n,.
(LA2) Themapping A : R" > R"

(x1,...,X") & (AT(XL, .. x™), A% (XY, L x™), . AT (XA, LX)

islinear if and only if themappings A' : R" - R, i=1..,m, arelinear.
Inthesequel Q will denoteanopensetin R" and f afunctionfrom Q to R. If
there exists the limit

. f (x+h'e)-f (X) [
lim,, et (x +hig € Q, xe Q)

f ()

then it iscalled the partial derivativeof f a x anditisdenotedby i
The partial derivatives of higher order are defined as the partial derivatives of respected
patial derivatives of lower order. Note, in general, 9°f(x)/ox'9x’  and

o?f(x)loxiox', i+ j, (if exist) are not equdl.

Definition 1: A function f isdifferentiable at xe Q if there exists a linear mapping
A:R"—>R andamapping ® : R" - R suchthat
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fx+h) —f(x) = A(h) +@(h), heR", x+heQ,

where « hasthe property @(h)/||h]|-> 0 as [h]- 0.
Then A iscalled thefirst derivativeof f a x anditisdenoted by f’(x).
In this case

n
f'(x)(h) = A(h) = Zaihi, heR",
i=1
where o' =of (X)/oX', i =1,...,n.
Let f bedifferentiable at any point of Q. Fix he R". With

X f'(x)(h), xe Q,

afunction from € into R isdefined.

Definition 2: Itissaid that f istwo timesdifferentiableat x,e Q if for every he R"
thefunction f’()(h) isdifferentiableat x,.

In this case for every he R" there exists a linear mapping A(h): R" - R and a
mapping @» : R" —» R such that

£7(x, +K)(h) = £/(x,)(n) = A(h)(K) + on(K), ke R", X, +ke Q, ()

and @n(K)/[[K] - 0 as [k]| - O.

We use the notation (a'(h),...,a"(h)) for the vector which determines the linear
mapping A(h) in(1).

The space of functions @ : R" — R, isdenoted by .

Proposition 1: The mappings

R" 5 R", his A(h) = (&*(h),....@"(h)), he R", )

R" >F, h>wn, heR", ©)

defined via (1) are linear.
Proof. First, we prove the linearity of (2). Let e R, ke R", x+ke Q.. From (1) it
follows

F'(Xoge +K)(ah) = F/(xo)(ah) = A(ah)(K) + @an (K), (4)

a(f'(xo+k)(h) = F(%o)(h) = 2(A(h)(K)) + @n (K)), ®)
which imply  A(ch)(K) = awm(k). since @@n(K)/[IK]| > 0  gng
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@an (K) [IKIl > O as Ikl >0, byputting k =k’e,, j=1...,n, itfollows

Ae(h)(K'e;) - aAh)(ke;)
k!

—0 as k! =0.

This, implies o'(eh) =o' (h), j=1..,n, which gives A(eh)=cA(h). Let
h,,h,e R" befixed. From (1) it follows

f'(x, +k)(h, +h,) = T/ (x,)(h, +h,) = Ath, +h,)(K) + @nsn, (K)  (6)

(£ +K)(h) = F7(x0)(h,) = Alh ) (K) +@n, (K) + A(h,)(K) + on, (). (7)

i=1

Since
Oho+h, (KK = O, @, (K)/|IK|| = O,
and On, (KKl = 0 g [IK]l = O,

by putting k = kiej , J=1...,n, in(6) and (7) and by making the difference, it follows
A(hy +hz) = A(h1) + A(h2).

For the proof of linearity of the mapping (3) one have to use again (4), (5), (6), (7) and
the linearity of A This implies that for every keR" the mapping
h— @ (k) (R" > R) islinear. Thus, we have

on(k) = 3 _o'(h', o' ®)/Ik] >0 k|| - 0.
i=1
(LA2) impliesthat A(h)(k) =X} e’ (h)k’, ke R", where
(@(h),a?(h),...,a"(N) = O _a¥h,> «?h,....> a"h).heR"
i=1 i=1 i=1

Thus, for h,ke R",

f'(xo + K)(h) — f'(x0)(h) = D_ al'kihi + > o' (K)h'.
i=1

ij=1

Proposition 2: Let f be differentiable on Q and two times differentiable at X, € Q.
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Then f hasall the partial derivatives of second order at x, and

0’ f(xp)loxiox! = ol'ji=1,...,n, j =1,...,n.
Proof. From
f'(xo + K)(h) = f'(x0)(h) =

T\ Bf(xo +K) . Bf(Xo) N
—~h' — —h') = KIn! '(k)h',
25 oa M) = 25k 30l
= i,j=1 i=1
by putting h=¢;, k =k’e; andby letting k’ —0 it follows
a' =0%f(x,)/ox), i,j=1..,n

Definition 3: If f isdifferentiableon Q and two times differentiableat x, e Q, then
the bilinear mapping from R"xR" into R of theform

n n 2
(hk) > A (K) = 3 aikihi = Z%kih‘, hk eR"

ij=1 ij=1

is called the second derivativeof f at x, anditisdenoted by f”(x,)(h,k).

Forevery h,ke R" wehave (f'(x,)(h))(K)= f"(x,)(h,k).
Let f betwo timesdifferentiableon Q andlet forany he R", ke R" thefunction
x> f7(x)(h,k), xe Q, bedifferentiablea x,e Q. This means that there exist linear

the mapping Ah.K) represented by the vector (o*(h,k),...,a"(h,k)) and a mapping
wnx from R" into R such that
(%o +1)(,K) = F7(xo)(h,k) = A(h,K)(r) + @, , (1)

=Zn:ap(h,k)r P4 @, (1), (8)
@y, ()| =0, s [r]—0. (9)

By using the same ideas as in the proofs of Propositions 1 and 2 one can prove the
following one.

Proposition 3: The mapping

R"xR" = R", (h,k) = (¢*(h,k),....a" (h,k)), (11)
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R"XR" >F, (hK)- @,,, (12)
are bilinear.

Proof. We only give the sketch of the proof that (10) is bilinear. Let
oeR, reR", x+reQ and h and k befixed. There holds

(X0 + r)(ah,k) — f"(Xo)(ah,k) = A(ah,k)(r) + cf)ah,k (r)

a(f"(Xo + )(ah,k) — " (Xo)(h,k)) = a(AhK)(T) + @nk (),
where
darx (DT = 0, adnx)|Ir]| -0 |r] - 0.

By using that the second derivative in (14) bilinear and by putting r =rPe, in(12) and
(13) it follows
(aP(ah,k) — aaP(h,k))(rP) N
rp
which gives o”(oh,k)=«a"(h,k), p=1...,n.
Inasimilar way we prove

0, rP->0,

ap(h1+-h2,k) = ap(hl,k)+-ap(h2,k), P = 1,...,n.

The proof of the linearity with respect to k isquite the same. Thus, (10) and (11) imply

AK)(T) = D aPirPkin', &pi(n) = D ol (KN,

i.j,p=1 i,j=1

and (8) hasthe form

f"(xo + (k) = ' (xo)(h,k) = > aPirPkihi + )~ wli(Nkin'.

ij,p=1 ij=1

Proposition 4: If f istwo times differentiable on Q and there times differentiable at
X, € Q, then f hasall the derivatives of third order at x, and

0% f (x,)/oxPox'ox' =™, p,j,i=1..,n

Proposition 5: Let f satisfy all the conditions of Proposition 4. The third derivative at
X, isthe three-linear mapping
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03f(Xo) o
hk,r) » f"(x0)(hk,r) = ———rPk!h'.
) xo)(hk,r) = D FVERP

hjp=1

In an appropriate way we definethe <— thderivativeof f asthe s— linear mapping

he) o FOXo)(hy,....hs) = D alsithg.. hi
ilfl

(ha,...

Let F: Q—R", beafunction defined by
= F(X) = (f*(X),..., f "(X))

Qex =(x)...,Xx")
=(y'...y")eR"

Definition 4: The function f is differentiable at xe Q if there exist a linear mapping

A:R">R"™ andamapping @ : R" - R™ such that
F(x+h) —FX) = Ah+w((h), he R", x+heQ,

where « hasthe property
lo(M)|[[rm/[[h[[rr = O [[h][re > 0.

x if and only if f'.., f™ are

One can easily see that F is differentiable at

differentiableat x and
A=F X = {fXx),...f"x),

F'o)h) = ' ), ....f2'(x)(h), heR"

is more convergent to write A in the matrix form

H
1 (x)
o= 100 | ™
fm (X) y(x) ox" (X)
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If F isdifferentiableon Q, then for fixed he R", x> F’'(x)(h), xe Q, isa
mapping from Q into R™. Itissaidthat F istwo timesdifferentiableat x,e Q if
for every he R" thefunction F’(-)(h) isdifferentiableat x,. Thisis equivalent to

the fact that everyone functions f’(-)(h),..., f’(-)h are differentiable at x,. In this
case we have

F'(Xo + k)(h) = F'(x0)(h) = A(h)(k) + Wy (k), ke R", keQ

where A(h) isalinear mapping R" - R™ and ®@n) isamapping R" — R™ such
that

lon (K [re/[Kl[r" = O, [[K[[rn > O.

Asinthecase m=1 one can prove that the mappings

h— A(), heR", h—on, heR",

are linear.
Without repeating all the arguments we have

(F' (o) ()" = ((F*' (o) (), (™' (X0)(h))")

(F' (o))" = ((F*'(x0)()'(K), ..., (™ (xo)())'(k)), k & R™.
Sincefor h,ke R" and p=1,...m

n

(' (xo)()' (k) = >

ji=1

0%fP (o) K

jhi
oxiox! ,

it follows

(F' (o) () (k) = (F" (x0)(h, k), ... ™" (Xo) (,K)).

Thusthe second derivativeof F a xe Q is
F’(x) = (f1 (x),..., ™ (X))

and
F (x)(h,k) = (2 ()(h,K),... T™ (x)(h,k)), h,ke R". F”(x), xe Q,

isabilinear mapping from R"xR" into R™.
The higher derivativesof F are defined in an analogous way.
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On thevisualization of the derivative and the
differential of functions

Stevan Pilipovié¢, Djurdjica Takaci, Arpad Takadi

Introduction

In this paper we present a visualization of the partial derivatives and the differential of a
function of two variables, but we first give a visualization of the derivative and the
differential of a function of one variable, by using the programme package GeoGebra and
Scientific Workplace.

Visualization of difference quotient
Let us consider the function f :D — Rand its difference quotient

f(x+h)—f(x)
. :

k(h, x) =

The function k is the function of two variables. Further on, we shall change the
parameter h, and follow the coresponding function k, by using programme packages

Scientific WorkPlace 31 5.5 and GeoGebra.
Example 1. The difference quotient for the function f (X) = X* hasthe form

k(x, h) :M_

The graphs of the functio k, for diggerent values of h, are shown on Figure 1.
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Example 1. The difference quotient for the function f (X) =sin X hasthe form

sin(x+h)—sinx
- :

k(x,h) =

The graphs of the functio Kk, for diggerent values of h, are shown on Figure 2.

Figure 2.

In the programme packages Geogebra we can follow the same visualization by using
slidersason Figure 3.

Figure 3.

-
E:\KURS--APRIL\

or .\Nastaval.qgb ili zaKNJ\Nastaval.ggb

In this programe packages one can change function and obtain the correspoding graphs.
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Fourier Series
Purdica Takaci

Introduction
Let f bea 27— periodic piecewise continuous function on the interval [-z,z]. The
trigonometric series

Ao + Z(An cosnx + B, snnx),
n=1
is cdled the Fourier series of function f, if the coefficients
A,n=01..., B, n=12..., aregivenby

V4

A =4[ f(x)dx,

/4

—_—y

A f (x)cos(nx)dx,n=12,...,

1
r

3

B =1 f(xsin(ndn=12,...

The coefficients A, n=0,1..., B,, n=12,..., arecdled Fourier coefficients.

The Fourier series of a periodic piecewise continuous function f onaninterva [z, 7],
with piecewise continuous first derivative f’, convergesat any point xe [z, 7] (
converges pointwise for al values x ). Then we have

f(x*) + f(x7)
2

= Ag + n COSNX + by SINNX),
A A Bns
n=1

where A, n=0,12,..., B, n=12,..., aregiven by (4coef).

Suppose the series i(|An |+|B,|) converges, where A and B, are the Fourier
n=1

coefficients. Then the Fourier series converges uniformly on every finite interval .

The Fourier series of a continuous 27— periodic function f , with piecewise
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continuous first derivative f’, convergesuniformly on every finite interval.
The change of variables x=at//¢ ,and f(x)= f(at/¢)=g(t), imply the Fourier series

for thefunction 9 as

Ao + Z(An cosnT”t + B, sinnT”t),
n=1

where the coefficients have the forms

0
Ao = 5= | g(x)dx,
-0

(
An =1 [ g(x)cosdx,n = 1,2,...,
2

(
Br =1 [ g)sn™dx,n=1,2,....
—(

On the visualization of the coeficients of Fourier series

In this section we use the programme packages:

e Scientific Workplace version 3, and 5,

e Geogebra

in order to determine the coefficients of the coresponding Fourier series and its partial

sums for different values of n.

The Fourier series for the function f(x) =x, x € [-mn] |
f(x+2r) = f(X)

The function f(X) =X, X € [-m,7] , f(x+2r) = f(X) is piecewise continuous on any
interval  [&,b],  because this interval can be divided this interval on subintervals
[2zr,2(z+ 1)r)], z € N,

e inside each of which f iscontinuous,

e the left-hand and right-hand limits exists at each point on the subintervals including
their end points.
The left-hand and right-hand limits are defined, respectively, by

f(x7) = tErxr_lt =X =f(x*) = tErxrlt, X € [2zr,2(z+ V)n)], z€ N,

227



and the function f iscontinuousat the point x since f(x™)=f(x")
In fact the piecewise continuous function f can be written as:

X+4r if -5r<x<-3x
X+27r if -3r<x<—-rx
X if —zm<x<nrm
f(x) = "

x=2r If mw<x<3r
Xx—4r if 3r<x<b5r

Xx—6r If Sr<x<7Trx

with its graph given on Figure 1.

-14/-12 -10 -8 /-6 -4 -2 /I 2 4 8 10 14

2T

3+

Figure 1.

The function f is odd and the coefficients A =0, n=12,.... By usua clasical
calculation, using the partial integration we get:

0 0
. 0
Bn = 2 [xsindx = £(—xq7 cos™ | + - [ cos™dx)
0 0

20
— (_1) n+1 =
By using the programme package Sci3 we get

2 (_1)n+l
n .

—.N

T
XSinnxdx = —2=snmsmnosm, 1 [ xsinnxdx = —2%sm =
—T

1
” n

3

228



The Fourier series for the function f(x) =%, xe[-m,z] , f(X+27)=1(x) is
* (_1)n+1 _
f(x) = ZZTsnnx.
n=1

Let us consider the sequences (A, ), of partial sums given by seriesin the last

relations;

n _ 1\k+1
A =2 ( 1@ sinkx
k=1

The partial sum A(12) obtain in SI3 is given on Figure

Figure 2.

Generally, the Fourier series for the function f(x)=x, xe[-/(,¢] , f(x+2/)="f(X)
can be written as

203 (D)™ . nax
f(x)=— sin
() ﬂr,z:;‘ n l

, xe (=1,0).

In programme package Geiger the sixth partial sum of Furie seriesisilustated on interval

(—27,67).

E:\KURS--APRIL\
f(x),Pl-x-.ggh ( "P*9% ) and the exported figure is:
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Figure 3.

The Fourier series for the function f,for ¢=1 can bewritten as

f(x) = % i ¢ sn(nzx).

n=1

The Fourier series for the functions

f(x)=x*, xe[-/,1],
f(x+20) = f(X).

In fact the piecewise continuous function f can be written as:

(x+6r)* if —-Tr<x<-57
(x+4r)® if -5r<x<-3r
(x+2r)* if -3r<x<-m
f(x)=1x? if —z<x<nr#
(x-2r)* if m<x<3r
(x—4r)* if 3r<x<bm

(x—6r1)* if Br<x<Trx
and itsgraphisgiven on Figure 4
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-4 -12 -0 8 6 4 -2 0 2 4 6 8 10 12 14X

Figure 4.

Thefunction f isevenand thereforeit holds B, =0, n=12,....

n=0,1..., canbewrittenas

(

2

A0=LJ‘ dX=2L
0

The coefficients A,

20 3"
2%,  nax (-)"4r?
=— |x*cos—dx=—"2——, neN.
A EOI l n’z?

and the Furier seriesis of the form:

D"

f()—— zz( 2 xe R

n

If weput /=7 thenwehave

oo

DR

n=1

The sequences (C,),_,, of partial sumsgiven by last series are:

C()_ﬂ E (]3 Coc
71'

k=1

cosnx, Xe[-m,x].

, for /=2

In programme package GeoGebra the second partial sum of Furije seriesis ilustated on

interval (—2r,67).
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"7
E:\KURS--APRIL\
f(x),Pl-x2-.ggb ~ ( O¥PFX"2-99 y and the followin picture is exported.

;1 | [ ne |

Figure 5.

The Fourier series for the functions  f(x)=]x xe[-=z7z]
f(x+2r)=f(X)

Thefunction f isevenand thereforeit holds B, =0, n=12,.... The coefficients A,
n=0,1..., canbewrittenas

= %]ﬁxldx = %]ixdx =
0 0

A, =_J'| x|cosnxdx_—J'xcosnxdx_ 22 (cosnz-1), ne N.

m
From cosnz =(-1", neN, itfollows
-4  n=135
£ (-1)"-1= n2x
nnz 0, n=246,...

In programme package Geogebra the secod partial sum of Furije series is shown on the
interval (—2x,67).
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E:\KURS--APRIL\

f(x),Pl-abs(x).ggb ili ( "®¥PFabstd-09 y ang the fllowing pictures is exported.

N=2
-
A A
J J (& s J
\ .l
& Y [ \ j f
f / ! / J
/ ! | |
\ |l' J/ '.II |II.
\ / \ / /
/ \ / \ / | \ J
| \ ,." \ / \ | \ |
| \ | \ \ | \ |
| \\ { \ |," ". | \ |
/ J \ | \ \
\ / | | .-"I |
4 i ! ! / \
-.III ."l '-II ||' II'. 1 J
L\ J B |
/ \/ \‘ / \ / /
£ % i ¥
02
=3

Remark: In progranmme pakckageu Geogebra the functions can be chaged and by
using sliders the corresponding partial sums can be obtained.

233



The Fourier M ethod of Separation of Variables

burdjca Takai

EIGENVALUESAND EIGENFUNCTIONS
In this part we shal first explain eigenvalues and eigenfunctions of the Sturm-Liouville
problem.

We shall show that functions COS™*, SIN"Z  are the eigenfunctions of the Sturm-
Liouville problem

7476 =0, f(-0)=1@), f)=f@). @

By using SWP or classixaly we can show that exact solution of differential equation
f7+ Af =0  hasthe form:

f(x)=C, cosxv/A + C,sin Xy A.
Thecoditions f(=¢)= f(¢), (=)= 1'(¢), imply

C,cos/r/A—C,sinl/A =C,cosl~/A+C,sinl/A
CNASn (A +AC, costy/A =—CAJAsin A ++/AC, cosi/A
C,sin/A¢=0
JAC, sinvir=0

If C,=C,, we obtain the trivial solution and therefore we have to determine such

values of parameter 4 which allow nontrivial solutions of the given problem and then to
find the solution. These special values A are called eigenvalues and the solutions of the
considered problem are called eigenfunctions, and they are obtained as the solutions of

the equation sin/A¢ =0.

The Fourier Method of Separation of Variables

We shall explain the method of separation variables for obtaining the solution of partial
differential equations.

The linear partial differential equation

bk 8 bk 0 _
A(X)g;' + B(X)a—)lﬂ +C(Xu - D(}')W;I - E(Y)Eu —H(y)u =0,
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where O<x</, y>0, andether D(y)>0, or D(y)=0, E(y) >0, for hyperbolic

and parabolic equations.
We assume that the solutions of equation can be written in the form

u(x, y) = X(x)-Y(y),
meaning that each factor depends on only one variable and therefore we have:

g—“ = X" ()Y (Y), 3—“ = X(OY'(Y),
Yy

X2

LX0OVY), 202 XRY).
X ay

Substituting these expressions into (4svl) we obtain

ﬁ(A(x)x”(x) +B(X) X(X) + C(X) X (X))

=355 (D(Y)Y"(y) + E(Y'(Y) + H(YY(Y))

In previous equation the left-hand side contains only functions depending on x and the
right-hand side contains only functions depending on y, meaning that left-hand side do

not depend on Y and the right-hand side do not depend on x. This can happen only if
both sides are equal to a common constant — 4. So we obtain two ordinary differential
equations

t5 (AG) X7 () + B(X) X' (x) + C(x) X (X)) = 4,

X (x)

7= (DY (V) + EMY (Y +HY)Y(Y)=-4,

where A isaseparation constant.
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On the approximate solution of partial differential equation by using
computer

Let us consider the following problem:

2 2
29U 9U_o  o<x<s, t>0, 2)
ox® ot

where a isaconstant, with boundary conditions

u0,)=0,  u(/,t)=0, t>0, 3)

and initial conditions

ou(x,0
u(x,0) = f(x), (at ) =g(x), O<x< /. (4
The previous problem characterizes free oscillations of taut string with fixed ends with
zero displacement.
The soluti of the problem will be constructed by using the method of separation of
variables. From

u(x,t) = X(x)-T(t),

and

X0 __, T

X(x) 22T)
we get two differential equations:
X"(X) + AX(X) =0, T”(t) + AT (t) = 0.

Using the boundary conditions (3) it follows
X@O)T(t) =0, X@T() =0,
X(0) =0, X(@ =0.
The problem

X' (X)+AX(X)=0, X(O)T(t)=0, X(/)T(t)=0
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is Sturm-Liouville problem and we have to determine eigenval ues and eigenfunctions.
If A=-k?<0, thenthe separated solution is

X(X) = C1e® + Coe™™,

Using boundary conditions (3) we have
X(O) =C,+C, =0, Cle"g + Cze_ko = 0,

wherefrom it follows C1 = C2 = 0.

Clearly this gives us X(X)=0 | for all xe(-£,¢), hence U(Xt)=0, fo
xe (—¢,£), t>0. Then the given problem has no solution if at least one of the functions
f and g arenonzero.

If 1=0 ,thenfrom X(X)=C,+C,X, and from (3) we obtain the same conclusion.

If 2 =k?>0, then X(x)=C,coskx+C,sinkx, and required boundary conditions
(3) lead to

X(0)=C, =0, X(¢)=C,sink¢ =0,

wherefrom, it followsthat C, =0. If C, =0, weobtain thetrivial solutionof X
again. Let ustake C, #0. Then the second equation is equal zero if Sink¢ =0, which
istruefor K=22, n=12,.... .

So the eigenvalues of the considered problem are

, ne N, (5)

and the corresponding eigenfunctions have the forms

Xn(x):sinnTﬂX, ne N, (6)

wherewetook C2 = 1.

The solution of the ordinary differential equation T~ (t) +A4a°T(t) =0, for 1 given
by (5), hasthe form

T(t):Ahoo3$+ anjn%, ne N, 7)

where An and Bn are arbitrary constants.
Multiplying (6) and (7) we obtain the solution of the considered problem
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nast na;ztj nzax
sin—, ne N.

u, (X, y) = X(x)-T(t) = (A10057+B sm7 ;

The solutions of the problem (2), (3), can be considered in the form of as an infinite

series as (superposition principle)
na;zt). nzx
sin :

u(x,t)=Z[chos$+ B,sin ;
n=1

The solution u, expressed inthe form (8) hasto satisfy the initial conditions, and
thereforefor t =0 we obtaintwo Fourier series

u(x,0) = f(x):gA]sin”T”";

el 0 :
00 = g(x) = X, 22 B, sin =,

The coefficients can be determined from
Ejf(x)gnnTﬂxdx, n=12,....

narg _ 2 ge)snXax, n=1.2,...

0 0

O tammy =

Letustake /=7, f(X)=0, g(X)=x,

evaluated as;

A, =2 [0sinnxdx =0,
0

( 1)n+1

B xsinnxdx =

T
=]

Then the solution of the considered problem (2), (3), (4) hasthe form

u(x,t) = Z

)n+l
sinntsinnx.
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Let us denote by
S(n)= > 2 sinkxsinkx

the" n—th " partial sum of the previous series. Then each term of sequeces of partial
sums can be treated as the approximate solution of the considered problem.

InFigure 1 it isilustrated the graph of the first term 5(1) as. This graph is obtained by
using parogramme package Scientific Workpalce 5.5.

Figure 1.

Figure 2.

In Figure the graph of theterm S(5).

Ifwe take =7, f(X)=2x, g(X)=X, a=1 thenwehave
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( 1)n+1
n ’

T
=2 [2xsinnxdx =
0

2 (_1)n+1
n .

B _mgxsm nxdx =

Then the solution of the considered problem (2), (3), (4) hasthe form:

u(x,t) = Z( ~cosnt + 2~ smnt)smnx (9)

The" n—th " partial sum of the previous series is of the form:

An)=Y ( ~ coskt + 22" sin kt)smkx

and each term of sequeces of partial sums can be treated as the approximate solution of
the considered problem.

Thefirstteem A(L) = 2(sin x)(2cost +sint) and its graph on Figure 3 is also obtained
by Scientific Workpalce 5.5.

Figure 3.

On Figure 4 the graph of A(5) isilustrated,
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Figure 4.

and on Figures 5 and 6 the partial sums A(5) is ilustated by using programme packages
Scientific Workpalce 3.

Figure 6.
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Uticaj programskih paketa na usvajanje pojmova vise
matematike

Djurdjica Takaci, Arpad Takaci

uvoD
U naSim skolama, u Srbiji, obrada pojmova vise matematike pocinje u trecem razredu
srednje skole, odnosno kada ucenici imaju sedamnaest godina. Prema Pijazeovoj teoriji
ucenici su u tom periodu sposobni za formalno logicko misljenje, sto znaci da su u stanju
da prihvate pojmove viSe matematike. Usvajane pojmova viSe matematike se bazira na
usvajanju definicija i teorema za koje nisu dovoljna samo odli¢na znanja elementarne
matematike.
Na primer, prilikom pokazivanja konvergencije datog niza ka odredenoj vrednosti,
najvaznije je da ucenici shvate potrebu
“postojanja prirodnog broja n,, takvog da za svako n>n,, vaz odgovarajuca
nejednakost...,.”
§to se ne moze pogi¢éi samo na osnovu znanja iz elementarne matematike. Prilikom
obrade ovakvih zadataka uvek je potrebno izvrsiti i odredene elementarne transformacije,
majoracije, minoracije, i drugo. Medutim, da bi se zadatak uradio korektno, potrebno je u
odredenom momentu izvesti zakljuc¢ak koji karakterise visi oblik misljenja. U literaturi se
misljenje zasnovano na

e aksiomama, jednostavnim teoremama koje slede iz aksioma i komplikovanijim

teoremama koje slede iz dokazanih teorema;

e formalno logickom, deduktivnom nacinu zakljucavanja,
naziva “Napredno matematicko midjenje” ili na engleskom “Advanced mathematical
thinking” (Tall, D., Vinner, A., Concept Image and Concept Definitionin Mathematics
with particular reference to Limits and Continuity).
Nastavnik treba da omogué¢i uceniku Sto jednostavniji prelaz sa elementarnog
matematematickog misljenja na napredno matematicko misljenje. U literaturi, posebno u
radovima Dejvida Tola sa Univerziteta Varvik u Engleskoj i njegovih saradnika, ulozi
nastavnika, u tom procesu se pridaje velika vaznost. Ngjvaznije je da se postojece slike
koje ucenici imaju o odredenim pojmovima povezu i nadograde i tako prihvate pojmovi
vise matematike. Znaci, prilikom obrade pojmova vise matematike potrebno je
kombinovati

e metod slike,

e metod definicije
I tako upotpuniti znanje 0 poznatim pojmovima sa novim pojmovima.
Na primer, ucenici se sa pojmom niza srecu dosta rano u svom matematickom
obrazovanju. Medutim grani¢na vrednost niza se obraduje u trecem razredu srednje skole
I poznato je da ucenici imaju mnogo problema prilikom prihvatanja pojma grani¢cne
vrednosti niza, a kasnije i grani¢ne vrednosti funkcije. Zato je potrebno povezati one
mentalne slike koje ucenici imaju 0 pojmu niza sa matematickom definicijom niza,
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funkcije koja preslikava skup prirodnih brojeva u skup realnih brojeva. Matematicka
definicija pojma niza podrazume da je skup vrednosti niza beskonacan, $to opravdava
potrebu posmatranja grani¢ne vrednosti niza.

U cetvrtom razredu srednje skole ucenici, pored grani¢ne vrednosti, obraduju izvod,
njegovu primenu, kao i integral (odredeni i neodredeni).

U danasnje vreme racunari su prisutni svuda oko nas i svakako je potrebno ispitivati
uticaj racunara u nasem obrazovanju, posebno u nastavi matematike. U ovoj knjizi je
posebno naglaSena upotreba racunara prilikom usvajanja pojmova vise matematike.
Racunar se koristi kao pomo¢ u nastavi matematike i koriste se programski paketi
Scientific Workplace i GeoGebra, sa kojima rade nastavnici a znagju da koriste i ucenici.

U radovima [5], [6], [7], [8], [9], [10], [11], koristi se programski paket Scientific
Workplace za objasnjnje pomova vise matematike.

Scientific Workplace ima numericke i graficke moguénosti kao i obradu teksta, dok
GeoGebra sadrzi odli¢ne graficke moguénosti. Programski paket Scientific Workplace je
veoma pogodan za rad sa ucenicima i studentima jer se lako prihvaca i studeni su
uglavnom usredsredeni na reSavanje odgovarajucih problema, a ne na sam programski
paket.

Numericke moguc¢nosti programskih paketa, kao Sto su odredivanje izvoda, reSavanje
algebarskih i diferencijalnih jednatina, nejednacing, integrala (odredenih i neodredenih) i
drugo, su veoma korisni za proveru rezultata odredenih zaadtaka, odnosno kao pomoé
pri klasi¢cnom radu.

U radu se analizira upotreba pomenutih programskih paketa Scientific Workplace i
GeoGebra-e, kab pomo¢ u nastavi matematike, a prilikom obrade pojmova vise
matematike. 1znecemo prednosti i mane primene racunara u nastavi matematike.

Naprekidnost funkcija

Programski paketi Scientific Workplace i GeoGebra su veoma korisni bas kod obrade
neprekidnosti funkcija u srednjoj Skoli i na fakultetu. Formalna definicija neprekidne
funkcije se tesko prihvata ¢ak i na fakultetu pa se predlaze uvodjenje neprekidne funkcije
“nezno bez podizanja olovke sa papira,” $to se pomocu racunara veoma lako prihvata
Nastavna tema “Obrada neprekidne funkcije u srednjoj Skoli” detaljno je obradena u
doktorskoj disertaciji Duske PesSi¢ i radovima [6], [7], [8].

Grafike neprekidnih funkcija mozemo nacrtati pomocu pomenutih programskih paketa i
ispitati osobine neprekidnih funkcija

Medutim, poznato je da vizualizacija *“crtanja neprekidne funkcije bez podizanja olovke
sa hartije” izaziva kognitivne konflikte kod posmatranja funkcija

171', ke Z,

f(x):l, x#0, f(x)=tgx, x¢2k+
X

¢iji grafici imaju pekide.
Nastavnici povezivanjem sa primerima iz svakodnevnog zivota treba da otklone nastale
probleme.
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Na primer, recenica

“Sneg je neprekidno padao ceo dan”

ukazuje da se padanje snega vezuje za vreme, $to bi odgovaralo posmatranju neprekidnih
funkcija samo u tackama koje pripadaju domenu.

U daljem rada prikazacemo rezultate testiranja uc¢enika gimnazije ,Jovan Jovanovi¢ —
Zmaj“ u novom Sadu, koje je izvrSeno u aprilu 2007 godine. Testirane su dve grupe
ucenika:

Prvagrupa je imala 57 u¢enika kod kojih je neprekidnost obradivana pomocu racunara.
Druga grupa je imala’59 ucenika i oni nisu koristili racunar.

Test je preuzet iz rada[2] i imao je samo jedno pitanje:

Dali su sledece funkcije neprekidne?

Sve funkcije su date sa grafikom osim poslednje.

U sledecoj tabeli prikazacemo rezultate naSe dve grupe, i rezultati su uporedjeni sa
rezultatima Dejvida Tolaoznacene sa T.

function The first The second T
group group
f(x) = x2 100% ~ 847% 100%

g(x) = % ’ %0 52,6% 18,6% 14.6%

0 if x<0 94,6% 52,5% 65.8%
h(x) =

x if x=0

0if x<o oW AAD% es3u%
r(x) =

1if x>0

0if xeQ 69,4% 36,5% 63.4%
p(x) = .

x if xel

Primetimo da su rezultati koje su dobili ucenici prve grupe koja je radila sa racunarom
najbolji u prepoznavanju neprekidne funkcije.

Grafi€ko predstavljanje funkcija

Graficko predstvljanje funkcija pomocu racunara je jedna od najznacijih primena
racunara u nastavi matematike. Poznato je da ucenici i studenti imaju velikih problema
kod isptivanja toka funkcije, a posebno kod povezivanja rezultata dobijenih ispitivanjem
funkcija sa grafikom funkcija. U literaturi se u danjasnje vreme sve viSe koristi racunar
bas u tu svrhu. Naveséemo zanimljive primere.
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Primer: Na slici 1 prikazan je grafik funkcije f(x)= Xx —2 , njen prvi i drugi izvod

pomocéu programskog paketa Scientific WorkPlace 5.5, a na dikama 2 i 3 su prikazani
isti grafici u programskom paketu Geogebra.

% GeoGabira - func.pgb
Daloleka Uredivanje Prikaz Opcije Alali Prozor Pomoé
@]

[l AT 1=l el [ gl ™ nj
i|[_|_u _| :!!_||i L) Promesitie izabarite objerle (Esc) _ -

~1 Mezavisni objekti

dffx)=(x*+2)/[x-1)

1 Zavisnl objekdi

s+ A= (2.73,0)

+B=(-0.73,0)

4 G = (273, 5.46)

4 D = [+0.73, +1.46)
a:x=273

s b=546

seE146
Sg=(-2x-2)/ (e -2x+1) ¢
“hix)=6/[x"-3x*+3x-1)

I
!
1

1
[}
[}

€| Unos: | ¥ a ¥ Naredba ...

Slika 2.

Iz izloZzenog se vidi da je racunar zaista od velike koristi kod grafickog predstavljanja
funkcije, medutim potrebno je upozoriti u¢enike i studente da prilikom rada sa racunarom
moraju biti veoma oprezni, jer se svakako javljaju novi problemi razliciti od postojecih, a
na koje svakako treba upozoriti studente i uc¢enike.
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..............

Primer. Grafik funkcije f(x):L10 je prikazan naslikama 41 5.
X_

2 4 6 8\1012 14
X

-0.20

Slika 4. Slika 5.

Ucenici ¢e svakako primetiti da nesto nije u redu na slici 4, a da je na slici 5 zaista
prikazan grafik funkcije. Znaci, potrebno je ukazati da je u ovom slucaju bio problem u
intervalu na x o9, jer su vecina programskih paketa tako namestena da je interval na x
os (-55).

Grafik funkcije f(X)=%, x#0, se na slici 6 ne moZe videti jer je prikazano
ye (-5-107%,5-10®), di nadlici 7 je ye (-5,5).

Y g Y 44
2e+8 T 2 1
—— — =
4 2 1 2 4 2 4
-2et8 T X X
der8 T
Slika 6
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Znaci, ucenici i studenti moraju voditi racuna o intervalimaina X ina Yy os, posebno

ako treba da koriste grafik kao pomo¢ za ispitivanje toka funkcije.
I spitivanje trigonometrijskih funkcija, kao &0 su na primer

COSX+3c0s2x, sinxsin3x, sin®x+ cos® X,

i drugih i crtanje njihovih grafika je veomatesko i za ucenike i studente, pa se zato ¢esto |
ne zadaje za pismene zadatke i provere znanja, medjutim saracunarom je ispitivanje toka
| crtanje grafika ovakvih funkcija znatno jednostavnije. Treba napomenuti da su ovako
odabrane funkcije pogodne za i klasi¢an rad bez racunara, $to znaci da se racunar Koristi
samo kao pomo¢. Svakako, sada se pomoc¢u racunara mogu raditi i takve funkcije kod
kojih se ne dobijaju tako lepi rezultati. Prilikom rada sa trigonometriskim funkcijama
pomocéu programskih paketa javljaju se novi problemi koje treba otkloniti.

Primer. Pomoéu programskog paketa Scientific Workplace 5.5 (najnovija verzija)
dobijaju se refenja jednacina SINX=0, SiINX+ C0SX =0, na sledesi nagin:

sinx=0, Solutionis: {7k |ke Z},
sinx+cosx =0, Solutionis. {37 +7k |ke Z}.
Ali, reZenje jednacine sin x(sin x+cosx) =0 se ne moZe dobiti:

sin X(sin x+cosx) = 0 , No solution found.
Ako se prethodna jednatina zapige u obliku: SIN® X+ SiN Xcosx = 0 tada se dobijgju
tacnarerSenja

sin? x+sinxcosx =0, Solutionis 137+ 7K |ke Z}u{rk |ke Z}

Grafik funkcije f(X)=sin® Xx+sinXxcosx je dat na slici 8, medutim ako se funkcija
napiSe kao f (X) =sSinx(sinx+ cosx) tada se pomocu programskog paketa Scientific
Workplace 5.5. dobija grafik naglici 9, $to je pogresno.

Slika 8. Slika 9.
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U programskom paketu GeoGebra grafik funkcije je nacrtan korektno, bez obzira u kojoj
formi je zapisan analiticki izraz funkcije, sto je prikazano naslici 10.

\VAREV VA AV A

Slika 10.

Integrali

Progarmski paket Scientific Workplace je veoma pogodan za numericko izaracunavanje
integrala, dok GeoGebra odmah prikaze i grafik integralne funkcije (sa konstantom
C =0), odnosno odgovaraju¢u povrsinu, ako je u pitanju odredeni integral. Medjutim i
ovde se javljaju problemi o kojima se mora voditi racuna:

dx

Primer: Integral I 7 1
X —_

se pomoé¢u Scientific Workplace, izracunava kao:

X2 —

dx
J' = —arctanhx
1
Na3i ucenici i istudenti ne rade sa funkcijom arctanh, i kada dobiju ovakav rezultat

prilicno se oneraspoloze. Ali, ako se prvo data racionalna funkcija rastavi na parcijalne
razlomke:

1 _ 1 _ 1
x2-1 2(x-1) 2(x+1)°

tada se pomocu Scientific Workplace dobija:

1 1 1 )
(e zpg)em e e
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Ucenicima treba skrenuti paznju da je u prethodnom radu izostavljena i apsolutna
vrednost i konstanta,
Grafik funkcije

I(Z(xl— 0 2(x1+ 1)]“" ’

je prikazan u programskom paketu Scientific WorkPlace, naslici 11, pasevidi sedaje
u stvari prikazan ispravno grafik funkcije

1 1
Eln\x—ﬂ—iln\x—ﬂ.

, N W A
I L L L I
t t t t 1

[ N U RN
| | | | |
} } } } }

Slika 11.
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Vizualni pristup definiciji izvoda funkcije
Djurdjica Takaci, Marjetica Samardzijevic

Uvod

U ovom radu ¢emo prikazati uvodjenja prvog izvoda realne funkcije jedne realne
promenljive. Delovi rada su objavljeni u radu [8].

Koristice se programski paketi Scientific WorkPlace 31 5.5 | GeoGebra.

Izvod realne funkcije jedne realne promenljive uvodi se preko grani¢ne vrednosti
koli¢nika prirastaja

f'(x,)=lim

h—0

f (% +h) = £ (%) "
o),

utacki  X,.

| zratunavanja grani¢nih vrednosti oblika (1) rade se uglavnom posle ¢asova utvdjivanja
gradiva grani¢ne vrednosti funkcija, odnosno kao primena grani¢ne vrednosti. Zanimljivo
je dase u svetu, naprimer u Engleskoj, u¢enici prvi put srecu sa grani¢cnom vrednosti bas
u momentu kada definiSu prvi izvod funkcije.

U zavisnosti od nivoa znanja ucenika mozemo povezati izvod i neprekidnost, odnosno
mozemo reci da je neprekidnost potreban uslov za postojane pvog izvoda, ali nije i
dovoljan, &0 se lepo ilustruje na odgovargjucim primerima.

Na osnovu iskustva je poznato da u ovom uzrasnom dobu i naSi ucenici, ¢esto nemaju
jasnu sliku grani¢nog procesa, posebno kada se posmatra grani¢na vrednost koli¢nika
prirastajai zato se veliki znaca) pridaje vizualnom pristupu definicije izvoda funkcije.

Vizualizacija prvog izvoda funkcije
U cilju uvodjenja prvog izvoda realne funkcije f:D — R (jedne realne promenljive)

oznaticemo sa k(h) koli¢nik prirastaja

f(x+h)— f(x)

k(h, x) = -

Funkcija k jeste funkcija dve promenljive x i h, i u dajem radu ¢emo menjati
parametar h i pratiti grafike funkcije k. Programski paketi Scientific WorkPlace 31 5.5
GeoGebra to dozvoljava

Posebno se naglasava da, ako se vrednost h smanjuje i tezi nuli, tada se grafici
odgovargju¢ih funkcija k "priblizavgu" grafiku jedne funkcije, o se na dlici vidi
"poduplavanjem krivih". Nataj nacin se vizualno dolazi do grafika izvodne funkcije, koja
jerezultat grani¢nog procesai kojase oznacavasa f'.
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PRIMERI
Primer1. zafunkciju f(X)= X’ koli¢nik priraitajaje

k(x, h) :M_

Grafici funkcije k, zarazlicite vrednosti h, su prikazani nadslici 11 naslici 2.

Slika 1. Slika 2.

Ako izaberemo h=1 i posmatramo tacke A(-.5,0) i B(0,1), koje pripadaju grafiku
funkcije k(x,1) (slikal) , tada je jednatina prave odredjene tackama A i B ima
oblik y=2x+1.

Analogno seza h=-0.2 itacke C(.1,0) i D(0,-0.2), koje pripadaju grafiku funkcije
k(x,—0.2) (dikal), dobijajednacinaprave odredjenetackama C i D y=2x-0.2.
Koli¢nik prirastaja k se moze napisati kao

(x+h)* —x?

k(x,h) = =2x+h,

paseza h=1 i h=-02 dobija k(x,1)=2x+1, k(x,0.2)=2x-0.2, respektivno.
Znaci prava y =2x+1 jestegrafik funkcije k(x,1), odnosno prava y=2x+0.2 jeste
grafik funkcije k(x,0.2).
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Vizualizacija u programskom paketu Geogebra

Svi navedeni primeri u prethodnom delu radeni su u programskom paketu Scientific
WorkPlace 3 i 5.5. U daljem radu ¢emo prikazati kako se radi u programskom paketu
GeoGebra. U ovom primeru se posmatra funkija f(x) = x> —x?, njenizvod i koli¢nik
prira¢taja. Pored toga uveden je i kliza¢ h, &ijim pomeranjem mozemo prikazati
vizualizaciju grani¢ne vrednosti koli¢nika priastaja i prikazati kako onatezi ka izvodnoj
funkciji, kada h — 0.

Funkcija se u ovom programu moze vrlo jednostvno promeniti naredbom redefinisanje, a
time se menja i odgovargju¢i izvod kao i grani¢na vrednost koli¢nika prirastaja

! h=1
.

Slika 12 Slika12

U programskom paketu Geogebra mozemo pomorati kliza¢e i pratiti dobijanje prvog

E:\KURS--APRIL\

izvoda .\Nastaval.qgb ili zaKNJ\Nastaval.ggb.

252



O vizualizaciji diferencijala funkcije
Stevan Pilipovi¢, burdica Takaci, Arpad Takaci

Uvod

U radu se prikazuju istrazivanja o uticaju racunara, odnosno Computer Algebra System
(CAS) u Andlizi. Koristi se programski paket GeoGebra, koji je uveo Markus
Hohenwarten, i prikazuje vizualizacija diferencijala realne funkcije jedne i dve realne
promenljive. Posebna paznja se posvecuje prikazivanju dobrih i loSih strana primene
programskog paketa GeoGebra, odnosno racunara uopste.

U prethodnom radu posmeatrana je vizualizacija koli¢nika prirastaja i tako je dobijen prvi
izvod. U ovom radu se vizualno iz nagiba secice grafika date funkcije, dobija nagib
tangente grafika funkcije. Prikazuje se dobija geometrijsko znacenje prvog izvoda sa
posebnim osvtom na diferencijal funkcije.

Geometrijska interpretacijaizvoda funkcije f :R — R utacki X

Ako je funkcija f definisana na otvorenom intervalu koji sadrzi tacku x,, tada je izvod
dat s

sy T (% +h)=f(x,)
f(Xo)—'h'ﬂg - ,

pod uslovom da data grani¢na vrednost postoji.
Ako oznatimo sa A(X,, f(X,)) | B(x, +h, f(x, +h)) tatke na grafiku funkcije f , tada
je nagib secice koja prolazi kroztacke A i B dat sa
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anagib tangente nafunkciju f utacki A jedat sa

— i f(xo+h)_ f(xo)
K, =lim ™ ,

h—0

odosno jednak je prvomizvodu funkcije f utacki x,.
Broj hje prirastaj nezavisno promenljive x,a Af je prirastg) zavisno promenljive f
odnosno,

Af = f(x, +h)— f(x,).

Funkcija f je diferecncijabilna u tacki x,e[a,b] ako postoji linearno prislikavanje
« : R— R takvo davazi

Af = f(x, +h)— f(x,)= f(x,)h+a(h)h,

gde & imaosobinu da «(h) — 0 kada h — 0.
Izraz f’(x,)h jediferencijal funkcije f ioznatavasesa df .
Diferencijal df funkcije f : R—> R jedat sa

df = f'(x)dx.

Vizualizacija diferencijala funkcije f :R >R

Neka je A(X,, f(x,) tatka na grafiku funkcije f:R—>R, i neka je
B(x, + h, f (X, + h) tacka na grafiku funkcije f, gdeje h razlika abscisatacaka A i B.
Ozna¢imo sa  C(x,,0) i D(x,+h,0), projekcije tataka A and B, na x-osu. Na
dedecim slikama koristicemo tacke E(x,+h, f(x,)), odnosno projekciju tatke A
vertikalnu pravu koja prolazi kroz tacku D . Kako je

BE _ Af

tanf= — ="
P=2E"h

to je koeficijent pravca secice koju odreduju tacke A and B datasa

AE h h
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Neka je t tangenta grafika funkcije f utacki A, tada, pustauéi da h — O, setica se
priblizava tangenti odnosno, ugao izmedu secice i tangente koje imaju zajednicku tacku
A, teZi nuli, kada h— 0.
Na slikama 1-4, uradenim u GeoGebri, posoje dva klizaca, X, i h. U programskom
paketu GeoGebra koristili smo dinamic¢ke osobine, koje dozvoljavaju promenu vrednosti
X, 1 h, i time se dobijavizualizacija sledece recenice:

" Ako h tezi nuli, tada se secica priblizavatangenti ".
Promenom X,, moZe se videti ista osobina.

Naslikama 1i2,je X,=2, a h=18 i h=05.

f A . E f A =T
—q c D —q c D
T
Slika 1. Slika 2.
h=18 h=05
Xg=2 Xq=2
B
/
B
A E A i
f h ¢ h E
~q c D q c D
—t
Slika 3. Slika 4.

Nekaje T tacka presekatangente t 1 normale na x-osu utacki D (slike 31 4). 1z
trougla AEAT se moze sevideti daje koeficijent pravca tangente nagrafik funkcije f u

tacki x, f'(x,) jednak:

)TE

(X, =0 e, TE=f'(x)h

Iz dy=f'(x,)dx sledi daje TE geometrijska interpretacija prvog izvoda diferenciala
funkcije f utacki A
Naslici 3 seposmatra X, =2, i h=1.8, anaslici 4 seposmatra h=0.5 (x,=2).
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Funkcija fjekonveksna(slikeli?2)izatoje BE > ET.
Primetimo da se X, moZe pogodno menjati i pratiti Sta se deSava sa promenom parametra
W

E:\KURS--APRIL\
h zaKNJ\Knj-Srp\Figure

Naslici 5 seposmetra X, =2, i h=16, anaslici 6je x,=2, i h=0.3.
Funkcija f isje konkavna (slike 31 4) i zato je BE < ET.
Na obe slike se moze prikazati jednakost

Af = f(x,+h)- f(x,)= f'(x,)h+7,(h)h,

a u Geogebri se moze pratiti grani¢ni proces. Naime, kada h—0, tada izraz
7,(h)h — 0, tezi nuli "brze" nego f’(x,)h.

Takode se moze videti daje glavni deo posednje sume ustvari diferencijal funkcije f u
tacki  X,, I moZzemo zapisati sledecu aproksimaciju

Af = f/(x,)h, h=0.

>

m
})i
O m o\

Slika 5. Slika 6.

Geometrijsko tumadenje parcijalnog izvoda funkcije f : R*> - R u tacki

(%0 Yo)

U daljem radu ¢emo pikazati jednu vizualizaciju geometrijskog tumacenja parcijalnog
izvodafunkcije f : R> > R utacki ( Xy, Yo) pomoéu programskog paketa GeoGebra.

Primetimo da ¢emo koristiti verziju GeoGebra-e u dve dimienzije, i prikazati objekte u
tri dimenzije.

Prvo ¢emo prikazati geometrijsku interpretaciju parcijalnog izvoda g—f(xo, Y,) | izraza
X
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of
— h.
o (% %0)

Naslici 7, posmatramo tacke A(Xy, Yo, T (X5, Yo ))s A(Xo:Ye,0), A, (X, +h,y,,0), kaoi

tacke B(x,+h,y,+k, f(x, +hy,+k)) ,
y=1Y,, kojaje paralelnasa x osom. Posmatrajmo ravan ¢, koja je

pripadaju pravoj

B'(%, +

h,y, +k,0). Tacke

A/

A

paralelna xz -ravni i sadrzi tatke A’and A,. Ravan o sete grafik funkcije (od dve
promenljive) f (povrs) po krivoj f,.

I
| > M
|
! L
\:\ yo
I A G k=57
| *
I A1 i h=22
| B1 \ —
|
|
|
|
|
&~ L |- - — _
7
g
- Al k B2
h ~
-
-
A2 e
a -
Slika 7.
I f2
|
|
|
Yo
I EA 1 G k=57
| Al —
| B1
h=05
| \\ — e
| [~
I T~
|
|
|
e — — — - - - =
7
7
7
L7 ] k B2
A? B
a
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Slika 8.

Ako uvedemo koordinatni sistem u ravni ¢, tadatatka
s A‘i((xo+h’ Yo)s f(xo’yo))’
o duz AA'= (X, Yo),
e duz AL, gdejetakka L datasaL =(x,+h,y,, f (X, +h,y,),
e duz AA =h
pripadaju ravni o.

U ovom sluéaju koli¢nik

f(Xo + h,yo) — f(Xo,Y0)
h

jeste nagib seice koja sardzi tacke Ai L uravni «.
Nagib tangente t nakrivu f, utatki Ajeste grani¢na vrednosti koli¢nika prirastaja

f (%t Yo)=f (%, ¥) _ RT
h - AT

kada h= AT tezi O, odnosno

of i F OG0 Yo) = (%, ¥o)
=5 (% ¥o) =lim P >

Nasdlici 7 smo uzeli h=2.2,anadlici 8 je h=0.5, i u programskom paketu GeoGebra
mozemo menjati h, pa se se¢ica koja sardzi tacke A i L uravni « pribizava tangenti
W
E:\Pecujo7\

o igure7.
kadase hsmanjuje, ~ F9ure7-990
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AL ____] R

A |
\

Analogno, se prikazuje geometrijsko tumacenje parcijalnog izvoda g—;(xo,yo).

Posmatramo ravan S koja je paralelna sa yz-ravni i prolazi kroy tatke A" i B,.
Presek grafika funkcije f (povrs) i ravni je kriva koju smo ozn&cili sa f,. Uvodimo
koordinatni sissemuravni §,i oznaéimosa B,L, = f(x,,y,+k), i A'B,=k. Tadaje
koli¢nik

f(Xo: Yo + K) = F (%, ¥o)
K

nagib secice koja je odredenatackama A i L, uravni .

]
E:\Pecuj0o7\

Nadlici 9 je k=1, koje moze da se dalje smanjuje. Figure9.ggb

Analogno se kao u prethodnom se dobija geometrijsko tumacenje parcijalnog izvoda

of
a—y(xoa Yo) -

Prirasta) i differencijal funkcijef : R? >R

U cilju vizualizacije diferencijala  funkcije f : R> >R, posmatracemo priradtaj
funkcije f : R* > R dataje
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Af (%, Yo) = f (% +1, Yo +K)= T (%5, ¥5).
Zadiferencijal funkcije vazi sledec¢a teorema:

Ako funkcija f : R> >R definisanana R*={(x,y) : a <x<b, c<y<d}, ineka

Su prvi parcijalni izvodi g—f [ g—fneprekidne funkcije u tacki  (X,,Y,) € R?>. Ako
y y
(X, +h,y, +k)e R? tadavaZ

of of
Af = f(xo"‘h’ yo+h)_ f(xo’yo) =&(Xo’yo)h"'a_y(xo’yo)k"'Tl(h’k)h"'Tz(h’k)k’

gde 7, >0, 7, = 0, kada (h,k)— (0,0).
Ako su dx i dy diferencijali x i y i dx=h, dx=k, tada je diferencial funkcije
f : R* >R definisan kao:

o

6y(xo,)’0)dy

of
df = &(xo,yo)dx +

Ako ozna¢imo sa T tacku presekatangente t ivertikaleu tacki A, (Slika 10), tadaiz

trougla AATA dledi daje nagib tangente t dat sa % odnosno:

of
TA1 = &(Xo’ yo)h’

&o znaci daje TA Vvizualizacijaizraza g—f(xo,yo)h.
X

T A k=57

A1 —

B1 \ o c

L - - - -

A2

Figure 10.
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Na slici 11 je uzeto h=.5 i moze se videti da je duzina duzi AT skoro ista kao |
duzinaduzi AL.

B2

A2

Slika 11.

W
E:\KURS--APRIL\
zaKNJ\Knj-Srp\PecujF

Analogno, mozemo prikazati vizualizaciju izraza g—;(xo, Yo)h

261



Slika 12.

Lﬂ’._f‘
E:\KURS--APRIL\
Nadlici 12 2<NWISPVlure 50— 4 i vidi se daje duZinaduZi GT, skoro istakao |

duzinaduzi GL,. Analogno, se moze prikazati vizualizacijaizraza g—f(xo, Yo)h
X

Kako je
of of
df =—(x,,Y,)dx+—(X,, Y,)dy,
aX(xo Yo)dX+ ay(xo Yo)dy

tose
Df = AT +GT,,
gdeje AT konstruisano na Slici 11, dok je GT, konstruisano na Slici 12 moze smatrati

kao vizualization of the differential of the function f : R> > R.

Furijeovi redovi
Durdica Takaci

Uvod
Furijeovi redovi su posebna vrsta funkcionalnih redova, koji su veoma znacajni za
reSavanja glavnih jednagina matematicke fizike.

Definicija: Funkcija f : [a,b] > R je po delovima neprekidna na intervalu [a,b]
ako se interval [a,b] moze podeliti na konacan broj podintervala [c;,c],
j=12,...,n, gdeje a=¢c,<cC <...<C,, <C,=Db, takodavaz:
e nasvakompodintervalu (c;,,c;) funkcija f jeneprekidna;
e postoje
lim f(x) ; lim f(x)

- x—¢;"

X%Cj

zasve j=12,...,n. nasvakom podintervalu (c,,,c;).

Definicija: Funkcija f : [a,b] >R ima po delovima neprekidan prvi izvod na

intervalu [&P] ako je po delovima neprekidna na [a,b] i unutar svakog podintervala
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(Cj-1,G)) (na kome je neprekidna) ima i neprekidan prvi izvod, autackama ¢, , i ¢
ima ogranicen desni odnosno levi izvod, respektivno, zasve j=12,...,n.

i

Nekaje f periodi¢nasaperiodom 2z i po delovimaneprekidnafunkcija naintervalu
[-7,7]. Nekaje No=NuU{0} i

—_—

A=z

f (X) cosnxdx, ne N, )]

3

—_—

B

n

f (X) sinnxdx, ne N, (2

1
72._

3

Brojeve A,, ne N, i B,, neN zovemo Furijeovim koeficijentima funkcije f
na [-z,z]. Trigonometrijski red

%+i(ﬁh cosnx + B, sinnx), (3

je Furijeov red funkcije f na [-z,7], akosubrojevi A,, neN,, i B, neN,
dati relacijama (1), i (2) respektvno tj. ako su to Furijeovi koeficijenti funkcije f na
[-7,7x].

Dovoljan udov zajednakost f(x) sazbirom redau relaciji (3)
Furijeov red funkcije f kojanaintervalu [-z,7z] ima po delovima neprekidan prvi
izvod i periodi¢na je saperiodom 27 , konvergirau svakoj taéki xe R. Akoje

f(x*) = Ihlng f(xth), xeR

w

(t. f(x") oznatava desnu, a f(x~) levu graniénu vrednost funkcije f u tagki
xe R, tadajezasvako xe R

f(x*).|2_ f(x7) =%+g(pﬁ1 cosnx+ B. sinnx),

gdesu A, neN,, i B, neN, daisa(l)i(2).

n

Ako f imanaintervalu [-z,7] po delovima neprekidan prvi izvod i periodiéna je sa
periodom 27, tadazasvetatke xe R ukojimajefunkcija f neprekidnavazi
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f(x)=%+i(,6\1 cosnx+ B, sinnx), (4

tj. sumaredau (3) je basjednaka  f (X).

Gore navedeni uslovi su sasvim odgovarajuci za funkcije sa kojima se najéesce srecemo,
madati uslovi mogu i da se oslabe.

Na primer, funkcija f(x) =| x|"? nemapo delovima neprekidan prvi izvod ni na jednom
intervalu koji sadrzi nulu, ali ipak f ima konvergentan Furijeov red za svako
Xe [z, 7).

Furijeovi koeficijenti se dobijaju iz

COSq » COSP = %cos(a — B) + cos(a + B),

sna - SN = %cos(a — B) — cos(a + B),

1
2

odakle se lako se dobijaju sledece jednakosti za k,ne N, :

sina - cosPB = = sn(a — B) + sin(a + B),

. 0, k#n

| cos*™ cosMXdx = < 4, k=n=0
- 20, k=n=0;
. 0, k+n
[an¥=gnidx = < g, k=n=0
N 0, k=n=0;

[
j‘cos% SN2 dx = 0.
-

Ako je Furijeov red na desnoj strani relacije (3) uniformno konvergentan na svakom
zatvorenom i ograni¢enom intervalu, i ako je tacna jednakost (4), tada se tg) red moze
integraliti ¢lan po ¢lan paje

/1 /1

f(x)dx = i &dx+ °° An i cosnxdx + B, | snnxdx
22
n= -

- - -
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Ako sada pomnozimo (4) sa coskx, ke N, i integralimo dobijeni red ¢lan po ¢lan nad
[, z] , dobijamo

[ f(x)coskxdx = £ [ coskxdx

/) /)

+ Z(An [ cosnxcoskxdx + By | sinnxcoskxdx).

n=1 - -

Akoje k=0, tadasu svi integrali na desnoj strani, sem prvog, jednaki O, t].

T

j f(x)dx:%]{dx:cho,

-7

¢ime smo dobili "nultu" jednakost iz (3).

Akoje ke N tadaje

T

_[f(x)coskxdx=Ak J.COSZKXdX:Ak-JZ', ke N.

-
Odavde slede formule za koeficijente A, u (1).
Analogno, posle mnozenjarelacije (4) sa sinkx i integracijenad [-z,z] dobijamo

[ f(x)sinkxdx = £2 [ sinkx dx

+ Z(An [ sinnxcoskxdx + By | sinnxsinkxdx).

n=1 - -

U ovom su slu¢aju svi integrali, sem onog kogamnozi B, , jednaki nuli, pa dobijamo

formuleza B, dateurdaciji (2).

Dovoljne uslove za uniformnu konvergenciju Furijeovog reda na proizvoljnom
zatvorenom i ograni¢enom intervalu daju slede¢a dva tvrdenja.

Tvrdenje 1: Ako red i(| A, |+|B, |) konvergira, tadared u (3) konvergira uniformno
n=1
na svakom zatvorenom i ogranic¢enom intervalu.

Tvrdenje 2: Furijeov red neprekidne funkcije f, kojaima po delovima neprekidan prvi
izvod naintervalu [z, 7z] i periodi¢naje sa periodom 2z, konvergira uniformno ka
funkciji f na svakom zatvorenomi ogranic¢enom intervalu.

Furijeov red na proizvoljnom intervalu
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Smenom promenljivih x:%[ xe[-m,x], te(-£(), dobijamo

tr
F(t)= f(7)= f(x).
Tada je Furijeov red funkcije F na (-/,/) dat sa

A+ (A cos%+ anin%),
n=1

a Furijeovi koeficijenti funkcue F sudatisa

IF(t)cos””tdt ne N,,

b
B, %{F(t)sin%dt, ne N.

Furijeov red parne i neparne funkcije

Neka je funkcija F neprekidnai ima po delovima neprekidan prvi izvod na intervalu
(—¢,0).

e Akoje F parnafunkcija, tadajezasve ne N,

F(X) coS™*  parna funkcija,
F (X) SIN™*  neparna funkcija
na (—/,/).

Furijeovi koeficijenti parnefunkcije F su

1 nax 2 nzx
== | F(X)cos——dx = — | F(X) cos— dXx, ne N,
ag_g() ; goj() ; 0
/
B, = [F(9sin™ dx=0, ne N.
‘- l

Ako jefunkcija F neprekidna, ima po delovima neprekidan prvi izvod i parna je
na (—¢,/), tadaje njen Furijeov red oblika
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F(X) =%+iﬂh cos%, xe (—£,0)

i zove se kosinusni red.

e Akoje F neparnafunkcija, tadajezasve ne N,
proizvod F(X) cosnx neparna funkcija,
proizvod F(X)Sinnx parnafunkcija
na (—¢,7) .

Furijeovi koeficijenti neparnefunkcije F su

=—J'F(x)cos—dx 0, ne Ny,
f
_= jF( )sn—dx——jF(x)sin”T”de, ne N.
0

Ako je funkcija F neprekidna, ima po delovima neprekidan prvi izvod i neparna je na
(-¢,7), tadajenjen Furijeov red

F(X) = ZB sin ”Z‘X xe (=0, 1)

i zove se sinusni red.

Vizualizcija Furijeovog reda

U sledecim primerima koristicemo programske pakete Scientific WorkPlace i GeoGebra
za crtanje grafika po delovima neprekidne periodi¢ne funkcije, odredivanje koeficijena
Furievog reda, parcijalnih suma datog reda. Dinamicki ¢e se pomocu programskog
paketa GeoGebra prikazati kako grafici niza parcijalnih sumareda se priblizavaju grafiku
funkcije.

Primer 1. Odrediti Furijeov red periodi¢ne funkcije f saperiodom 2/, zakoju je
f(X)=x%, xe (-4,1).
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Funkciju f naintervalu (-5z,67r). mozemo zapisati kao

X+4r if -5r<x<-3r
X+2r if -3r<x<-rx&
X if —z<x<rx
x=2r if w<x<3r
X—4r if 3r<x<br

f(x)=

X—6r If Sr<x<7rx

anjen grafik je dat nadlici 1.

3
y
24
1+
=T T T T T T T T T T T T T T
-14/-12 -10 -8 /-6 -4 -2 2 4 8 10 14
X
2+
3+
Slika 1.

Funkcija f jeneparnanaR, pasu svi koeficijenti A, =0, ne N,, a zakoeficijente
B, neN, vai:

n

0 0
Bn = 2[xsindx = Z(-xq7 cos™ |+ - [ cos™d)
0 0
— ( 1 n+1 20

Kako je funkcija f neprekidnai ima po delovima neprekidan prvi izvod na intervalu
(=¢,0), vazi

f(x)=%i(_l)n+lsin””", xe (~0,1).

T = n l
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U programskom paketu Geogebra prikazana je funkcijai druga parcijalna suma
Furijeovog reda naintervalu (—27,67).

Lul'!'
E:\KURS--APRIL\
f(x),Pl-x-.ggh ( P99 )i izvezenaje siika

Slika 2.

Primer 2: Razviti u Furijeov red periodi¢nu funkciju f saperiodom 2/, zakoju je

f(x)=x*, —¢ < X< /. Naosnovu toga pokazati Sledece dve jednakosti:

2 2

oo (_1)n—l_7z, - mi_ﬂ'_
nZ:;‘ n? 12 | nzzi‘nz_6'

Funkciju f naintervalu (-5z,67). mozemo zapisati kao

(x+6r)* if —-7Tr<x<-5rx
(x+4r)? if -Br<x<-3r7
(x+27)* if -3r<x<-x
fx)={x° if —zr<x<rx
(x-27)* if m<x<3r
(x—4r)* if 3r<x<5z
(x—67)* if Sr<x<7rx

anjen grafik je
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-4 -12 -0 8 6 4 -2 0 2 4 6 8 10 12 14X

Slika 3.

Funkcija f jeparnaizasve neN vazi B,=0. Koeficijenti A,,
odredjuju iz

l n 2
Ahz_szcosnﬂxd ( 12 Af , neN
5 Nz
Prematome je
07 AP S ()" nax
f(X)=—+ cos , XeR
) 3 2 nz:;‘ n? ¢

Posebno, za ¢/ =z imamo

7_[2 oo (_l)n
x2="_+4%
3 i n?

cosnx, Xe[-m,x].

ne N

U programskom paketu Geogebra p_rikazanaje funkcijai druga parcijalna suma

Furijeovog reda naintervalu (—27,67).

Lul'!'
E:\KURS--APRIL\
f(x),Pl-x"2-.ggb  ( "OPX"290 i ivezenaje slika
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Slika 4.

Ocigledno je

i“’: O Z 1 Z 1

+ _—=

~ n? ~ n? ~ (2n+1)?

Na osnovu jednakosti
2 2
~n?2 ~@2n+1)? “= (2n) ~ (2n+1) 4 =

sledi

Primer 3: Odrediti Furijeov red periodi¢ne funkcije saperiodom 27z, zakoju je

0, —#<x<0,
f(x) =
X, 0<x<m,

I na osnovu toga pokazati jednakost

[ee]

1
Z(2n—1)2 8"

n=1
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Funkcija f ima po delovima neprekidan prvi izvod na intervalu [-z,z], di nije
neprekidna u tatkama (2k +1)z, ke Z. Furijeovi koeficijenti funkcije f suredom

T

17 17
Ab:;_if(x)dx:;_[xdx:z,

0
V3 T n-1
anljf(x)sinnxdx:ijxsinnxdx:( V" nen
T T n

Furijeov red date funkcije f je

Z %cos(Zn—l)x + D" sinnx , xe (7,7)

f(x) = %—

— (2n - 1)2 n
Utatki x=7 je
im f(x) = lim 0= 0, lim f(x) = lmx=nx
x-7+0 x-7m+0 x->m-0 x->1-0

paje

i cos2n—Dr  (-1)"
% 2(2 - 1)27T = smnn).

n=1

Kakojeza ne N, cos(2n-Dz=-1 i Sinnz =0, tako dobijamo jednakost koju
je trebalo pokazati.

U programskom paketu Geogebra prikazana je funkcijai druga parcijalna suma
Furijeovog reda naintervalu (—27,67).

]
E:\KURS--APRIL\
f(x),Pl-0-x.ggb ili ( ¥PEOX9% )i i7vezenaje slika
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Slika 5.

Primer 4. Odrediti Furijeov red periodi¢cne funkcije f saperiodom 27, zakoju je
f(X)=| x|, —z<x<x
Data funkcija je neprekidna, ima po delovima neprekidan prvi izvod i parna je naR. Svi
koeficijenti B,, ne N, sujednaki nuli, akoeficijenti A,, neN,, seodreduju na
slede¢i nacin:
A = %leldx = %dex = T,
0 0

aza ne N dobijamo koris¢enjem parcijalne integracije

2% 2% 2
=—| | x]cosnxdx =— | xcosnxdx = —-(cosnz —1).
A= X | —(cosnz-1)

Kako je cosnzr=(-1)", neN, todedi

5 —4  n=135,...
An=—2-(-1)"-1= n’n
n 0, n=246,....

Furijeov red zadatu funkciju f(x)=| x| na [-z,x] je
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| x|

T 4&cos(2n-1)X
2 745 (2n-1?

xe[-x,r].

U programskom paketu Geogebra prikazana je funkcijai druga parcijalna suma
Furijeovog reda naintervalu (—27,67).

]
E:\KURS--APRIL\
f(x).Pl-abs(x).ggb ili ( T®FPa0C)-9% yi i7vezena je slika

Y I ! H ;: i
i ! i i joroe i
El ! ;r H £
! £ : { /
i ® i3 F“'a 43 H
f \\ / \ f’ \". I,l'f \\ HIIJ
/ .l \ / \ | \
r 3 { \ /o {
/ \“|| / \ / | / |
\ f \ X | \
- [\ \ [\ ;
| \ I.’ \ / \ / \ |
\ | \
\ | \ / \ |
/A Y A U A U AN U
| \ / | \ f \ |
\ . A f \ / \
| | | | / A { | |
/ \ |/ ki) o \
f \ [ \
/ \l/ \./ \/ \ /
" ' \ \ !
: o

Slika 6.

Napomena; U programskom paketu Geogebra mogu se samo menjati funkcije
menjati f funkcije i pomeranjem klizata dobiti odgovarajuée parcijalne sume.
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Fitovanje krvih
Dburdica Takaci

U ovom delu rada prikazacemo jednu metodu odredivanja funkcije koja nabolje
aproksimira podatke date odgovargjuécom tabelom korisenjem programskih paketa
Scientific Workplace i Exel.

U cilju odredjivanja funkcije koje najbolje odgovaraju datim podacima koristi se i metoda

najmanijh kvadrata.
Prikazacemo metodu najmanjih kvadrata za odredivanje koeficijena a i b zalinearnu
funkciju f(x)=ax+b, kojaaproksimirapodatke date utabeli x,y,, i=12..n

Ako oznatimo sa

Sa,b) = ) (axk + b-y)?,

k=1

funkciju S dve promenljive a, i b.
Ekstremna vrednost funkcije dve promenljive se odredjuje iz uslovada je

oS _, S

- — Y __Oa
oa ab

odnosno

2 (@ +b-y)Q_ x) =0, 2D (axc+b-y) =0
k=1 k=1

k=1

Na osnovu prethodnih jednacina dobijamo sistem jednacina
n n n
2> +DY X = DK
k=1 k=1 k=1
n n
aZ Xk + nb = Z Yk
k=1 k=1

ReSenja prethodnog sistema su
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aZE:l X + bZE:l Xk = 22:1 XkYk
ay,  Xg+nb=>" vy

odnosno koeficijenti a i b sesedobijaju iz

Q- ND o XkYk = Dopg Xk Dy Yk
2
nZE:l Xi - (ZE:1 Xk)

b = er::l Xk ZE:l Yk — ZE:1 Xk 22:1 XkYk
2
nZE:l Xi - (ZE:1 Xk)

U vecini programskih paketato se odreduje neposredno, kao na primer u Scientific
Workplace. Na primer, zadatu tabelu odmah dobijamo

3

6
8

14

21

LO\IU'IOOI\)‘H

27| polynomial fit: Y = 3. 0211x — 042807

Sada ¢emo pokazati jednu od metoda kako se jednostavno odredjuje funkcija koja nije
linearnai kako se svodi nalinearnu funkcija

Oznatimo sa a(xt)=%t, b(xt)=+/xt, h(xt)=2%, aritmeticku, geometrijsku i
harmonijsku sredinu, respektino, gde je x=x_ (ili x=Yy,) prvavrednost u tabeli, a
t=x, (i t=y, ) poslednavrednost u tabeli.

(Pimedba: Vrednosti X i t su uzete zato da bi se mogao konstuisati program za rad
Scientific Workplace.)

Ozna¢imo sa a=a(x;,x,), b=b(x,x,), h=h(x,X,) dobijene brojne vrednosti za
X, I X, iz datetabele.
Dalje, za svaku od ovih vrednosti treba odrediti iz tabele vrednosti x., x_,, takodaje
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X, <as X,, odnosno x, <b< x,, odnosno x <hs< Xx,,.
Na osnovu toga se odrede vrednosti funkcija c¢,d, i g , kao

cX,t) = Vi + o (@— Xi)

d(x,t) = yi + 22 (h—x;)

Xir1—Xj
Yis1 Vi

g(X,t) =Y+ i (h — X )

Zatim se definiSe tabela

axt) [ ay.z) | dxt) | |ay,2-dxt
bixt) | by,2) | dxt) | oy, 2)—d(xt
axt) | by.2 | dxt) | oy, z)-dxt)
f(xt,y,2)=| bixt) | ay.2) | d(xt) | |y, 2—d(xt
hixt) | ay.2) | d(xt) | [y, 2—-dlxt
alxt) | hixt) | dxt) | |y, 2-dxt)
hixt) | Hixt) | d(xt) | [Hy,2-d(xt)

Znaci naredbom New Definition se sacuvaju funkcije a(x,t), b(t), h(x,t), zatim
c(x,t), d(xt), i g(x,t) saodredjenimvrednostima x, X., Y., VY.

Posmatra se dobijenatabelai odredi najmanja vrednost u poslednjoj koloni. Zatim se
odredi kriva koja se nalazi natom mestu iz tabele:
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Xa = =5+ Ya = =5 y=ax+Db

Xg = JX1*Xn |Ygg = Y1 Yn y = axP logy = blogx + loga
Xa = 270 yg = [V1+Yn |y =ab*, y=ae™ logy = xlogb +loga
Xg = /XL - Xn | Y = 220 y = alogx + b y = alogx + b

2X1X _ Yityn _a _ al
X§1_X1+Xnn ysa_ 2 y_7+b y_a7+b
_ X14Xn _ 2Y1'Yn _ 1 1 _
Xsa = = Ysh = 3iyn Y= % y =ax+b
_ 2X1+Xn _ 2y1+yn _ _X X _
Xsh = Sqixn Ysh = 3, y= ax+b =ax+b

Primer: Datu tabelu
112/3] 4|5 6
21753 123 | 247 | 430
napiSemo u obliku i pomoc¢u Scientific Workplace
2

17

53

123

247

o 01~ WDN B

430 polynomial fit: ¥ = 7. 2368x — 3. 01982 + 2. 3148x° — 4. 3333

Definisimo sledece funkcije:

a(x,t) = ’%‘
b(x,t) = J/xt
h(x,t) = 24

c(x,t) = yi + xox-(al,t) — xi)

d(x,t) = yi + 335 (%, 1) — xi)

g0, t) = Yi + gy (h(x, 1) = xi)
Za a(1,6) = 3.5 iztabelesecitadaje Xi =3, X1 =4, V¥i =53, Vi =123
Za b(1,6) = 2.4495 jztabelesecitadaje Xi =2, X =3, Vi =17, Vi =53,
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Za h(1,6) = 1. 7143 iztabele secitadaje Xi = 1,

paje

c(x,t) = 123+ 70(a(x,t) — 3)
d(x,t) = 17+ 36(b(x,t) — 2)
g(x,t) = 2+ 15(h(x,t) - 1)

Zn&i trebadase sacuva a(x,t), b(x,t),
f(x,t,y,2) i posle naredbe Evaluate se dobija

h(xt), c(x,t),

Xist =2, Vi=2, VYin =17,

d(x,t),

| 216 158 58
J6|2/215 36,6 — 55| 36,/6 — 2,215 — 55
z 2,215 158 ~-2/215 + 158
f(1,6,2,430) = /6| 216 |36y6 -55 36,6 +271
2 216 36/6-55 -36/6+271
;% s i
L 2 '36/6-5 36/6-3I%
3.5 | 216.0 | 158.0 | 58.0
2.4495| 29.326 | 33.182 3.8559
3.5 |29.326| 158.0 | 128.67
f(1,6,2,430) = | 2. 4495 216.0 | 33.182 | 182.82
1.7143| 216.0 | 33.182 182.82
3.5 |1.7143| 158.0 | 154.02
1.7143 1.7143/33.182| 29.2

g(x.t) i

|z poslednje tabele se vidi da je nggmanjarazlika u dugoj vrsti, sto odgovara funkciji
y=ax".
logy =blogx+loga

!
E:\KURS--APRIL\
zaKNJ\exel.xls

y=ax’

Na osnovu programskog paketa Exel ..\exel.xIs il dobili smo daje
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b = 2.979294818 |
loga = 0.309831568,
odnosno a =108 — 2 04009.

Znati prema prikazanoj metodi funkcija Yy = 2.0409x>9"%**®1®  najbolje aproksimira
podatke date u tabeli. Na slici 1 je prikazan grafik funkcije dobijen preka programskog
paketa Scentific Workplace prikazani grafici, a na slici 2 je prikazan grafik funkcije
y = 2.0409x>%**"® %0 pokazuje da odabrana funkcija koja najbolje odgovara datoj
tabeli nje jednozna;no odredjena.

400
400
300 300
200 200
100 100
0 1 2 3 X 4 5 6 7 0 1 2 3 X 4 5 6 7
Slika 1. Slika2.
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Chapter 1

Introduction

Perhaps the best way to introduce the topic we shall be cermsglin this series of lectures is to
guote a part of the Preface of [2]:

“One of the great benefits that mankind has from from chegnistthe possibility to synthe-
size substances capable of curing deseases and reducisgffireng of the ill. If we wished
to synthesize a new chemical compound with more desiralipepties in comparison to the
compounds already known, the standard procedure wouldiderntify and test candidate com-
pounds. Until recently, the standard procedure was to syimthand test such compounds one by
one and then test for the desired properties, and absencele$ivable ones. Such experimental
tests are very expensive and time consuming.

“If we have an idea about the structural requirements forcttrapound we are looking for
(and usually we do), we can produce a combinatorial librarnscsting of structural formulas of
candidate compounds and analyze virtual compounds by noééasst algorithms. This inexpen-
sive and non-laboratory-experiment based approach canescaich greater range of candidate
compounds and thus reduce the vast number of possibilitiaptactically feasible few, which
can then be tested using standard procedures.”

In this series of lectures we shall first introduce the mathteral apparatus for describing
and analyzing structures. We shall consider the standamencal characteristics associated
to structures such as valency and distance. We shall thkeral@lut representations of struc-
tures with computer implementation in mind and present seimgle standard algorithms for
analyzing structures.

Special atention will be devoted to acyclic structuresyespntations of acyclic structures
(again with computer implementation in mind) and Priferesoioh particular. We shall cover the
notion of a spanning tree and as an application, we discusscyolic structures.

We then move on to more advanced properties of structuresshadfirst discuss Kekulé
structures and counting Kekulé structures. After consigesome particular cases we shall
derive the well known general-case formukaG) = K(G—e) + K(G— (e)).

These considerations are followed by the formal treatmésymmetry in structures. We
first discuss counting all vs counting nonisomorphic strites. The main tool for counting
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nonisomorphic symmetric structures is the Cauchy-Frolsehemma which we derive in the
most general case, and then apply to some special cases.

As case study we discuss the probelm of generating and eatingehexagonal systems,
where all of the ideas from the previous chapters are usedrtmdstrate an efficient algorithm

for classifying geometrically planar, simply connectediypexes.
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Chapter 2

Graphs as Models of Structures

Graphs represent one of the most popular tools for modelisgete phenomena where the
abstraction of the problem involves information about @e@rbbjects being connected or not.
For example, crossings in a city transportation model areegbby streets, or cities in a country
are joined by roads. Or a structural formula of a chemicalpaumnd, eg. benzoic acttyHgO,:

2.1 Graphs

A graphis an ordered paiG = (V,E) whereV is a nonempty finite set and is an arbitrary
subset of(y) = {{u,v} CV :u#v}. Elements oW are calledverticesof G, while elements of

E are callededgesof G. We shall often write/ (G) andE(G) to denote the set of vertices and
the set of edges db, andn(G) andm(G) to denote the number of vertices and the number of
edges ofG.

The graphs are called graphs because of a very natural gedpbpresentation they have.
Vertices are usually represented as (somewhat largerjsomira plane, while edges are repre-
sented as (smooth non-selfintersecting) curves joiningdblpective vertices, so that adjacent
vertices are joined by a curve.
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(an isolated vertex)
(a leaf)

-oQ -~ 0® Q O T QO

o=

O 01 ©1 o1 O O O1 O O O 01 & O
I

QN < X
I

5(G) =0 AG)=5

Figure 2.1: An example of a graph

Example 2.1 Fig. 2.1 depicts the grap@ = (V,E), where

V ={a,b,c,d,e f,g hi,uxy,z}

E={{b.c},{c.x},{c f}.{hx}, {zx}, {f,y},{y.2}, {f,u}, {f.d},{f,i},
{e,u},{g,u},{d,e},{d,g},{d,h},{d,i}}

n=13

m=16.

If e={u,v} is an edge of a graph, we say thieindv areadjacent and thak is incidentwith
uandv. We also say that is aneighbourof v. Thedegree of a vertex,\enoted byg(Vv), is the
number of edges incident to If G is clear from the context, we simply writgv). By 5(G) we
denote the least, and i}(G) the greatest degree of a vertex@n A vertex with degree 0 is said
to be anisolated vertex A vertex of degree 1 is calledlaaf of G A vertex is said to beven
resp.oddaccording a®(v) is an even or an odd integer. A graphrégularif 5(G) = A(G). In
other words, in a regular graph all vertices have the sameedeee Fig. 2.1.

Theorem 2.2 (The First Theorem of Graph Theory) If G = (V,E) is a graph withm edges,
theny ey 6(V) = 2m.

Proof. Since every edge is incident to two vertices, every edgeustedl twice in the sum on the
left. O

Corollary 2.3 In any graph the number of odd vertices is even.

Theorem 2.4 If n(G) > 2, there exist verticegw € V (G) such that/ # w andd(v) = d(w).
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Proof. LetV(G) = {vi,...,Vn} and suppose thak(v;) # d(vj) whenevei # j. Without loss of
generality we may assume thafvy) < 6(v2) < ... < 8(vn). Since there are only possibilities
for the degree of a vertex (0, 1, ..n— 1) it follows thatd(v1) =0, 6(v2) =1, ...,0(Wn) =
n— 1. But thenv, is adjacent to every other vertex of a graph, including tbéated vertex;.
Contradiction. OJ

A graphH = (W, E’) is asubgraphof a graphG = (V,E), in symbolsH < G, if W CV and
E’ C E. A subgraptH of G is aspanning subgrapif W =V (G). A subgraptH is aninduced
subgraphof Gif E' =EN (vg) Induced subgraphs are usually denoted3j/|. The edges of
an induced subgraph @ are all the edges d& whose both ends are W. A set of vertices
W CV(G) isindependenif E(G|W]) = &, i.e. no two vertices iV are adjacent i. By a(G)
we denote the maximum carinality of an independent set dfcex inG. If A/B C E(G) are
disjoint, byE (A, B) we denote the set of all edges@whose one end is iA and the other irB.

K7 Co Ps
Figure 2.2:K7, Cg andPs

A complete graph on n verticdsr ann-clique is a graph withn vertices where each two
distinct vertices are adjacent. A complete grapmeertices is denoted bi,. A cycleof length
n, denoted byC,, is the graph withn vertices where the first vertex is adjacent to the second one,
and the second vertex to the third one, and so on, the lagxvisradjacent to the first. path
with n vertices denoted byP,, is a graph where the first vertex is adjacent to the second one
and the second vertex to the third one, and so on, and thetmeatd vertex is adjacent to the
last one, but the last vertex it adjacent to the first. We say that the path witliertices has
lengthn — 1. Fig. 2.2 depict&7, Cg andPs.

Theorem 2.5 If 5(G) > 2 thenG contains a cycle.

Proof. Letx; ...Xc_1 X« be the longest path iG. Sinced(xx) > 6(G) > 2, x« has a neighbowr
distinct fromxy_1. If v¢ {Xq,...,X_2} thenxy .. .x_1 X Vis a path with more vertices than the
longest path, which is impossible. Therefoves x; for somej € {1,...,k—2} sox; ...x are
vertices of a cycle irG. O

GraphsG; andG; areisomorhic and we writeG; = Gy, if there is a bijectiorp : V(G1) —
V(Gy) such that{x,y} € E(G1) < {¢(X),¢(y)} € E(G,). For example graph& and G, in
Fig. 2.3 are isomorphic, whil& andG; are not.
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G Gy Gy

Figure 2.3:G = Gy, butG 2 G;

L]
PR

(a) (b)
Figure 2.4:(a) A connected graphb) A graph withw =4

Theorem 2.6 Let G; = G, and let¢ be an isomorphism betweddy, andG;. Thenn(G;) =
n(Gz), M(G1) = m(Gz) anddg, (X) = g, (¢ (X)) for everyx € V(Gy).

2.2 Connectedness

A walk in a graphG is any sequence of vertices and edggs; Vi € V... Vk_1 & Vk such that

e ={vi_1,v} foralli € {1,... k}. Note that an edge or a vertex may appear more than once in
a walk. We say thak is thelengthof the walk. Ifvp # vk we say that thevalk connectsyand

Vk. A closed wallkis a walkvg €1 v1 ... Vk_1 & Vkx Wherevg = . Clearly, a path is a walk where
neither vertices nor edges are allowed to repeat, and aisyalelosed walk where neither edges
nor vertices are allowed to repeat, except for the first aadast vertex.

We define a binary relatiof onV(G) by x8y if x =y or there is a walk that connecxs
andy. Clearly, 6 is an equivalence relation ow(G) and hence partition¥ (K) into blocks
Si,...,§. These blocks or the corresponding induced subgraphsridepeon the context) are
calledconnected componentd G. The number of connected componentsois denoted by
w(G). A graphG is connectedf w(G) = 1. An example of a connected graph and of a graph
with four connected components are given in Fig. 2.4.

Lemma 2.7 SC V(G) is a connected component @fif and only if no proper supers& > S
induces a connected subgrapHzof
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Theorem 2.8 A graph G is connected if and only iE(A,B) # @ for every partition{A,B}
ofV(G).

Proof. (=) Let G be a connected graph afé, B} a partition ofV(G). Take anya € A and
b € B. Now G is connected, so there is a path .. X, that connects andb. Sincex; = a and
X< = b, there is g such thai; € Aandx;,1 € BwhenceE(A,B) # @.
(<) SupposeG is not connected and 16, ..., S, be the connected components. Then
Lemma 2.7 yield€ (S, U2, S)) = 2. O

Thedistance g&(x,y) between verticesandy of a connected grap® is defined bydg (X, X) =
0, and in cas& #,

ds(x,y) = min{k: there is a path of lengtkthat connectg andy}.

Theorem 2.9 Let G = (V,E) be a connected graph. ThéW dg) is a metric space, i.e. for all
X,y,z €V the following holds:

(D1) dg(x,

(%,y) = 0;
(D2) dg(x,y) =0

(

(

ifand only ifx=y;

y)
y)
(D3) dg(x,y) = dg(y,x); and

(D4) ds(x,2) < ds(x,y) +ds(Y;2)-

If Gis obvious, instead afg(x,y) we simply writed(x,y). Thediameter dG) of a connected
graphG is the maximum distance between two of its vertices:

d(G) =max{d(x,y) : x,ye V(G)}.

Example 2.10 (a) d(G) = 1 if and only if G is a complete graph.

(b) d(Py) = n— 1 andd(Gn) = Ln;zlj'

2.3 Trees and monocyeclic structures

Historically, the first treatment of graphs as models of ciecahcompounds appeared in 1889
when Arthur Cayley was engaged in counting isomers of hyabmres. A mathematical model
of a hydrocarbon is calledteeefor obvious reasons:
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Formally, atreeis a connected graph with no cycles. It requires a little bthanking to see
that a tree is aninimal connected graph with the given set of verticEse following theorem
shows that in a way trees capture the essence of the progérgimy connected. Recall that a
spanning subgraph of a gragh= (V,E) is a graptH = (W,E’) such thatvV =V andE’ C E. If
H is a tree, we say thad is aspanning tree of G

Theorem 2.11 A graph is connected if and only if it has a spanning tree.

Proof. Clearly, if a graphG contains a connected spanning subrbipthenG is also connected.
Therefore if a graph has a spanning tree, it is connectedthéoconverse, take any connected
graphG and construct a sequence of grafasGi, Gy, ... as follows:Gy = G; if Gj has a cycle,
take any edge, that lies on a cycle and 161 = G; — g, otherwise puG;; 1 = G;. EachG; is a
spanning subgraph & and eaclG; is connected since by removing an edge that lies on a cycle
we cannot turn a connected graph into a disconnected onedver, ifG; = G 1 thenG; = G;

for all j >i. Letmbe the number of edges &. Since we cannot remove more tharedges
from G, we conclude thaB, 1 = Gm.2. By construction of the sequence this means Gat1

has no cycles. Therefor€,,1 is a spanning tree d@b. O

We will now show that each tree withvertices has — 1 edges and that each two of the three
properties listed below implies the remaining one:

e being connected,
e having no cycles, and
e Mm=n-—1.
Lemma 2.12 Each tree with at least two vertices has at least two leaves.

Proof. Let G be a tree witm > 2 vertices and lety, vo, ..., v be the longest path in the tree.
Thenk > 2 sinceG is a connected graph with at least two verticesd(if,) > 1 thenv; has a
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neighbourx distinct fromv,. If X is a new vertex, i.ex ¢ {vs,...,V}, then the patlx, v1, vo, ...,
Vk is longer than the longest path@ which is impossible. If, howevex € {vs,...,v} thenG
has a cycle, which contradicts the assumption @& a tree. Thereforey; is a leaf. The same
argument shows thay is another leaf. O

Theorem 2.13 Let G = (V,E) be a tree witn vertices andn edges. Them =n-—1, and
consequentli§ oy 0(v) =2(n—1).

Proof. The second part of the theorem follows from the First Theooé@raph Theory, so let
us show tham = n— 1. The proof is by induction on. The cases = 1 andn = 2 are trivial.
Assume that the statement is true for all trees with less theertices and consider a tréz
with n vertices. By Lemma 2.12 there is a leaih G and it is not a cut-vertex. Henc&,— x is
connected. Clearly — x does not have cycles (removing vertices and edges canmnodirte
cycles), soG — x is a tree with less than vertices. By the induction hypothesis{ = n’ — 1,
wherem’ = m(G—x) andn’ = n(G—x). Butm =m—1 andn’ = n— 1 sincexis a leaf, whence
m=n-—1. OJ

Theorem 2.14 Let G be a graph withn vertices anan edges. Ifm=n— 1 andG has no cycles
thenG is connected (hence a tree).

Proof. Suppose thain=n—1 and thatG has no cycles. Le§, ..., S, be the connected
components o6. Each connected component is a treemse- n; — 1 for all i, wherem; = m(S)
andn; = n(S). Thereforey®;m =5 ,n—wie.m=n—w (sincem= 3y, m andn=
32 ,n). Now,m=n-—1yieldsw=1, i.e.Gis connected. O

Theorem 2.15 Let G be a connected graph with> 2 vertices anan edges and lah=n— 1.
ThenG has no cycles (and hence itis a tree).

Proof. According to Theorem 2.11 the gra@h= (V,E) has a spanning tre¢ = (V,E’). Since
H is a tree Theorem 2.13 yielas(H) =n(H) — 1 =n— 1. Assumptiorm= n— 1 now implies
m(H) = mand thus fronE’ C E we concludeéE’ = E. ThereforeG=H and soGis atree. [

Corollary 2.16 A connected graph with vertices anan edges is a tree if and onlymi=n— 1.

We shall conclude the section by a result on the number ahdistrees. Let us first note
that when counting structures we can count distinct strestand non-isomorphic structures.
For example, there are 16 distinct trees on a four elemenbgebnly two nonisomorphic, see
Fig. 2.5. Itis not surprising that counting nonisomorphiastures is more difficult.

Theorem 2.17 (Cayley 1889)There aren"? distinct trees witm vertices.

Proof. LetV = {1,...,n} be a finite set that serves as a set of vertices. The proof wgoamng
to present is due to H. PriiferThe idea is to encode each tree\biy a sequence of integers
(ag,...,a,_2) and thus provide a bijectiog : 75 — {1,2,...,n}"~2, where.%, denotes the set
of all trees orV.

IH. Prufer,Neuer Beweis eines Satzes (iber PermutatipAeshiv der Math. und Phys. (3) 27(1918), 142-144
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NAVALIN

Figure 2.5: Sixteen distinct and only two nonisomorphiesreiith four vertices

bi: 2 b: 2563 b:2563718
a: 4 q: 4737 Q. 4737144
@09
STOP
b: 25 b: 25637
ai: 47 d: 47371
b: 256 b:256371 é i i
.47 3 4: 473714 4737144

Figure 2.6: The Prufer code of a tree
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We first show how to construct the Prifer code of a tree. T éte a tree with the set of
verticesV. We shall construct a sequence of tr¢gs and two sequences of integers, the code
(&) and an auxiliary sequencg;). Let Ty = T. GivenTi, letb; be the smallest leaf of the tree
(vertices are integers, so out of all integers that appedeaa®s we choose the smallest) and
let & be its only neighbour. Now pu.1 = T; — bj and repeat until a tree with two vertices is
obtained. The code of the tree is nday,ay, ...,a,_2). An example is given in Fig. 2.6. Thus,
we have a functio : I, — {1,..., n}'”*2 that takes a tree onto its Prifer code.

Conversely, given a sequenta,...,a,_2) we can construct the tree as follows. F®EC
{1,...,n} letmixS=min({1,...,n}\ S) denote the minimal number not8(mimimal excluded).
Puta,_1 = nand then construddy, by, ...,b,_1 by

bi = mix{a,...,an_1,b1,...,bj_1}

(for i = 1 there are nd;’s in the set). For example in case @,7,3,4,1,4,4) we haveag = 9
and:

by = mix{4,7,3,4,1,4,4,9} = 2

b, =mix{ 7,3,4,1,4,4,9,2} =5
bs=mix{ 3,4,1,4,4,925} =6
b = mix{ 4,1,4,4,9,2,5,6) =3

bs = mix{ 1,4,4,9,2,5,6,3} =7

bs = Mix{ 4,4,9,2,56,3,7} =1

by = mix{ 4,9,2,5,6,3,7,1} =8
bg = mix{ 9,2,5,6,3,7,1,8} = 4

This process is called theconstruction procedursince, as we shall see, it produces a tree
whose Prifer code i&y,...,an—2).

Let us show thaf{bj,a} : 1 <i < n} is the set of edges of a tree. ilk j then, by con-
struction,bj = mix{aj,...,an_1,b1,...,0i,...,bj_1}, sobj # bj. We see that alh’s are distinct
and smaller tham = a,_;. Therefore{bs,...,bh_1} ={1,...,n—1} and hencgby,...,b_1,
an—1} = {1,...,n—1,n}. Moreover, ifi < j thena; ¢ {by,...,b;} sinceb; = mix{a;, ...,

&, ..., an-1, by, ..., bi_1}, so from{by,...,bn_1,80-1} = {1,...,n—1,n} it follows that
aj € {bj4+1,...,bn_1,81_1}. To summarize,

aj € {bj4+1,bj42,...,bh—1,8,_1} and

for all j.
bj ¢ {aj+1,bj+1,8j42,0j42,...,an-1,bn-1}, J (%)

To build the graph we start frofb,_1,a,-1} and then add edge$y,_2,an—2}, {bn_3,an_3},
...,{b1,a1} one by one. Frongx) it follows that at each step we extend the graph by one new
vertexb; and one new edgéb;, g} that connects the new vertex to an existing one. Therefore,
the graph we obtain at the end is connected, and a conneapt githn vertices anch— 1
edges has to be a tree (Corollary 2.16). Thus, we have a fangtio{1,...,n}"? — .7, that
takes a code and produces a tree.
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To complete the proof, we have to show tihaind( are inverses of one another, igec =
idandy o ¢ =id. We showonlyo¢ =idi.e.(¢(T)) =T forall T € ., (the other equality
is left as an exercise). For a trée a vertexv € V(T) is aninternal vertex Tif dr(v) > 1. Let
int(T) denote the set of all internal verticesDf

Take anyT € 9, let (a1,...,a,_2) be its Prufer code antb;,...,b,_2) the auxiliary se-
guence. At the end of the procedure of constructing the Pddde two vertices remain the
the graph, the vertea, 1 = n and its neighbour whom we denote by ;. Starting from
(a1,...,an—1) the reconstruction procedure produces a sequence of istége .., b, ;. We
will show thath; = b/ for all i. Assume also that > 3.

Sinceb; is adjacent tagg in T andn > 3, a; cannot be a leaf of soa; € int(T). The
same argument shows trete int(T — by ), ag € int(T —b; —by), and in generak ;1 € int(T —

by —...—bi). Since infT —v) Cint(T) wheneverv is a leaf of T andn(T) > 2, it follows

that in{T —by —... —bj) = {&+1,...,an—2}. In particular, infT) = {a,...,ar—2}. Since each

vertex of a tree with at least two vertices is either a leafroindernal vertex we obtain that
V(T—bl—...—bi)\int(T—bl—...—bi)

is the set of leaves &F —b; — ... —bj. NowV (T —by—...—by) ={1,...,n} \ {by,...,b} and

int(T—b1—...— b)) ={&41,...,8n_2}, Sso the set of leaves af—b; — ... —b; is

({2 M\ by, B} ) \ {81,802} =
={1,....,n}\{&@41,-..,82,b1,...,bi}.
It is now easy to show thdi; = b by induction oni. As we have seer is a leaf of T, so
b1 e{1,...,n}\{a,...,ar_2}. Butb; is the smallest such integer, whermge= min({1,...,n}\

{a1,...,an-2}) =mix{ay,...,an2} = ). Assume thab; =bj forall j € {1,...,i} and consider
bi;1. Itis the smallest leaf iT —b; — ... —b; so, with the help of induction hypothesis

birs=min({1,...,n}\{@it1,...,8-2,b1,...,bi})
= mix{a&11,...,an-2,b1,...,b} = mix{ai;1,...,a2,b},...,b} =bi 4

Therefore{a;,bi} = {&,b}} for all i and the tree produced by the reconstruction procedure is
the tree we started with. O

Closely related to trees araonocyclic structuresghat correspond to chemical compounds
with one benzene ring, such as benzoic &idgO, depicted on page 3.

A graphG is monocyclidf it is connected and contains precisely one cycle. Sinceauyclic
structures are very close to trees (removing an arbitragg &@m the cycle yields a tree), there is
a characterization of monocyclic structures that pastlgt of the trees. By reducing to trees, it
can easily be show that each pair of the three propertiesilistlow implies the remaining one:

e being connected,
e having precisely one cycle, and
e m=n.
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Theorem 2.18 (a) For each monocyclic graph we have- m.
(b) A conneted graph satisfyimg = n contains precisely one cycle.
(c) A graph with precisely one cycle and satisfyimg= n has to be connected.

2.4 Kekulé structures

Kekulé structure is a representation of an aromatic moée@ich as benzene), with fixed alter-
nating single and double bonds, in which interactions betwaultiple bonds are assumed to be
absent. For benzene, for example, Kekulé structures are:

SHs

Mathematically, a model of a Kekulé structure consists atao§edges of the coresponding
graph such that no two edges in the set are adjacent and #rgt\e@rtex is covered by exactly
one of the selected edges. Such a set of edges is referredtpeatect matching, and we now
supply the definitions of the corresponding notions.

A matchingof a graphG = (V,E) is a set of edged! C E such that for alke;, e, € M:

if &1 # ey thenegtNe = 2.
The following is an example of a Kekulé structure and the esponding set of edges of the

graph of the compound:
= AN
AN 2

We say that a matching of a graphG is maximalif for every other matchingy/l’ the follow-
ing holds:M’ © M impliesM’ = M. This means that no proper superseMbfs a matching of
G. A matchingM of a graphG is maximumif for every other matchindg/’ the following holds:
IM’| < [M|. This means that no other a matching@®&xcededM in the number of edges. Finally,
a matchingM of a graphG is perfectif every vertex of the graph belongs to precisely one edge
of in the matching. The picture immediately above depicterdgat matching.

We shall now discuss the existence of matchings in graplis elisy to see that every graph
has a maximal matching and a maximum matching. However lhgtagohs have perfect match-
ings.
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Lemma 2.19 If a graphG has a perfect matching, the(G) has to be even.

Proof. Let M = {ey,...,e&} be a perfect matching db. By the definition of the matching,
distinct edges oM are disjoint, sc*U!‘zla‘ = 2Kk, which is an even integer. For every matching
we have} ;& C E(G). However, the requirement thit be a perfect matching means that
UX. ;& C E(G), son(G) = 2k, which is even. O

There is a very deep result tue to Tutte which provides a rsserg and sufficient condition
for a graph to have a perfect matching. k&tiy(G) denote the number of odd component$of
where a componer8C V(G) is oddif |§ is an odd integer.

Theorem 2.20 (Tutte, 1947)A graphG has a perfect matching if and only if
(*)Odd(G_W> < ’W’7
for all subset®V CV(G).

Finally, we consider the general formula for the number afgm matchings of a grapB.
Lete= x,y be an edge anda vertex of a grapls. By G — e we denote the graph obtained from
G by removing the edge, while G — v denotes the graph obtained fr@aby removingv and all
the edges o6 incident tov. Moreover, byG — (e) we denote the grapB —x—:

\' \' \

pd

G G—v G-e G—(e)

Theorem 2.21 LetK(G) denote the number of distinct Kekulé structuresgerfect matchings)
in G. Then for every edge € E(G) we have:

K(G) = K(G—e) +K(G— (e)).

Proof. Let G be a graph ané and arbitrary edge d&. The class of all perfect matchings of
G splits naturally into two disjoint classes: the perfect chatgs ofG that contare, and those
that don’t. Therefore, if# (G) denotes the class of all perect matching$of#:(G) denotes
the class of all perfect matchings Gfthat contaire, and.#;(G) denotes the class of all perfect
matchings ofG that do not contaie, then

|4 (G)| = | #e(G)| + | #¢(G)|.

The main idea of the proof is to show thHate(G)| = K(G — (e)), while | Z{(G)| = K(G —e).
Let M be a perfect matching i® and assume tha¢ M. ThenM is a perfect matching of

G —e. On the other hand, every perfect matching®of e is also a perfect matching &, so

| #e(G)| = |.#(G—e)| =K(G—e).
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Assume, now, thatl is a perfect matching db such thate € M and lete = {x,y}. Sincee
belongs taVl, the endverticeg andy of e are covered by, so no edge incident toor y belongs
to M. Therefore,M’ = M\ {e} is a perfect matching o — (e). On the other hand, every
perfect matchindM of G — (e) can be extended to a perfect matchMgJ {e} of G. Therefore,
| #e(G)| = |4 (G—(e))] = K(G— (e)). This completes the proof. O
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Chapter 3

Computer Implementation

There are many ways to represent graphs in the memory of autempnd in this chapter we
shall discuss two:

e adjacency matrices, and

e lists of neighbours.

3.1 Adjacency matrices

The simplest way to store a graph in the memory of a computier igpresent the graph using
its adjacency matrix. Le® be a graph with/(G) = {1,2,...,n}. Theadjacency matrix of G
denoted byA(G) is ann x n matrix matricaA = [&;] where

0, verticesi andj are not adjacent,
ajj = L . .
1, verticesi andj are adjacent.

If a vertexu is adjacent to a vertex thenv is also adjacent ta, whence follows thag;; = aji
for alli, j, i.e.,A(G) is asymmetric matrixFig. 3.1 contains an example.

We shall represent graphs as records consisting of two figdésnumber of vertices of the
graph and the adjacency matrix of the graph.

const
MaxNoVertices = 50;
Null = 0;

type

Graph = record
N : integer;
adjacent : array [1 .. MaxNoVertices, 1 .. MaxNoVertices]
of Boolean
end;
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1 2 3 456 7 8 9 10 11 12 13

0
0
1
0
0
0
0
1
0
0
0
0
1

1

1

A(G)

10 0000 O0OOOOTDO

2/0 01 000O0O0O0TO

301 00010O0O0O0

4/0 00011111 0

5/0 001 00O0O0O0 1

6|0 011 00001 1

7/0 001 00 O0OO 1
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8/0 0O0O10O0O0O0O0TDO

990 0 01 01 0 0O0 O

10/0 0 0 01 11 00 O

11/0 0 1 0 0 O O1 O O
12/0 0 0 0 01 00 0 O
13/0 0 0 0O O O OO O O

Figure 3.1: A graph and its adjacency matrix



The constant valu&iull is reserved for the situations where no vertex of the grapb ise
returned by a computation. The following three functionb ae extremely useful in the sequel.
The functionDeg (G, v) returns the degree ofin G:

function Deg(var G : Graph; v : integer) : integer;

var
sum, i : integer;
begin
sum := 0;
for i := 1 to G.N do
if G.adjacent[v, i] then
sum := sum + 1;
Deg := sum
end;

The functionFirstNeighbour (G, v) returns the (lexicographically) first neighbour wf or
Null if v has no neighbours:

function FirstNeighbour(var G : Graph; v : integer) : integer;
var
i : integer;
go : Boolean;
begin
i:=1;
go := true;
while go and (i <= G.N) do
if G.adjacent[v, i] then
go := false
else
i:=1+ 1;
if go then
FirstNeighbour :
else
FirstNeighbour :
end;

Null

1l
-

while NextNeighbour (G, v, x) returnsthe neighbour aefthat comes (lexicographically) im-
mediately aftew, or Null if there are no more neighbours af

function NextNeighbour(var G : Graph; v, x : integer) : integer;
var

i : integer;

go : Boolean;
begin

i:=x+ 1;
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go := true;
while go and (i <= G.N) do
if G.adjacent[v, i] then
go := false
else
i:=1+ 1;
if go then
NextNeighbour :
else
NextNeighbour :
end;

Null

Il
-

Example 3.1 As an example, we show the outline of a program that reads@hdram a file
and then for every vertex of the graph prints its degree aadighof its neighbours.

program TheFirstExample;

const
MaxNoVertices = 50;
Null = 0;

type

Graph = record
N : integer;
adjacent : array [1 .. MaxNoVertices, 1 .. MaxNoVertices]
of Boolean

end;
var
G : Graph;
v, W : integer;
f : text;

function Deg(var G : Graph; v : integer) : integer;
begin ... end;

function FirstNeighbour(var G : Graph; v : integer) : integer;
begin ... end;

function NextNeighbour(var G : Graph; v, x : integer) : integer;
begin ... end;

begin
assign(f, ’G.txt’); reset(f);
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3
[8 [10]13] 17

IS

neighbour |[2[4]0/1[4]5]0][5]/0]1][2][0]2[3]6]0]5[0]

index |

Figure 3.2: A graph and its representation by lists of neigib

ReadGraph(f, G); close(f);
for v := 1 to G.N do
begin
write(v:2, Deg(G, v):3, ':’);
w := FirstNeighbour(G, v);
while w <> Null do
begin
write(w:3);
w := NextNeighbour(G, v, w)
end;
writeln
end

end.

3.2 Lists of neighbours

We say that a graph gparsdf the number of edges of the graph is “relatively small” widspect

to the number of its vertices. Sparse graphs can be veryesftigirepresented using two arrays:
an arrays containing the lists of neighbours for every werd®d an array containing, for each
vertex, a pointer to the beginning of its list of neighbou¥sr convenience, we shall assume that

every list of neighbours ends wiNull. An example is given in Fig. 3.2.
Using this idea, we can represent sparse graphs as recdrdthvae fields: the number of

vertices of the graph, the array containing the pointers, the graph containing the lists of

neighbours.

const

MaxNoVertices = 50;
MaxNeighbourListLen = 200;
Null = 0;
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type
SGraph = record
N : integer;

index : array [1 .. MaxNoVertices] of integer;
neighbour : array [1 .. MaxNeighbourlListLen] of integer
end;

The representation of a graghwith n vertices andn edges using adjacency matrices re-
quiresO(n?) memory units, while representation using lists of neighbaequiresO(m+ n)
memory units. The choice of the representation, thereftepends on whether we have an ad-
ditional information on the expected number of edges of tiag@lg or not. If the problem under
consideration provides no reasonable upper bound on thberushedges of the graph, itis usu-
ally recommended to represent graphs using adjacencycestiif, however, we have an upper
bound onm and if n+ mis sufficiently smaller tham, it pays off to represent the graph using
lists of neighbours.

Sometimes the choice of a suitable representation depantisecoperations we intend to
perform on graphs. For example, it may pay off to use adjacecatrix representation for
very sparse graphs if the algorithms we use heavily depemmperations that are more easily
implemented on matrices.

3.3 Depth-first search and connectedness

Many algorithms that manipulate graphs require a systematy of traversing its vertices and
in this section we describe a standard algorithm of tramgrgertices of a graph known dgpth-
first search or DFS for short.

Depth-first search (DFS) is a recursive algorithm that isigrfrom a vertex traverses all
the vertices in itonnected componehy first examining its first available neighbour, then the
first available neightbour of the vertex the algoritm hag jusversed, then the first available
neighbour thereof, proceeding “deeper and deeper” as lepgssible. Once all the neighbours
of a vertex have been traversed, the algorithm back-tradkaverse the next available neigbnour
of the parent-vertex, until all the neighbours of the firster have been traversed. The algorithm
can abstractly be described as follows:

procedure DFS{)
foreach neighboumw of vdo
if whas not been traverséaen
begin
markw
DFSWw)
end
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and in order to obtain a working implementation we just haviéitin some details. We need an
array

var
Idx : array [1 .. MaxNoVertices] of integer;

where the algorithm stores the index of the vert@dx[v] = k if and only if the algorithm
traverses in its k-th step. We use this array to record whether the vertex has toaversed or
not. We shall initialize all the entries of the array to zero

for i := 1 to G.N do Idx[i] := O;

and we now know that a vertex has been traversed if and odlgxfv] <> 0. We shall also
need a global variablebl which contains the next available index:

procedure DFS(v : integer);
{ G, Lbl, Idx are global and have to be }
{ initialized before invoking the procedure }

var
i, w : integer;
begin
Ibl := Lbl + 1;
Idx[v] := Lbl;

w := FirstNeighbour (G, v);
while w <> Null do
begin
if Idx[w] = O then DFS(w);
w := NextNeighbour(G, v, w)
end
end;
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Example. In the adjacent figure we see a graph and
the values of the variabledx if we start DFS from
vertexb. The algorithm first traversds, then its
neighboura; then the first available neighbour af
which turns out to be; thend, and so on, untih.
When the algorithm reaches the vertewhile get-

ting out of recursive calls, it notes that its neighbour
g has not been traversed, so another recursive call
takes place. At the end, the algorithm backtracks to
b, notes that all the neighbours bfhave been tra- s
versed and terminates.

Let us stress again that DFS traverses all the vertices icaimeected componeat a vertex,
as the following example shows.

Example. Consider the graph given in the adjacent
figure and start DFS at vertéx The order of traver-
sal (values ofidx) is also indicated, and we see that
for certain vertices the value didx is 0. Starting
from b the algorithm has no way of reaching ver-
ticesg, f andh because these three vertices do not
belong to the connected componenbof

An easy modification of the original DFS proce-
dure leads to the algorithm that traverses vertices ofo
both connected and disconnected graphs: O]

procedure FullDFS(v : integer);
{ G, Lbl, Idx are global variables }
begin
DES(v);
for v := 1 to G.N do
if Idx[v] = O then DFS(v)
end;

which leads to an easy and efficient algorithm that testshenet graph is connected:

function Connected(var G : Graph) : boolean;
var

v : integer;

go : boolean;

Idx : array [1 .. MaxNoVertices] of integer;

procedure DES(v : integer);
var
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i : integer;
w : integer;
begin
Idx[v] := 1;
w := FirstNeighbour(G, v);
while w <> Null do
begin
if Idx[w] = O then DFS(w);
w := NextNeighbour(G, v, w)
end
end;

begin
for v := 1 to G.N do Idx[v] := 0;
DFS(1);

vV = 2;

go := true;

while go and (v <= G.N) do
if Idx[v] = 0 then

go := false
else

v i=vVv + 1;

Connected := go

end;

This algorithm also demonstrates another possible way i neatecies of the graphs we
have traversed. Instead of storing the index of a vertexhduraversal, this useiix to store
only 0 or 1 according as the vertgbelongs to the connected component of the vertex 1 or not.
This algorithm can easily be modified to actually count cae@ components of a graph.

3.4 The search tree the DFS algorithm

A careful look at DFS reveals that during the execution ofalgerithm upon a connected graph,
a special spanning tree of the graph is constructed. Thasisreeferred to as theearch tree
of the DFS algorithm Therefore, the correctness of the algoritGomnected presented in the
previous section follows from Theorem 2.11 which statesdgraph is connected if and only if
it has a spanning tree.

If G is not a connected graph, then DFS constructs a spanningftae of its connected
components. Th@ullDFS procedure presented above constructs a spanning treerobtas
connected components.

A rooted trees a tree where one of its vertices is distinguished. Thaindjgished vertex is
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called theroot of a tree. Clearly, the root of the search tree of the DFS algoris the vertex
which appears as the input to the algorithm.
A spanning tree of a connected graph contains only so

backedges The name comes from a detailed analysis of th
DFS algorithm. Assume that we are traversing a graph and
that we started the traversal in vertex Then each edge we
examine in the main loop of the algorithm either leads to a
new edge that has not been traversed until now, or to a vertex
that has already been included into the search tree. Inthe e
ter case, the edge leads “back” to a vertex the algorithm has
already visited, so it is a “backedge”.

The presence of backedges indicates the existence of ayncthe graph, as the following
theorem shows:

->— tree edge

—— backedge

Theorem 3.2 A connected graph has a cycle if and only if the search trekeobDi=S algorithm
has a backedge.

This observation leads to an efficient algorithm which clsegkether a graph is a tree.

function IsTree(var G : Graph) : Boolean;

{ We assume that G is connected }

var
Idx : array [1 .. MaxNoVertices] of integer;
i : integer;
go : Boolean;

procedure DFS(v, father : integer);

var
w : integer;
begin
Idx[v] := 1;

w := FirstNeighbour(G, v);
while go and (w <> Null) do

begin
if Idx[w] = O then
DFS(w, V)
else if w <> father then
go := false;
w := NextNeighbour(G, v, w)
end
end;
begin
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for i := 1 to G.N do Idx[i] := O;

go := true;

DFS(1, Null);

IsTree := go backedge
end; o

We see that the algorithm is a straightforward modificatibn o
the DFS algorithm. The DFS procedure receives not only the
vertexv from which the traversal is to continue, but also the
fatherof that vertex, that is, the vertex from which we discov-
eredv. This helps detect backedges: an edge is a backedge if it
goes fromv into a vertexw the algorithm has already visited,
but which isnot the father ofv.

curent vertex
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Chapter 4

Structures and Symmetry

One might say that humand kind was designed to comprehend@méciate symmetry. The
notion of symmetry in geometry transposes to the more atidaneel of structures as the notion
of automorphism.

4.1 A few words on groups

In this chapter we use some basics of group theory. To st#rf agroupis a seiG together with
a binary operation (multiplication) such that the following requiremets (thgioms of group
theory) are met:

(G1) multiplication is associative, i.ex(yz) = (xy)zfor all x,y,z € G;

(G2) there exists ae< G which acts as aeutral elementor the multiplication, i.e.xe= ex= X
forallx e G, and

(G3) for everyx € G there is ay € G such thaixy = yx= €; y is the called thenverse of xand,
being unique for the giver, is usually denoted by .

The prototypical example of a group is the set of all bijetsi@f a given seX onto itself.
This group is called theymmetric groumand denoted by Sy(X). If X is ann-element set,
instead of SyriX) we also write Syrn).

A subsetH of G is asubgroupof G if H is a group in itself with respect to the restriction of
the multiplication ofG, and shares the neutral element wih

Example 4.1 The set of integer& together with addition+ forms a group. The setZ2of even
integers together with addition of integers forms a gromgl, iais a subgroup df.. Note that the
two groups share the the neutral element 0.

If H is a subgroup o6, then{H -g: g € G} is a partition ofG. In other words, eitheld - g1
andH - g, coincide, or are disjoint, for ali1,g> € G. We, therefore, immediately get
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Theorem 4.2 (Lagrange Theorem)If G is a finite group witm elements, antl a subgroup of
G with k elements, thek | n.

Sets of the fornH - g are callediight cosetsof H in G and the seG\H ={H-g:gec G} is
calledthe set of right cosetsf H in G.

A group homomorphisrfrom the group<s with multiplication - into the groupgH with mul-
tiplication x is any mappindg : G — H satisfying

f(xy) = f(x)x f(y), forallxyeG.

An isomorphisnbetween group& andH is a homomorphism fror® into H which is bijective.
In that case we say th@& andH areisomorphicand writeG = H.

Example 4.3 (a) The set of integerg together with addition+ forms a group. The sétg =
{0,1,2,3,4,5} together with additiont-g modulo 6 forms another group. The mappihgZ —
Ze defined byf(x) = xmod 6 which takes an integer into its reminder modulo 6 is aigro
homomorphism.

(b) The set of realR together with addition forms a group. The set of positivdséa
together with multiplication forms another groups. The tgroups are isomorphic, as we can
easily see by considering the bijective mappfngR* — R given by f (x) = logx.

Automorphism groups of structures constitute an impotéds of groups. Aautomorphsm
of a graphG = (V,E) is every isomorhisng : V — V from the graph onto itself. By A(G) we
denote the set of all the automorphismsGf The set AufG) of automorphisms of a graph
together with the composition of mappings is a group.

Example 4.4 Let us now describe AWKp), Aut(S,) and AufP,) for n > 3, whereS, denotes
thestar with n vertices, i.e., the graph where one vertex is adjacent thallemaining vertices,
and there are no other edges in the graph, see Fig. 4.1.

Sio
Figure 4.1: A sta5;g

(a) Every bijectiong : V(K;) — V(K;) is an automorphism df,,, so the group of automor-
phisms ofK, is isomorphic (as a group) to the symmetric group Sym

(b) Every automorphism of a star anvertices has to keep the central vertex fixed, while
freely permuting the remaining— 1 vertices of the graph. Therefore, A8t) is isomorphic (as
a group) to the symmetric group Sym-1).
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(c) A path has only two automorphisms: the identity mapping Whieeps all the vertices
fixed, and the “flip” which “mirrors” the path by mapping thesfivertex of the path onto the last
one (and vice versa), the second vertex of the path onto thatpaate vertex of the path (and
vice versa), and so on. Therefofaut(R,)| = 2.

Every homomorphisnf : G — H between two groups uniquely determines an equivalence
relation@ by (x,y) € 8 if f(x) = f(y). The relationd is usually referred to as theernelof f and
denoted by kef.

A binary relationp C G? on a groupG is calledcongruencsf it is an equivalence relation
such that

(x,y) € p and(u,v) € p implies(xu,yv) € p, forall x,y,u,ve G.

The kernel of every homomorphism is a congruence on the doafdhe homomorphism. Con-
versely, every congruence is a kernel of some homomorphism.

For every congruencé of a groupG, the set of equivalence classgg/0 : g € G} can be
turned into a group by defining the multiplication as follows

(92/6)-(92/6) = (9192)/6.
This group is called thé&actor groupof G and is denoted b/ 6.

Theorem 4.5 (The First Isomorphism Theorem) Let f : G — H be a surjective homomor-
phism from a grous into a groupH. ThenG/(kerf) = H.

4.2 Group actions

Let X be a set ané a group.The action of G on Xs a mappingu : X x G — G such that
e (x,e) =X, and

b I«‘(N(X&l),h) = H(X79h)

An action of a groups on a setX will be denoted by(G, X). Instead ofu(x,g) we shall write
x9, so that the above two laws take the rather familiar fafra- x and (x9)" = x",

Everyg € G determines a mappirgg : X — X : x— x9. SinceGis a group g is a permutation
of X for everyg € G Therefore, every group actiofG, X) determines a homomorphism:
G — Sym(X) : g+— 1g. Coversely, every homomorphisin: G — Sym(X) determines an action

of the groupG on X by x9 := (/\ (g)) (x). This correspondence establishes a Cayely-type

representation theorem for group actions.

The homomorphismi : G — Sym(X) that corresponds to the group actigB, X) is not
necessarily injective, since it might happen that distetletnents ofs act in the same fashion on
X. We say that the action$s, X) is faithful if the corresponding homomorphism is injective. If
the group actior{G, X) is not faithful, then the kerneé® = ker(A) of A identifies the elements
of G that act in the same fashion, so instead®fX) one can consider the faithful group action
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(G/8,X) given byx9/® = x9. Therefore, we can safely assume that the group actions we wo
with are faithful.

A group action(G, X) induces a binary relatior on X as follows: we letx ~ y if there
exists ag € G such thai9 = y. Clearly,~ is an equivalence relation, and the equivalence classes
of ~ are referred to sarbits of the group action(G,X). The orbit of anx € X has the form
{x9:ge G}. This is why we shall denote the orbit efby x®. Let X/G denote the set of all
orbits of the group actiofG, X).

Forx € X, let Gx denote thestabilizer of xi.e. the set of all group elements that leafexed:

Cx={geG:x9=x}.
Clearly,Gx is a subgroup 0o6. Forg € G, let fix(g) denote theset of all fixpointof g:
fix(g) = {xe X:xd =x}.

Theorem 4.6 (Lagrange Theorem)Let (G, X) be a faithful group actions. Then for everg X
we haveG| = |G| - [xC®|.

Proof. Let Gx\ G = {Gx-g: g € G} be the set of right cosets @y in G. From the Lagrange
Theorem (for groups) we know that

G|
G\ G| = )
‘ X\ ‘ |GX’

Therefore, in order to show the claim of the theorem, it saffito show thapx®| = |G\ G|.
Consider the mapping : X® — G\ G: x9 — Gy -g.

o ¢ is well defined. Letd = x". Thenxd"™" = x"* = xI — x, whencegh~! stabilizesx.
This impliesgh~! € Gy, sog € Gy - h. This shows thaGy - g = Gy h.

e ¢ is clearly surjective.

e ¢ injective. LetGy-g= Gy-h. Theng= khfor somek € Gy. Now, x9 = x" = (x)". Since
k stabilizesx we have thakk = x, and thus® = x".

Therefore ¢ is a bijection, which proves the theorem. O

Theorem 4.7 (Cauchy-Frobenius (Burnside) Lemma)Assume that the group acts faithfully
onX. Then

X/G| = % > [fxo)|
ge

Proof. For an arbitrary formulab let
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It is now easy to see th#fix(g)| = 3 x(x¥ =x) and|Gx| = S x(X8 =Xx). Therefore,
XEX geG

gé fix(g)| = Q;X;X(Xg =X) = X;Q;X(Xg =X) =

_ v [G 1
—EXI Gx| = Z<’XG| I'X;W~

LetX/G={Qy,...,Qs}. Then

G
Z<|XG| erlu UQS lee |X |

We are now going to show thal ‘—1@| — 1. Forx € Q; we havex® = Q;, so that

XEQ;
1 1 1
— = =|Qi|- — =1
20~ & el o
This implies
1 S
fix(9)] =G > 5 =1G|- > 1=|G|-s=|G]-[X/G],
g; er( ’XG| i;
which concludes the proof. O

4.3 Polya action

Let us start with an apparently simple problem. Let us trydont the number of necklaces with
6 beads, where each bead can be in one of the three cotpasdb.
The formalization of the problem is as follows. MNet={0,1,2,3,4,5},C={r,g,b} andX =
CV. An element ofX is a mappingf : V — C, hence, a sequence of colors. Two such sequences
represent the same necklace if there is a cyclic permutafidinthat takes one of the sequences
to the other. For example, the sequenges (r,g,r,r,b,g) andg = (r,r,b,g,r,g) represent the
r—g

same necklacegy r , sincef =go o1 for the cyclic permutationw = ( 0 1234 5).
2 34501
\ o/
b—r

Therefore, in the problem of counting necklaces we have thepZg acting onV as a
group of cyclic permutations. If we now “extend” the grougiae (Ze,V) fromV to CV in such
a way thatf? = f o 1, then the orbits of the extended action consist of confijomatthat
represent the same necklace. We see, then, that the probtaanding distinct necklaces in its
abstract form reduces to the problem of counting orbits abag action, for which we have just
developed tools — the Cauchy-Frobenius Lemma.

Above considerations motivate the following definition.
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Definition 4.8 Let C andV be nonempty sets and I& act onV as a group of permutations.
Thenf? = f o 0~ defines an action & onCV called theP6lya action

Let us now go back to the problem of counting necklaces. Imtbeel we have just de-
scribed, the grouffg acts as a permutation group 6M through the Pélya action. The orbit of
an elemenf € CV consists of all strings of colors of length 6 which represhatsame necklace.
Thus, the number of distinct necklaces equals the numberhitisan the Polya action of the
groupZg on the se€V. According to the Cauchy-Frobenius Lemma,

Y /Zsl =5 3 (o)),

0€lg

where the fixpoints 0&’s are to be counted i6V .

Let us now take a look at the sets(iix): f < fix(o) means thaff = ¢, i.e., thatf (k) =
f(o~1(k)) for all k € V. Note that this means thdithas to be constant on the cyclesmfThis
is such an important conclusion, that we shall frame it:

f € fix(o) in the Polya action if and only if
is constant on the cycles of.

The grouZg as a permutation group consists of the following permutatigiven in their cyclic
representation:

id, (012345, (543210, (024)(135), (420)(531), (03)(14)(25).

The permutation id has 6 cycles. On each of the cycles the imgppan take each of the
three values, sffix(id)| = 3°.

The permutatioro = (012345 has only one cycle, sifix(o)| = 3.

Similarly, |fix(o)| = 3 for 0 = (543210.

The permutatioro = (024)(135) has 2 cycles. On each of the cycliesan take any of the
three values, sffix(o)| = 32.

Similarly, |fix(o)| = 32 for o = (420)(531).

e Finally, the permutatiow = (03)(14)(25) has three cycles, whengfx(o)| = 32.

Therefore, the number of distinct necklaces eqgaB8 +2- 3+ 2- 32+ 3%) = 130.

We have just seen in this example that permutations withahees'cyclic structure” have the
same number of fixed elements in the Pélya actibnis is a general phenomenon, rather than
an isolated caseWe shall, therefore, introduce two new notions: the cyglet and the cyclic
number of a permutation.
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Definition 4.9 Let X be a finite set withX| = n and letG act onX as a permutation group.
Suppose that a permutatione G hasa; cycles of length 1a, cycles of length 2, etca, cycles
of lengthn. Then thecyclic typeof sigma is the sequence(ot) = (a1, ay,...,an), and thecyclic
numberof o is the number cfo) =a; +ax+... +an.

It is clear that co) is the number of cycles af, and that 1a; +2-ax+...+n-a, =nif
(a1,ay,...,an) is the cyclic type of a permutation frofa.

Note that cn and ct depend on the group action under consimierather then on the abstract
properties of the group. Therefore, the same element ofggran have distinct cyclic types in
distinct group actions.

Theorem 4.10 (Cauchy-Frobenius Lemma for the Polya Action)For any faithful Pdlya ac-
tion of G onCV the following holds:

1
C/6l= g 3 1O,
Gl &
Proof. According to the Cauchy-Frobenius Lemma,

c\’Gzi fi
IC"/G] |G,(;GIIX(0)\

so that it suffices to show thédfix (o)| = |C|°"9) for every o € G. Take anyo € G and let
cn(o) = k. As we have already noted, € fix(o) if and only if f is constant on the cycles
of o. Therefore|fix(o)| equals the number of mappinds. V — C that are constant on the
cycles ofa. On each of thé& cycles ofo the mappingf can take any of théC| values, whence
fix(c)| = |CJ* = |C|". O

4.4 Counting nonisomorphic graphs

Each graphG = (V,E) can be understood as a mappifig: (\é) — {0,1}, where fg is the
characteristic function of the st fg(e) = x(e€ E).

The symmetric group SyfW') acts onV in a straightforward wayx® = o—1(x). Assume
now that SynfV) acts on(\é) “coordinate-wise”:{x,y}? = {x9,y?}. This action then “extends”

to the Polya action of Sy(iv) on 22) where

1 ({xy}) = 1 ({000,020}

forall o € Sym\V) andf € 2(2).
The following obvious lemma is the key to applications ofyRotheory on the problem of

counting nonisomorphic graphs:
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Lemma 4.11 GraphsG; = (V,E1) and Gy = (V,Ep) are isomorphic if and only if there is a
o € SymV) such thafg = fe,.

In other words, two graphs are isomorphic if and only if theyomg to the same orbit of the
Pdlya action we have just described, whence follows thahthmber of nonisomorphic graphs
\%
on a finite seV equals the number of orbits of the Pdlya action of $ypon A2). The Cauchy-
Frobenius Lemma for Pdlya actions now straightforwardlplies:

Theorem 4.12 The number of nonisomorphic graphs on a set witkertices is
1 en(o)
n! '

oeSsym(n)

In spite of the nicely looking theorem above, it is still ibly complicated (impossible in the
general case!) to compute the number of nonisomorphic grapim vertices. What makes it
so complicated is the fact that (@) is the number of cycles in the cyclic representation of the
permutationo in the action of the group Syfm) on the set(5). This number is not necessarily
equal to the number of cycles of the permutatmrin the “ordinary” action of Sym(n) on
{1,...,n}. The action of Syrfn) on (5) interpreted as a subgro@ of Sym((3)) shows that,
although Synin) and G, are abstractly isomorphic, the cyclic structures of theesponding
elements aressentially different
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Chapter 5

Counting Hexagonal Systems

A polyhex system is a connected system of congruent reg@eagons such that any two

hexagons either share exactly one vertex, one edge or teegligipint. Presently, we shall

be interested only in the class of geometrically planarpgmeonnected polyhexes. A polyhex
is geometrically planar when it does not contain any oveilagp edges, and a simply connected
polyhex has no holes (see Fig. 5.1). In this way the helicamelscoronoids (molecules with

“holes”) are excluded.

Figure 5.1: A geometrically planar, simply connected pel/kithh = 10 hexagons

The geometrically planar, simply connected polyhexes ludign been referred to as "ben-
zenoids". These systems may conveniently be defined in terensyele on a hexagonal lattice;
the system is found in the interior of this cycle, which regenets the boundary (usually called the
perimetej of the system. In order to avoid confusion, we use the teesxagonal systerfHS)
for a geometrically planar, simply connected polyhex.

A classical paper on counting polyhex hydrocarbons datek twa1968 [1], but it was not
before 1983 that the Disseldorf-Zagreb group (Knop andajsiia with collaborators) pub-
lished their results from computerized enumerations hexalgsystems tb = 10, whereh is the
number of hexagons within the perimeter of the system [3].

The sad part of the story is that there is no general formulth®dnumber of hexagonal sys-
tems with the given number of hexagons. Therefore, all welcan enumerate and calssify them
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is to use brute force: fast computers and algorithms. Thapier presents one such algorithm
which has been used to enumerate nonisomorphic hexagmtahsywithh < 17 hexagons and
to classify them according to their perimeter.

5.1 The basics

Two different hexagonal systems are considesedhorphicif they are congruent in the sense of
euclidean geometry. For example, Fig. 5.2 depicts thregroemt hexagonal systems.

Figure 5.2: Three congruent hexagonal systems

Another point of view is that the hexagonal syste appears in three differetrien-

tationsin the hexagonal grid. The number of ways in which a hexagsystem appears in the
hexagonal grid is of ultimate importance when counting somorphic, oressentially distingt
hexagonal systems with the given number of hexagons. Tlaatmotion in determining that
number is the number aglymmetrie®f the system.

The geometric notion of symmetry corresponds to the algelbic@tion of anautomorphism
of the system. In that respect, symmetric structures aheimi@utomorphisms, and the we take
the cardinality of the automorphism group as a measure aythmmetry of the system.

In order to be more specific, we now introduce the formal mstid_etS be an arbitrary set
of points in the euclidean plane. Aautomorphisnof Sis every bijective distance-preserving
mappingf of the plane which mapS onto itself, i.e., such that(S) = S The set of all such
mappings

Aut(S) ={f: f(S) = Sandf is a bijective distance-preserving mapping

carries the structure of a group under the function comiwosi his is why AutS) is referred to
as theautomorphism groupf S.

For example, le§; be the hexagonal system consisting of precisely one hex&igprd.3(a).
Then|Aut(S)| = 12 since there are 6 rotations and 6 axial symmetries thatSpapto itself. It
is easy to see that:

Lemma 5.1 Let S be a hexagonal system. Théwut(S)| < 12.
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@

(a) (b) (c)

Figure 5.3: Three hexagonal systems

As another example, |16} be the hexagonal system consisting of four hexagons depicte
in Fig. 5.3 (b) and letSs be the hexagonal system consisting of five hexagons depicted
Fig. 5.3(c). Then|Aut(S)| = 1 since the trivial map which maps every point of the plane
onto itself is the only map which maj$ onto itself. On the other hanthut(Ss)| = 4: there are
two rotations and two axial symmetries that t&eonto itself.

As a consequence of the Cauchy-Frobenius Lemma (Lemma 4 fawveethe following:

Theorem 5.2 LetSbe a hexagonal system andlet |Aut(S)|. ThenSappears in2/k different
orientations in the hexagonal grid.

For example, for the hexagonal syst&depicted in Fig. 5.3c) we know thafAut(Ss)| =
4, soS; appears in 124 = 3 different orientations in the hexagonal grid. The threféedint
orientations are depicted in Fig. 5.2.

A careful inspection shows that the automorphism group &raitrary hexagonal system is
one of the following groupsDgnh, Cgh, D3nh, Can, Don, Con, Coy andCs. These are well-known
groups and their numbers of elements are:

Group| Den Cenh Dan Can Don Con Cov Cs
No.ofelems| 12 6 6 3 4 2 2 1

Let H(h) be the number of all hexagonal systems withexagons including the isomorphic
copies, and leN(h) denote the number of nonisomorphic hexagonal systemshwittxagons.
Furthermore, for a grou® € {Deh, Ceh, D3n, Can, D2n, Con, Cov, Cs} let N(G, h) denote the
number of nonisomorphic hexagonal systems \Wittexagons whose automorphism grou(sis
Then

H(h) = N(Den, h) + 2N (Ceh, h) +2N(Dgp, h) + 4N(Can, h)
+ 3N(D2p, h) + 6N (Cop, h) + 6N(Cyy, h) + 12N(Cs, h)
since a hexagonal systeé&with the automorphism group appears in 12G| different orienta-
tions in the hexagonal grid. On the other hand,

N(h) = N(Deh, h) + N(Cen, h) + N(D3n, h) + N(Csp, h)
+ N(DZha h) + N(C2h7 h) + N<C2V; h) + N(C37 h)

The number we are interested inNgh), the number of nonisomorphic hexagonal systems
with h hexagons, and this number is not easy to compute. InsteashgutingN(h) directly,
we shall first compute the numbefigh), N(Dgh, h), N(Cgh, h), N(Dzn, h), N(Can, h), N(D2p, h),
N(Con, h) andN(Cyy, h), then use formula 5.1 to comput§Cs, h), and finally use formula 5.2
to computeN(h).

(5.1)

(5.2)
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5.2 The algorithm

In this section we are going to outline the algorithm useddmpgute the numbei (h) of all
distinct (but not necessarily nonisomorphic) hexagonal systemis kvliexagons. In order to
eliminate translationally equivalent systems (see Fi)) We introduce the notion of a cage and
enumerate all hexagonal systems that are properly pladée icage.

Figure 5.4: Two translationally equivalent hexagonal syst

A cageis a rather regular region of hexagonal grid in which we trycédch all relevant
hexagonal systems. This algorithm uses a triangular calgerenthe triangle is equliateral. Let
Cageh) denote the triangular cage witthexagons along each side. Fig. 5.5 shows C#gend
demonstrates how a coordinate system can be introducethmt@agéh).

Figure 5.5: Cag@®)

Each hexagonal system with at mbgiexagons can be placed in the cage in such a way that
at least one of its hexagons is on thaxis of the cage, and at least one of its hexagons is on the
y-axis of the cage. We shall say that such hexagonal systemmayerly placedin the cage.

Fig. 5.6 depicts a hexagonal system whith- 9 hexagons properly placed in the Cégje
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Figure 5.6: A propely placed hexagonal system with 9 hexagons

Reducing our search to the cage does not interfere with therglestrategy outlined in the
introduction to this chapter. Namely,

Theorem 5.3 Let S be a hexagonal system withhexagons and lé&t= |Aut(S)|. Then there are
12/k different hexagonal systems which are isomorphig &nd properly placed i@ageh).

Thus, we generate and enumerate all hexagonal systemsehabaerly placed in the cage.
Since we know how many times symmetric hexagonal systems &ppeared, we can easily
determine the number of all hexagonal systems with theatrsyimmetry groui®s. This suffices
to determine the number of all nonisomorphic hexagonalesystwith the given number of
hexagons, provided we have enumerated all symmetric heshgygstems. By doing thisye
avoid isomorphism testwhich are considered to be the most time consuming partsmofesi
algorithms.

Consider a hexagonal system which is properly placed in the(@adet p be the small-
est coordinate of all of its hexagons on thexis andq be the smallest coordinate of all of its
hexagons on thg-axis. Hexagons with coordinatép, 0) and(0,q) (with respect to the coordi-
nate system of the cage) shall be of great importance to ugamdfer to them akey hexagons
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LetH(p,q) denote the set of all hexagonal systems with hexagons satisfying the follow-
ing two conditions:

e the hexagonal system is properly placed in Gage
e its key hexagon or-axis has coordinatp and its key hexagon oypraxis has coordinatg.

(Fig. 5.6 depicts one element Hf(3, 2)).

The family{H(p,q) : 0 < p< h—1,0< g< h—1} is a partition of the set of all hexagonal
systems with< h hexagons that are properly placed in Cdge Because of the overall beauty
of symmetry, it can be easily verified th (p,q)| = |[H(q, p)|, for all p,q € {0,1,...,h—1}.
Thus, the enumeration of all properly placed hexagonaésystreduces to determinifig (p,q)|
for all p > g. This gives the algorithm outlined in Fig. 5.7.

initialize Cagéh);
total := 0;
forg:=0toh—1do
for p:=qtoh—1do
determine Hp,q);
n:=[H(p,q)
if p=qthen
total := total + n
else
total :=total + 2n

fi
od
od

Figure 5.7: The first iteration of the algorithm

Given the numbers & g < p < h—1 and Cagéh), determining|H (p,q)| reduces to gen-
erating all the hexagonal systems fréfiip,q). We do that by generating their boundary line.
A quick glance at Fig. 5.6 reveals that the boundary line afagerly placed hexagonal system
can be divided in two parts: the left part of the boundaryr(fithe readers point of view) which
starts on theg-axis below the key hexagon and finishes at the first junctiith waxis, and the
rest of the boundary which we call the right part of the bounda

We recursively generate the left part of the boundary line.son as it reaches tleaxis,
we start generating the right part. All the time we take cdithe length of the boundary line as
well as the area of the hexagonal system. The trick whiclsgive area of the hexagnal system is
simple: each time the boundary goes up, we subtract thespmnelingk coordinate. Each time
the boundary goes down, we add the correspongiogordinate. The “zig—zag” movements
do not interfere the area. Once the generating is over, te @frthe hexagonal system gives
the number of hexagons circumscribed in this manner. We twade this because of useless
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hexagonal systems. Namely, during the generation of systeith h hexagons that belong to
H(p,q), systems with> h hexagons also appear, so we have to eliminate them.

It would be a great waste of time (and computing power) tosingh generating elements
of H(p,q) strictly. This would require additional tests to decide tiee the left part of the
boundary has reachedaxis precisely at hexaggmor not. On the other hand, once we find out
we have reached a hexagon, say. 2, why should we ignore what we have achieved and discard
this path in order to generate it again within attempts to firigh+ 2,q)? This is why we are
going to introduce another partition of the set of all prdyetaced hexagonal systems.

Givenh and Cagéh), putH*(q) = ufj‘;cllH(j,q), forallg=0,1,...,h—1. It is obvious that
{H*(q) : 0 < q< h—1} is a partition of the set of all hexagonal systems withexagons that
are properly placed in Cag®. Instead of having two separate phases (generétimyq) and
adding appropriate numberstiatal), we now have one phase in which generating and counting
are put together. All we have to take care of is to prevent aggmees of hexagonal systems from
H(p,q) with p < g. But this causes no overhead because it can be achieved igdiodpsome
left and some down turns in the matrix representing the c&gethe contrary, introducing the
forbidden turns accelerates the process of generatingotinedary line. Having all this in mind,
the second iteration of the algorithm can be formulated &gn5.8.

As we can see, the algorithm is a straightforward exampleaoktacking, thus facing all
classical problems of the technique: even for small valdds the search tree misbehaves so
it is essential to cut it as much as possible. One idea thatsarhe edges of the tree is based
on the fact that for larger values qfthere are some parts of the cage that cannot be reached by
hexagonal system witki h hexagons, but can easily be reached by useless hexagoteahsys
that emerge as a side-effect. That is why we can, knogjrigrbid some regions of the cage.

The other idea that reduces the search tree is counting tivedaoy hexagons. Aoundary
hexagoris a hexagon which has at least one side in common with thedawyfine and which is
in the interior of the hexagonal system we are generating.dbvious that boundary hexagons
shall be part of the hexagonal system, so we keep track onrtheiber. We use that number as
avery goodcriterion for cutting off useless edges in the search trém idlea is simple: further
expansion of left/right part of the boundary line is possililthere are less than boundary
hexagons the line has passed by.

The third idea that speeds up the algorithm is living on ¢ratfihen we start generating the
left part of the boundary, we do not know where exactly is ihgao finish onx-axis, but we
know thatit is going to finish on x-axisIn other words, knowing that there is one hexagon on
the x-axis that is going to become a part of the hexagonal systentamn count that hexagon as
a bundary hexagon in advance. Thus, many useless hexagstehs are discarded before the
left part of the boundary lands on tReaxis.

All these ideas collected in one place represent the cotgeddlgorithm (Fig. 5.9).

5.3 The implementation

What has been shown in the previous section is just the mainatithe algorithm presented in
[7]. Many purely technical things had to be added in order &ixena working computer program
out of it.
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procedure ExpandRightPa(tActualPos;
begin
if EndOfRightParthen
n := NoOfHexagong;
if n<hthen
determine p
if p=qthen
total[n] :=total[n] + 1
else
total[n] := total[n] + 2
fi
fi
else
FindPossibl¢ActualPos, FuturePgs
while RightPartCanBeExpandéactualPos, FuturePgsdo
ExpandRightPafFuturePos;
CalcNewFuturePa#\ctualPos, FuturePgs

od
fi
end,
procedure ExpandLeftPartActualPos;
begin

if EndOfLeftParthen
ExpandRightPafRightInitPogq))
else
FindPossibl¢ActualPos, FuturePgs
while LeftPartCanBeExpandédctualPos, FuturePgsdo
ExpandLeftPait-uturePog;
CalcNewFuturePg#\ctualPos, FuturePgs
od
fi
end,
begin
initialize Cagéh);
set total...h| to 0;
forg:=0toh—1do
initialize y-axis key hexagdn);
ExpandLeftParteftinitPogq))
od
end

Figure 5.8: The second iteration of the algorithm
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procedure ExpandRightPaftActualPos, BdrHexgns
begin
if EndOfRightParthen
n := NoOfHexagons;
if n< hthen
determine p
if p=qthentotal[n] :=total[n] + 1
elsetotal[n] := total[n] + 2
fi
fi
else
FindPossibl¢ActualPos, FuturePgs
while RightPartCanBeExpandédctualPos, FuturePgs
and BdrHexgns< hdo
ExpandRightPalfuturePos, updat@drHexgns);
CalcNewFuturePg#\ctualPos, FuturePgs
od
fi
end;
procedure ExpandLeftPartActualPos, BdrHexgns
begin
if EndOfLeftParthen
ExpandRightPafRightinitPogq), updCreditBdrHexgns)

else
FindPossibl¢ActualPos, FuturePgs
while LeftPartCanBeExpand¢ActualPos, FuturePgs
and BdrHexgns< h do
ExpandLeftPait-uturePos, updat@drHexgns);
CalcNewFuturePo#\ctualPos, FuturePgs
od
fi
end,
begin

initialize Cagéh);
set tota|l...h| toO;
for g:=0toh—1do
initialize y-axis key hexagd@n);
ExpandLeftPaitl_eftinitPogq), InitBdrHexgnsq))
od
end

Figure 5.9: The core of the algorithm
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This algorithm has been implemented for IBM PC compatible mot@rs in Modula—2. The
program consists of five modules and more than 1900 brutarno¢ines. It has been used to
determine the number of all properly placed hexagonal systeithh < 17.

Enumerating all properly placed hexagonal systems withekagons is a very lengthy pro-
cess. This is why we had to divide the task into several smiatks (as the matter of fact, we
had divided the enumeration process lfioe 17 into 197 smaller tasks), which made it possi-
ble to run the program on several sites: Novi Sad, Ottawa aaddheim. The parallelization
was performed by hand, and according to two natural critéhi@ coordinate of thg-axis key
hexagon and, since this was too coarse, according to thel pizce of the boundary.
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Glava 1

Uvod

Najbolji naCin da se napravi uvod u probleme kojit@mo se baviti u ovom nizu predavanja
je da se citira deo Predgovora iz [2]:

“Jedna od najveh dobrobiti koju imamo od hemije je mognost da se sintetiSu supstance
koje su sposobne dade bolesti ili bar olakSaju patnje onih koji trpe bol. Kaddirb® da
sintetiSemo novo hemijsko jedinjenje koje ima bolje oselmd onih koje vé poznajemo, stan-
dardna procedura se sastoji u tome da se identifikuju i &&stav niz kandidata. Sve do nedavno,
standardna procedura je podrazumevala da se kandida&ii&injedan po jedan i potom da se
proveri da li poseduju zZeljena svojstva, i da li moza imajkaned nezeljenih svojstava. Takvi
eksperimenti su veoma skupi i traju veoma dugo.

“Ako imamo neku predstavu o strukturnik zahtevima koje gelije za kojim tragamo treba
da ispunjava (a takvu predstavu Ghd imamo), sada smo u mamnosti da generiSemo kom-
binatornu biblioteku koji€ine strukturne formule jedinjenja koja se javljaju kao d@lati, i da
potom analiziramo virtuelna jedinjenja upotrebom brzihgoaitama. Ovim jeftinim pristupom
koji se ne zasniva na laboratorijskim testovima magje pretraZiti mnogo \@ raspon kandidata
i tako svesti veliki broj mogénosti na svega nekoliko razumnih, kég potom biti testirani u
laboratoriji, upotrebom standardnih procedura.”

U ovom nizu predavanja prvo uvodimo materiktiaparat koji je pogodan za opisivanje i
rezonovanje o strukturama. Razmatmo standardne numéke karakteristike koje se mogu
dodeliti strukturama, kao Sto su valentnost elementa &irak rastojanje elemenata strukture.
PotomEemo razmatrati reprezentacije strukturaernocemo na umu stalno imati implementa-
ciju na r&unaru, a na krajaemo demonstrirati nekoliko jednostavnih algoritama zdiainanje
struktura.

Posebnu paznjéemo posvetiti acikinim strukturama, reprezentacijama adiklh struktura
(i ovaj put sa rédunarskom implementacijom na umu), a posebnu paZejoo posvetiti Priife-
rovom kodu povezane acikhe strukture. Razmattamo i pokrivajia stabla strukture, a kao
primenu svega k&nog, prodiskutov@mo monocikiEne strukture.

Potom prelazimo na napredne osobine struktura. Razoestra Kekuléove strukture i broja-
nje Kekuléovih struktura date strukture. Nakon razmagrargkih posebnih stajeva dokazuje-
mo dobro poznatu opsStu formulu za broj Kekuléovih strukttéG) = K(G—e) +K(G— (e)).
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Nakon ovih razmatranja, prikazujemo osnove matetkat aparata koji je hamenjen for-
malizovanju pojam simetrije u strukturama. Prvo razmatrdmojanje svih struktura prema
brojanju neizomorfnih struktura. Osnovni alat za brojangzomorfnih simet@nih struktura je
Cauchy-Frobeniusova Lema koju izvodimo u opStem obliku, tarqpge primenjujemo na neke
posebne sitajeve.

Kao studiju sld¢aja razmatramo problem renerisanja i prebrajanja heksdigib sistema,
gde se sve ranije navedene ideje koriste kako bi se razviasafikalgoritam za klasifikovanje
planarnih, prosto povezanih heksagonalnih sistema.
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Glava 2

Grafovi kao modeli struktura

Grafovi predstavljaju jedno od najpopularnijin sredstzaanodelovanje diskretnih fenomena
kod kojih je potrebno predstaviti informaciju o tome da liiguesni objekti u vezi ili ne, na
primer, raskrsnice i ulice u nekom gradu, ili autoputeviadpvi u nekoj drzavi. Ili, na primer,
strukturna formula hemijskog jedinjenja, kao St@jgHgOx:

2.1 Grafovi

Graf je urdeni parG = (V,E), gde jeV neprazan koran skup, & proizvoljan podskup
skupaV (@ = {{u,v} CV:u# v}. Elemente skup® zovemocvorovigrafaG, dok elemente
skupaE zovemograne grafaG. Cestotemo skupévorova i skup grana grafé ozn&avati
saV(G) i E(G), a brojcvorova i broj grana grafé san(G) i m(G).

Grafovi se zovu grafovi zbog veoma prirodne giké reprezentacije koja je postala utdjen
nacin komunikacije mdu ljudima koji se bave grafovima(vlvorove predstavljamo kru@ima u
ravni, a grane glatkim krivim bez samopreseka koje spajdgowarajie cvorove.
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(izolovanicvor)
(viseti Evor)

21 &1 1 O1 O 1 1 ©1 O1 O O o1 O

0(G)=0 A(G)=5
Slika 2.1: Primer grafa

Primer 2.1 Na Sl. 2.1 je prikazan gra = (V,E), gde je

V ={a,b,c,d,e f,g h,i,uxy,z}

E={{b.c},{c.x},{c T}, {hx}, {zx}, {f,y},{%.2}, {f,u}, {f.d},{f,i},
{e,u},{g,u},{d,e},{d,g},{d,h},{d,i}}

n=13

m=16.

Ako je e= {u,v} grana grafa, kazemo da su v susednii da je graneae incidentnasau
i v. Takade kaZzemo da jévor u susedvorav. Stepen Cvora,w o0znacidg (V) jednak je broju
grana koje su incidentne sa Ako je jasno o kom grafu se radi, piSemo proéiw). Sad(G)
ozn&avamo najmaniji, a 98(G) najveti stepertvora u grafus. Zacvor stepena 0 kazemo da je
izolovan a zatvor stepena 1 da jaseci cvor u G Zacvor kazemo da jparan, odnosnaeparan
u zavisnosti od toga da li j&(v) paran ili neparan broj. Graf jeegularanako jed(G) = A(G).
Drugim re&ima, graf je regularan ako svi njegasorovi imaju isti stepen. Videti Sl. 2.1.

Teorema 2.2 (Prva teorema teorije grafova)Ako je G = (V,E) graf sam grana, onda je
S O(v) =2m.

veV

Dokaz. Zato Sto je svaka grana incidentna sa dvara, svaka grana je prebrojana dva puta u
sumi na levoj strani jednakosti. O

Posledica 2.3U svakom grafu broj neparnigvorova je paran.

Teorema 2.4 Ako jen(G) > 2, onda postojévoroviv,w € V (G) takvi da jev A Wi (V) = o(w).
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Dokaz. Neka jeV(G) = {v1,...,vn} i neka jed(vi) # d(vj) zai # j. Bez umanjenja opstosti
mozemo pretpostaviti da j@(v1) < 0(v2) < ... < &(Vp). PoSto imamo samo mogLenosti za
stepenctvora (0, 1, ...n—1) sledida jed(vi) =0, d(v2) =1, ...,0(vn) =n—1. No, tada je
cvorv, susedan sa svim ostaliérorovima u grafu, ukljaujui izolovanicvorv;. Kontradikcija.
O

Graf H = (W,E’) je podgraf grafaG = (V,E), piSemoH < G, ako jeW CV i E' CE.
PodgrafH grafaG je pokrivajuci podgraf grafa Gako jeW =V(G). GrafH je indukovani
podgraf grafaG ako jeE’ = ENW(@. Indukovani podgratemo ozndéavati saG[W]. Grane
indukovanog podgrafa grafa su sve grane graf& Cija oba kraja pripadaju skupt/. Skup
¢vorovaW C V(G) je nezavisarako jeE(G[W]) = &, tj. medu Evorovima izZW ne postoje dva
koji su susedni 5. Saa(G) ozna&avamo maksimalnu kardinalnost nezavisnog skiymsova
u G. Ako suA B C V(G) disjunktni, saE(A,B) ozn&avamo skup svih grardji jedan kraj je

u A, adrugi uB.
K7 Co Ps

Slika 2.2: K7, Co i Ps

Kompletan graf sa n cvorov@i n-klika) je graf san Cvorova kod koga su svaka dva r&ia
cvora susedni. Kompletan graf s&vorova oznéavamo s&,. Kontura sa n ¢vorovau oznaci
Cn, je graf san Cvorova kod koga je prvivor susedan sa drugim, drugi sacire, i tako dalje,
poslednijicvor je susedan sa prvinfut sa n ¢vorovau oznaciP,, je graf kod koga je prvEvor
susedan sa drugim, drugi sadim, i tako dalje, pretposlednji susedan sa poslednjim stepioji
nije susedan sa prvim. Kazemo da putsavorova imaduzinu n— 1. Na Sl. 2.2 su prikazaiz,

Coi Ps.
Teorema 2.5 Ako je 8(G) > 2, grafG sadrZi konturu.

Dokaz.Neka jex; ...xx_1 Xk hajduzi put uG. Posto jed(xx) = 8(G) > 2, Cvor X, ima sused&
koji nije xx_1. AoV ¢ {Xq,...,X_2} onda jexy ...Xk_1 Xk V put Koji je duzi od najduzeg puta
u G, Sto je nemogte. Dakleyv = xj za nekoj € {1,...,k—2}, pa sux; ... X Cvorovi konture
uG. 0

Grafovi Gy i G suizomorfniako postoji bijekcijag : V(G1) — V(Gy) takva da je{x,y} €

E(G1) & {¢(x),9(y)} € E(G2). Za bijekciju¢ kazemo da jézomorfizam PiSemoG; = Go.
Na primer, grafoviGi G, na Sl. 2.3 su izomorfni, & i G1 nisu.
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G Gy Gy

Slika 2.3:G= Gy, ali G2 Gy

Teorema 2.6 Neka jeG1 = G, i neka jeg proizvoljan izomorfizam ta dva grafa. Tadajé&1) =
n(Gz), M(G1) = M(Gy) i 3, (X) = &g, (P (X)) za svakax € V(Gy).

2.2 Povezanost

Setnjau grafuG je svaki niz&vorova i granav e; V1 € Va...Vi_1 & Vi kod koga jeg =
{vi—1,vi} za svei € {1,...,k}. Primetimo da se jedaévor ili grana moZe viSe puta pojaviti
u Setnji. Kazemo da j& duzinaSetnje. Ako jevp # Vx kazemo dasetnja povezujegvsa \.
Zatvorena Setnj@e Setnjavp €; V1 ... Vk_1 & Vk kod koje jevg = w. Primetimo da je put Setnja
kod koje se ne ponavljaju rivorovi ni grane, a kontura je zatvorena Setnja kod koje se ne
ponavljaju niCvorovi ni grane, osim prvogvora koji se pojavljuje na kraju Setnje.

Na skupuV(G) definiSemo binarnu relacij@ ovako: x8y ako x =y ili postoji Setnja koja
spajax say. Jasno je da jé relacija ekvivalencije n¥ (G) i stoga razbija skup'(G) na blokove
Si,...,S. Ove blokove, ili odgovarajte indukovane podgrafove (kako nam kad viSe odgovara)
zovemokomponente povezanogfiafaG. Broj komponenti povezanosti grata ozn&avamo
saw(G). GrafG je povezarako jew(G) = 1. Primer povezanog grafa i primer grafacsiri
komponente povezanosti dati su na Sl. 2.4.

(@) (b)
Slika 2.4:(a) Povezan graftb) Graf kod koga jew = 4
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Lema 2.7 Komponente povezanosti grafa su maksimalni povezani jadolgrtog grafa. Preci-
znije, SC V(G) je komponenta povezanosti grdtaako i samo ako ne postoji pravi nadskup
S O Skoji indukuje povezan podgraf grat

Teorema 2.8 GrafG je povezan ako i samo akd A, B) # & za svaku particij§A, B} skupaV (G).

Dokaz. («) Pretpostavimo d& nije povezan graf i neka S8, ..., Sw, W > 2, njegove
komponente povezanosti. Tada Lema 2.7 impli&i(&, U Sj) =
J_

(=) Neka jeG povezan graf { A, B} proizvoljna particija skup® (G). Uzmimo proizvoljne
ac AibeB. Obzirom da jeG povezan, postoji Setnja e X» ... & X¢ koja povezujea sab.
Zbogx; = ai X« = b, mora postojatj sa osobinonx; € Ai xj;1 € B, odakleej 1 € E(A,B), pa
E(A,B) # 2. O

Rastojanje d(x,y) Cvorovax i y povezanog graf& definiSemo ovako:

d(;,(X7 X) = 0,
dg(x,y) = min{k: postoji put duziné koji spajax say}, zax #Yy.

Teorema 2.9 Neka jeG = (V,E) povezan graf. Tada j&,dc) metricki prostor, tj. za sv&,y,z €
V zadovoljeno je sledm:

(D1) dg(

(D2) dg( 0 ako i samo aka =y;
(D3) da( da (Y, X); i

(D4) da(x,2) < dg(x,y) +dc(Y,2)-

\\/

9 I

X,Y)
X,Y)
X,Y)

Y

Ako se grafG podrazumeva, umestis(x,y) piSemo samal(x,y). Dijametar povezanog
grafaG, u oznacid(G), je najve&e rastojanje dvavora tog grafa:

d(G) =max{d(x,y) : x,ye V(G)}.
Primer 2.10 (a) d(G) = 1 ako i samo ako j& kompletan graf.

(b) d(P) = n—1id(Cy) = {%J |

2.3 Stabla i monociklcne strukture

Istorijski posmatrano, prva upotreba grafova kao modehaijskih jedinjenja se pojavila
1889. godine kada je Arthur Cayley reSavao problem broja &amgljovodonika. Matemaiki
model ugljovodonika zovemstabloiz oCiglednih razloga:
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Formlano posmatranatabloje povezan graf koji ne sadrzi konture. Nije teSko videti@a |
stablominimalan povezan graf na datom skupu cvoroiaredna teorema pokazuje da stabla
na izvestan n@n opisuju esenciju pojma povezanosti. Podsetimo se daaeHy= (W,E’)
pokrivajuti podgraf grafaG = (V,E) ako jeW =V i E' C E. Ako je uz toH jo§ i stablo, kazemo
da jeH pokrivajuce stablo grafa G

Teorema 2.11 Graf je povezan ako i samo ako ima pokrivagistablo.

Dokaz.Ako graf ima pokrivaj@i podgraf koji je povezan, onda i polazni graf mora biti prae.
Dakle, ako graf ima pokrivafe stablo, on je povezan. Da bismo pokazali obrnutdemje,
posmatrajmo proizvoljan povezan gi@afi konstruiSimo niz grafov&sy, G1, Gy, ... kako sledi:
Go = G; ako G; ima konturu, uzmimo proizvoljnu grarel koja lezi na nekoj konturi i stavimo
Gi11 = Gj — g; u suprotnom stavim&;, 1 = G;j. Svaki od grafovaG; je pokrivajlti podgraf
grafaG i svaki od grafovaG; je povezan zato Sto grana koja pripada konturi ne moze bgtmo
Stavie, ako j&; = Gj.1 onda jeG; = Gj za svej > i. Neka jem broj grana grafé. Zato Sto

iz grafa ne moZemo ukloniti viSe ad grana, zakljgujemo da jeGy, 1 = Gmni2. Po konstrukciji
to zn&i da grafG,,. 1 nema konture. Dakle, gr&m. 1 je pokrivajite stablo grafés. O

Sadatemo pokazati da svako stablorséavorova iman— 1 grana i da svake dve od slége
tri osobine impliciraju onu treu:

e graf je povezan,
e graf nema konture, i
e Mm=n-—1.
Lema 2.12 Stablo sa bar dvévora ima bar dva vis&cvora.

Dokaz.Neka jeG stablo san > 2 Cvorova i neka jeip Vo ... Vi najduzi put u stablu. Tada e 2
jer je G povezan graf sa bar dvaora. Ako jed(v;) > 1 ondav; ima suseda koji nije vo. Ako
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bi x bio novicvor, tj.x & {vs, ..., v}, tada bi puk vi v» ... v bio duzi od najduzeg puta@, Sto
nije mogwe. S druge strane, akoyes {vs,...,Vv} ondaG ima konturu, Sto je u suprotnosti sa
pretpostavkom da j& stablo. Dakley; je viseti Evor. Na isti n&in pokazujemo da jevy Viseti
cvor. O

Teorema 2.13 Neka jeG = (V,E) stablo san Cvorova im grana. Tada jen=n—1, i shodno
tome Z o(v)=2(n—1).

Dokaz. Drugi deo tvdenja je direktna posledica Prve teoreme teorije grafowakaimo sada

da jem=n—1. Dokaz provodimo indukcijom po. SluCajevin=1 i n= 2 su trivijalni.
Pretpostavimo da je tdenje t&no za sva stabla sa manjemdvorova i posmatrajmo stabi® sa

n cvorova. Prema Lemi 2.12 stal®ima viseti cvor x. Lako se vidi da je stepen artikulacionog
cvora je najmanje 2. Zatwo nije artikulacioni¢vor grafaG, pa jeG — x povezan. Jasno je i to
da G — x nema konture (uklanjanjévorova ne moze da dovede do toga da se u grafu pojave
konture), odakle sledi da j& — x stablo sa manje od ¢vorova. Prema induktivnoj hipotezi,
m=n'—1,gdeje =m(G—X)in =n(G—x). Kako jem =m—1in =n—1 (x je ViSei
¢vor), zakljitujemo da jen=n—1. O

Teorema 2.14 Neka jeG graf san ¢vorova im grana. Ako jen=n—1 i akoG nema konture
onda jeG povezan (i stoga stablo).

Dokaz.Neka jem = n— 1, nekaG nema konture i neka s&, . .., S, komponente povezanosti
grafaG. Svaka komponenta je stablo, panje=n; — 1 za sve, gdejem m(S)in=n(S).

Odatlejezm zn. wt. m=n—w(jerjem= zmiln_ zn.) Iz pretpostavken=n—1

sada Iako Zak|jCIUjem0 dajev=1,1.Gje povezan graf O

Teorema 2.15Neka je G povezan graf san > 2 Cvorova i m grana | neka je
m= n— 1. TadaG nema konture (i stoga 8 stablo).

Dokaz.Prema Teoremi 2.11 gr& = (V,E) ima pokrivajite stabloH = (V,E’). Zato Sto jeH
stablo, Teorema 2.13 nam dajgH) = n(H) — 1= n— 1. Pretpostavken= n— 1 sada implicira
m(H) = mpaizE’' C E zakljuCujemo da jeE’ = E. Dakle,G = H i tako je G stablo. O

Posledica 2.16Povezan graf sa ¢vorova im grana je stablo ako i samo akoyje=n—1.

Odeljak o stablim&emo zaklj&iti znatajnim rezultatom o broju raditih stabala na datom
skupucvorova. Vazno je napomenuti da kada brojimo strukture mmaAerojatirazliCite strukture,
ili neizomorfnestrukture. Na primer, postoji 1&zliCitih stabala na skupu atktiri elementa, a
samo dvaneizomorfnakako je to pokazano na Sl. 2.5. Ne treba da nas iznenadi je Btojanje
neizomorfnih struktura daleko komplikovanije od brojargaliCitih struktura.

Teorema 2.17 (Cayley 1889)Broj razlicitih stabala sa ¢vorova jen" 2.

357



© @—@i O—@ )
® @ ® ® G DNE, ®
O— Qa—0@0® @
>~
G—@ D @O—B G @
ove > @ @ G @
& ® 9‘9 @
O—0@ @ V&i
® BE OG @ 3 4

Slika 2.5: Sesnaest ragiiih i samo dva neizomorfna stabla na skupuetiri tvora
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Slika 2.6: Pruferov kod stabla
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Dokaz.Neka jeV = {1,...,n} kona&an skup kojicemo Koristiti kao skugvorova. ldeja dokaza
je da se svako stablo sa skup@rorovaV kodira nizom(ay,...,an—2) elemenata skupd i da
se pokaze da je na taj &ia dobijena bijekcijap : .7, — {1,2,...,n}"?, gde je.7, skup svih
stabala sa skupogvorovaV.

Prvo temo pokazati kako se konstruiSe Priiferov kod stabla. NeRagtablo sa skupom
cvorovaV. Konstruiséemo niz stabaldTi)i<i<n—2 | dva niza celih brojeva, Pruferov kod
(&)1<i<n—2 | pomacni niz (bi)1<i<n—2. Neka jeTy = T. Ako nam je dato stabld;, neka je
bi najmaniji vis&i Cvor stablarl; (Cvorovi stabla su celi brojevi, pa od svih brojeva koji sdjggu
kao vis&i cvorovi stabla odaberemo najmaniji) i nekagjenjegov jedini sused. Sada stavimo
Tir1 = T — by i ponovimo postupak dok ne dobijemo stablo sa samo&eaa. Priferov kod
polaznog stabla jéay, ay, ...,an_2). Primer konstrukcije koda dat je na Sl. 2.6. Tako smo dobili
funkciju ¢ : Z — {1,...,n}"2 koja svakom stablu dodeljuje njegov Priiferov kod.

Obrnuto, ako nam je dat neki nfay, ...,an_2) celih brojeva iz skup® odgovarajée stablo
konstruiSemo na sledenaCin. ZaSC {1,...,n} neka je sa

mixS=min({1,...,n}\'S
oznaen najmaniji broj koji nije & (minimal excluded). Stavim@,,_; = ni konstruiSemdos, by,
..., bn_1 ovako:
bi = mix{ai,. .. ,an,]_,bl, - ,bi,]_}

(zai =1 u skupu nema nijednog elemebtanaravno). Na primer, u shaju niza(4,7,3,4,1,4,4)
imamo da jeag =9 i

by =mix{4,7,3,4,1,4,4 9} =2

b =mix{ 7,3,4,1,4,4 9,2} =5

bs=mix{ 3,4,1,4,4925} =6

by = mix{ 4,1,4,49,2,56} =3

bs = mix{ 1,4,4,9,2,5,6,3} =7

bs = Mix{ 4,4,9,2,56,3,7} =1

by = mix{ 4,9,2,5,6,3,7,1} = 8
bg = mix{ 9,2,5,6,3,7,1,8} = 4

Ovaj proces se zovprocedura rekonstrukcijgato $to, kao St@éemo pokazati, ona odiaje
stablociji Priferov kod je(ay, . ..,an—2).

Pokazimo, prvo, da jé{bj,a} : 1 <i < n} skup grana nekog stabla. Akoije j onda je, po
konstrukciji,bj = mix{a;,...,an_1,b1,...,bi,...,bj_1}, pabj # b;. Vidimo da su svb; razliCiti
i manji odn = a, 1. Dakle, {by,...,bp_1} ={1,...,n—1} i zato je {by,...,bp_1,8n-1} =
{1,...,n—1,n}. Stavide, ako je< j ondaaj ¢ {by,...,b;j} zbogh; = mix{a, ...,aj, ...,an-1,
b1, ...,bi_1}. Zato{by,...,bn_1,80-1} = {1,...,n—1,n} implicira da jea; € {bj;1, ...,bn1,
an_1}. Darezimiramo,

aj € {bj+17 bj+27 cevy bn—1> an—l} I

za svej. *
bJ ¢ {aj+17bj+17aj+25bj+27"'7anflabnfl}7 J ( )
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Da bismo konstruisali graf, mpcemo od granéby,_1,a,-1} i potom dodavati granéb,_»,an_2},
{bn—3,an-3}, ..., {b1,a1} jednu po jednu. Zbogx) lako se vidi da u svakom koraku grafu
dodajemo novicvor bj i novu granu{b;,a;} koja spajab; sa v& postoj&im cvorom. Zato
je graf koji se na kraju dobija povezan, a povezan grah £xorova in— 1 grana je stablo
(Posledica 2.16). Dakle, sada imamo i funkajju {1,...,n}"~? — .7, koja uzima proizvoljan
kod i dodeljuje mu stablo.

Da bismo zavrsili dokaz dovoljno je da pokazemo dgjeverzna funkcija funkcijep, tj.
dajepoy =idi o =id. Ovdecemo dokazati samgpo ¢ =id tj. Y(¢(T)) =T za sve
T € Z,, dok drugu jednakost ostavljamo za vezbu.&ar v stablaT kazemo da jeinutrasnji
¢vor stablaako jedr (v) > 1. Neka je infT) skup svih unutra3njiévorova stabld .

Uzmimo proizvoljno stablol € %, neka je(as,...,a,—2) njegov Pruferov kod i neka je
(b1,...,bn_2) odgovaraj@gi pomani niz. Na kraju procedure konstrukcije Priferovog koda
u stablu ostaju samo dv@vora, ¢vor a,_; = n i njegov sused kog@&emo oznéiti sa b, ;.
Polazé&i od niza(ay, . ..,a,—1) procedura rekonstrukcije odfeje niz celih brojevéd, ....,b} ;.
Pokaz&emo da jéb; = bf za sve. Jasno je da mozZzemo pretpostaviti da je 3.

Zato Sto jeb; susedan sa; u T i zbogn > 3, €vor a; ne moze biti viséi Cvor stablaT,
tako da jeay € int(T). Na isti n&in pokazujemo da jey € int(T —by), ag € int(T —by —by), i
uopsSteagi 1 € int(T —by —...—b;). Zbog in{T —v) Cint(T) kadgod jev viseCi Cvor stablar i
n(T) > 2, zakljitujemo da je

int(T—by1—...—bj) ={a41,...,8n_2}.

Posebno, infT) = {ay,...,ar_2}. Ako stablo ima bar dvévora, svaktvor tog stabla je ili viséi
¢vor ili unutrarsnjicvor, odakle sledi da je

V(T—by—...—b)\int(T —by—...—by)
skup svih viséih tvorova stabld’ —b; —... —b;. Kako jeV(T —by—...—b) ={1,...,n}\
{bg,....bi}iint(T—by—...—by) ={&1,...,an_2}, lako se vidi da je

({2 \ {bre b)) \ @i @02} =
:{1,...,n}\{aj+1,...,an,2,b1,...,bi}

skup vis&ih tvorova stabld —b; —... — b;. Sada se indukcijom pigpokazuje da jé; = bi. Kao
Sto smo videlib; je viseti Cvor stablal, pa jeb; € {1,...,n}\ {as,...,an—2}. Medutim, by je
najmaniji takav broj, odakle jp; = min({1,...,n} \ {ay,...,an—2}) = mix{ay,...,an_2} = bj.
Pretpostavimo sada da g = b’j za svej € {1,...,i}. Cvor biy1 je najmanji viséi &vor u
T — by —...—bj, pa korist€i induktivhu hipotezu dobijamo

birs=min({1,...,n}\{@it1,...,8-2,b1,...,bi})
= mix{@11,...,an-2,b1,..., b} = mix{a11,...,an_2,b,...,b} =0l ;.

Dakle,{aj,bi} = {ai,b{} za sve, pa se procedurom rekonstrukcije dobija bas stablo O
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Po strukturi veoma bliske stablima swonociklicne strukturéoje odgovaraju hemijskim
jedinjenjima sa jednim benzenovim prstenom, kao St}g;0- (videti ilustraciju na str. 3).

Graf G je monocikliCanako je povezan i sadrzitao jednu konturu. Obzirom na to da su
monociklicne strukture veoma bliske stablima (uklanjanjem bilo kpgne sa konture dobija se
stablo), lako dolazimo do karakterizavije monodkiih struktura koja odgovara karakterizaciji
stabala. Svdenjem na stabla lako se moze pokazati da svaka dva od naresvgstva impli-
ciraju ono trée:

e graf je povezan,

e graf ima tacno jednu konturu, i

e M=n.

Teorema 2.18 (a) Za svaki monocikEni graf jen = m.
(b) Povezan graf koji zadovoljawva = n sadrZi t&no jednu konturu.
(c) Graf sa t&no jednom konturom koji zadovoljava= n je povezan.

2.4 Kekuléove strukture

Kekuléova struktura predstavlja reprezentaciju arotnatj molekula (kao Sto je benzen),
sa alternirajagim jednostrukim i dvostrukim vezama, kod kojih se pretpuba da ne postoji
interakcija méu viSestrukim vezama. Kekuléove strukture benzena, magpyisu:

A C

Formalno posmatrano, model Kekuléove strukiting skup grana odgovarateg grafa takav
da ne postoje dve od tih grana koje su susedne, i sa dodatralsimos da je svakévor grafa
incidentan sa &no jednom granom is @enog skupa grana. Skup grana grafa sa navedenim
osobinama se naziva joS i perfektandimg. Dajemo sada precizne definicije.

MecinggrafaG = (V,E) je skup grand C E tog grafa takav da za svake dve grang, € M
vazi sledée:

ako jee; # e; ondajeeiNe, = @.

Evo primera Kekuléove strukture i odgovarggg skupa grana u grafu jedinjenja:
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KaZemo da je m&ng M grafaG maksimalarako za svaki drugi m&ng M’ u grafu imamo
daizM’ O M slediM’ = M. To zn&i da nijedan pravi nadskup skupé nije meting grafaG.
MecingM grafaG maksimunako za svaki drugi mgng M’ u grafu imamgM’| < |[M|. To zn&i
nijedan drugi méing grafaG nema véi broj grana. Konéno, m&ingM grafaG je perfektarako
je svakicvor grafa incidentan sadao jednom granom M. Slika iznad ovog pasusa ilustruje
jedan perfektan n@@ng.

Sada émo pi@i na diskusiju problema egzistencije tiega u grafu. Lako se vidi da svaki
graf ima maksimalan niéng i da ima maksimum niéng. Medutim, nemaju svi grafovi savrseni
meging.

Lema 2.19 Ako grafG ima perfektan méng onda jen(G) paran broj.

Dokaz.Neka jeM = {ey, ..., e} perfektan méing grafaG. Prema definiciji méinga, razl€ite
grane uM su disjunktne, tako da j#J!‘:ﬁ‘ = 2k, Sto je paran broj. Za svaki romg vazi

sledée: U ; g C E(G). Medutime,M je perfektan méing, tako da mora bitiJ¥_; & C E(G).
Zato jen(G) = 2k, Sto je paran broj. O

Tutte je 1947. godine dokazao veoma dubok rezultat koji dajeesban i dovoljan uslov da
bi graf imao perfektan mi@Enkg. Neka je sagq(G) ozna&en broj neparnih komponenti gra
pri cCemu za komponent8C V(G) kazemo da jmeparnaako je|S neparan ceo broj.

Teorema 2.20 (Tutte, 1947)GrafG ima perfektan méng ako i samo ako je
Wodd(G—W) < W,

za sve podskupowty CV(G).

Na kraju dajemo opsStu formulu za broj perfektningimga grafaG. Neka jee = x,y grana
grafaG, av ¢vor u tom grafu. S& — e ozna&avamo graf koji se dobija 0@ uklanjanjem grane
e, a saG — v ozn&avamo graf koji se dobija od gratauklanjanjemtvorav i svih grana graf&
koje su incidentne sa Osim toga, s& — (e) ozn&avamo grals —x—Vy:
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G G-v G-e G- (e

Teorema 2.21 Neka je s& (G) oznaen broj razltitih Kekuléovih struktura+ perfektnih me-
Cinga) grafds. Tada za svaku grareE E(G) vaZi sledée:

K(G) =K(G—e)+K(G—(e)).

Dokaz.Neka jeG graf i e njegova proizvoljna grana. Klasa svih perfektnihGinga grafaG se
na prirodan néin moze podeliti na dve disjunktne klase: jednne svi perfektni ménzi grafa
G koji sadrze gran, a drugu perfektni ma@nzi grafaG koji je ne sadrze. Prema tome, ako
je sa. (G) ozn&ena klasa svih perfektnih ri@ga grafaG, sa.Z:(G) klasa svih perfektnih
metinga grafeG koji sadrzee, a sa#4(G) klasa svih perfektnih niénga grafaG koji ne sadrze
e tadaje

|4 (G)| = |Me(G)| + |- #(G).

Osnovna ideja dokaza je da se pokaze da4g(G)| = K(G— (e)), dok je|.#4(G)| = K(G—e).
Neka jeM perfektan méing grafaG takav dae ¢ M. Tada jeM perfektan méing grafa
G —e. S druge strane, svaki perfektan ¢megy grafaG — e je i perfektan méing grafaG, i zato
je |.#4(G)| = |.#(G—e)| =K(G—e).
Neka je sadaM perfektan méing grafaG takav da jee € M i neka jee = {x,y}. Kako
e pripada méingu M, C¢vorovi X i y su pokriveni granone, pa nijedna druga grana koja je
incidentna sac ili y ne moze pripadati néngu M. Zato je,M’ = M\ {e} perfektan méing
grafaG — (e). s druge strane, svaki perfektan ¢img M grafaG — (e) se moze prosSiriti do
perfektnog méingaM U {e} grafaG. Zato je|. #e(G)| = |.# (G — (e))| = K(G— (e)), Cime je
dokaz zavrSen. O

363



Glava 3

Implementacija na racunaru

Postoji viSe néina da se graf reprezentuje u memorifuaara. U ovoj glaveemo pokazati
i prodiskutovati dva:

e reprezentaciju preko matrice susedstva, i

e reprezentaciju preko liste suseda.

3.1 Matrica susedstva

Prvi n&in predstavljanja grafova kogaemo pomenuti i kog&emo najeZe koristiti se
zasniva na tome da se graf predstavi preko svoje matricelstyse Neka je&5 graf sa skupom
¢vorova{l,2,...,n}. Tada jematrica susedstva grafa @ngl.adjacency matrix u oznaciA(G),
matrica[a;j] formatan x n takva da je

1, Cvoroviii j su susedni.

Y

a {O, cvorovii i j nisu susedni,
i =

Ako je Cvor u susedan savoromyv, onda je iCvor v susedan savoromu, tako da je matrica
A(G) uvek simetrgna. Primer je dat na Slici 3.1.
Grafovecemo predstavljati kao slogove koji imaju dva polja: lireprova i matricu susedstva.

const
MaxNoVertices = 50;
Null = 0;

type

Graph = record
N : integer;
adjacent : array [1 .. MaxNoVertices, 1 .. MaxNoVertices]
of Boolean
end;
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1 2 3 456 7 8 9 10 11 12 13

0
0
1
0
0
0
0
1
0
0
0
0
1

1

A(G)

1/0 0 0O0OOOOOOO

20 01 000O0O0CO0TO

3]0 1 00010O0O00O0

4/0 0001 1111 0

50 001 00O0O0O0 12

6/0 01100001 1

7/0 001 0 0O0O0O0 1
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8/0 001 00O0OO0O O

990 0 01 01 0O0O0 O

10/0 0 0 01 11 00 O

11/0 0 1 0 0 0O O1 0 O
12/{0 0 0 0 01 0 OO0 O
13/0 0 0 0 0 0O OOO O

Slika 3.1: Graf i njegova matrica susedstva



KonstantaNull je rezervisana za situacije kada ne postejor grafa koji ispunjava zahteve
algoritma. Tada algoritam vraliull kao rezultat rada. Slede tri funkcijecCemo veoma&esto
koristiti. FunkcijaDeg (G, v) odreduje stepertvorav u grafuG:

function Deg(var G : Graph; v : integer) : integer;
var

sum, i : integer;
begin

sum := 0;

for i :=1 to G.N do

if G.adjacent[v, i] then
sum := sum + 1;

Deg := sum

end;

FunkcijaFirstNeighbour (G, v) vrata redni broj prvog susedaoravy, ili Null akov nema
suseda:

function FirstNeighbour(var G : Graph; v : integer) : integer;
var
i : integer;
go : Boolean;
begin
i:=1;
go := true;
while go and (i <= G.N) do
if G.adjacent[v, i] then
go := false
else
i:=1+ 1;
if go then
FirstNeighbour :
else
FirstNeighbour :
end;

Null

1l
-

dok funkcijaNextNeighbour (G, v, x) vrata redni broj sledgeg susedavorav koji se nalazi
posleCvorax, ili Null akov nema viSe suseda:

function NextNeighbour(var G : Graph; v, x : integer) : integer;
var

i : integer;

go : Boolean;
begin

i:=x+ 1;
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go := true;
while go and (i <= G.N) do
if G.adjacent[v, i] then
go := false
else
i:=1+ 1;
if go then
NextNeighbour :
else
NextNeighbour := i
end;

Null

Primer 3.1 Kao primer navodimo kostur programa kofiitava graf iz datoteke i potom za svaki
¢vor grafa ispisuje njegov stepen i listu njegovih suseda.

program TheFirstExample;
const
MaxNoVertices = 50;
Null = 0;

type
Graph = record
N : integer;

adjacent : array [1 ..
of Boolean
end;
var
G : Graph;
Vv, W : integer;
f : text;

function Deg(var G : Graph;
begin ... end;

function FirstNeighbour(var G :

begin ... end;

function NextNeighbour(var G :

begin ... end;

begin

assign(f, ’G.txt’); reset(f);

MaxNoVertices, 1 ..

: integer)

Graph; v :

Graph; v, x :
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index |

neighbour |[2[4]0/1[4]5]0][5]/0]1][2][0]2[3]6]0]5[0]

Slika 3.2: Graf predstavljen listama suseda

ReadGraph(f, G); close(f);
for v := 1 to G.N do
begin
write(v:2, Deg(G, v):3, ':’);
w := FirstNeighbour(G, v);
while w <> Null do
begin
write(w:3);
w := NextNeighbour(G, v, w)
end;
writeln
end

end.

3.2 Lista suseda

Za graf kazemo da jeedak(engl.sparsé ako ima relativno mali broj grana (Stagod to Zia
u ovom trenutku). Retke grafove moZemo efikasnije predstamitsteCi dva niza: drugi niz
sadrzi spiskove suseda s\Gliorova, dok prvi niz u kaici j sadrzi p@etak spiska susedaora

j. Svaki spisak suseda se zavrSava oznakehi. Primer je dat na Sl. 3.2.

Retke grafovecemo predstavljati kao slogove koji imaju tri polja: br@jorova, niz koji

sadrzi pd@etak svake liste suseda, i niz koji sadrzi liste susedadssatova.

const

MaxNoVertices = 50;
MaxNeighbourListLen = 200;
Null = 0;
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type
SGraph = record
N : integer;

index : array [1 .. MaxNoVertices] of integer;
neighbour : array [1 .. MaxNeighbourlistLen] of integer
end;

Primetimo da nam je za reprezentaciju grafa preko matrisedsiva potreban memorijski
prostor velgine O(n?), gde jen broj Evorova grafa, dok nam je za reprezentaciju retkog grafa
dovoljan memorijski prostor valine O(m+ n), gde jem broj grana grafa. Dakle, izbor repre-
zentacije grafa zavisi od toga da li imamo dodatnu inforfjuacbroju grana ili ne. Ako nemamo
gornje ograrenje na broj grana, ond2mo uvek birati reprezentaciju preko matrice susedstva.
Ako, medutim, znamo d&e broj grana imati neku unapred zadatu gornju granicu i akada
m-+ n dovoljno manje od?, opredeléemo se za upravo opisanu reprezentaciju grafa.

Osim toga, odluka o izboru reprezentacije zavisi i od ogg&oje treba da obavljamo nad
grafom. Ponekademo se i za retke grafove opredeliti za reprezentacijugmektrice susedstva
ako se operacije koje treba da obavimo nad grafom ne mogusebkimplementirati u ovoj
reprezentaciji. Naravno, vazi i obrnuto.

3.3 Pretrazivanje prvo u dubinu (DFS)

Mnogi algoritmi na grafovima zahtevaju da se ustanovi gistiski n&in obilaska obilaska
¢vorova grafa. U ovom odeljku opisujemo jedan standardgoréhm za obilazakvorova grafa
koji je poznat pod imenorpretrazivanje prvo u dubin{engl.depth-first search i koga kratko
ozn&avamo sa DFS.

Algoritam obilaska grafa pretrazivanjem prvo u dubinu pstedlja klastan rekurzivni algo-
ritam koji obilazi sveCvorove jedne komponente povezanosti grafa. Krenuvsi &dgévora u
grafu, posetimo njegovog prvog suseda, potom prvog sus&dg puseda, i tako u dubinu dokle
god je to mogaée. Kada algoritam ole sve susede nekdgora, vrati se u prethodivor da bi
proverio da li je neki njegov sused ostao nedara Ako jeste, algoritam se “spusti” na tu stranu
sve dok moze, itd. Slikovito, to bi izgledalo ovako:

procedure DFS{)
foreach susedwv ¢vorav do
if w nije ozn&enthen
begin
ozn&i w
DFSW)
end
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a da bismo implementirali algoritam tred®nam jo$ nekoliko detalja. Pre svega, tibaam
niz

var
Idx : array [1 .. MaxNoVertices] of integer;

u kome pamtimo kojim redom smo posetili k@jor: Idx[v] = k ako i samo ako smo krtom
koraku posetilicvor v. Takade, ovaj niz nam treba i da bismo mogli da utvrdimo da li sma nek
¢vor vee posetili. Zato ga inicijalizujemo tako da je preGadka obilazenjadx[v] = 0 za sve

Vi

for i := 1 to G.N do Idx[i] := O;

Sada znamo da sn@worv posetili ako i samo ako jedx[v] <> 0. Koristicemo joS i celobrojnu
promenljivu Lbl koja sadrzi narednu raspoloZivu labelu. Procedis koja obilazicvorove
grafaG pocev odcvorav izgleda ovako, préemu su zbog efikasnosti promenlji@eLbl i Idx
ovaj put globalne:

procedure DFS(v : integer);
{ G, Lbl, Idx su globalne promenljive i treba ih }
{ inicijalizovati pre poziva procedure }

var
i, w : integer;
begin
Ibl := Lbl + 1;
Idx[v] := Lbl;

w := FirstNeighbour (G, v);
while w <> Null do
begin
if Idx[w] = O then DFS(w);
w := NextNeighbour(G, v, w)
end
end;
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Primer. Na slici pored dat je graf i dat je redosled
obilaska njegoviltvorova ukoliko se DFS algoritam
startuje odCvorab. Prvo posetimavor b; potom
njegovog prvog susedag, potom prvog suseda
Cvoraa Sto jec; onda prvog susedaorac Sto jed

itd. sve doh. U povratku iz rekurzije, kada diemo
do c primeticemo da sused ¢vorac nije pos&en,
tako datemo sada posetiti i njega, i na kraju se
vratiti sasvim iz rekurzije zavrSivsi time obilazak.

Napomenimo jos jednom da DFS obilazi sxrovekomponente povezanogtiora koji se
prosledi proceduri kao ulazni argument. To je pokazano ede&km primeru:

Primer. Ako pustimo algoritam DFS na graf na S0

slici pored p@ev odcvorab, dobcemo navedeni 30

redosled obilazak@&vorova koji je smeSten u ele-

mente nizaldx. Vidimo da za neke&vorove od- 3 0

govaraji element nizaldx ima vrednost 0. Kada ©)

se DFS pusti odvorab, algoritam nema riana da ()

dosegnetvoroveg, f i h zato Sto ne postoji put

od b do ova tricvora (oni ne pripadaju komponenti

povezanosti kojoj pripadb). 5 0
Jednostavnom modifikacijom originalne DFS pr@ (D) ®

cedure dobijamo algoritam koji obliazi ségorove kako povezanih tako i nepovezanih grafova:

procedure FullDFS(v : integer);
{ G, Lbl, Idx su globalne promenljive }
begin
DFS(v);
for v :=1 to G.N do
if Idx[v] = O then DFS(v)
end;

a ovaj pristup vodi do efikasnog algoritma kojim se moze pritivéta li je graf povezan:

function Connected(var G : Graph) : boolean;
var

v : integer;

go : boolean;

Idx : array [1 .. MaxNoVertices] of integer;

procedure DFS(v : integer);

var
1 : integer;
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w : integer;
begin
Idx[v] := 1;
w := FirstNeighbour (G, v);
while w <> Null do
begin
if Idx[w] = O then DFS(w);
w := NextNeighbour(G, v, w)
end
end;

begin
for v := 1 to G.N do Idx[v] := 0;
DFS(1);

vV = 2;

go := true;

while go and (v <= G.N) do
if Idx[v] = 0 then

go := false
else

vV := vV + 1;

Connected := go

end;

Ovaj algoritam takde pokazuje drugi ri@n da se ozn@e Cvorovi grafa koje smo do sada
obisli. Umesto da tokom obilaska u odgova@jelement nizaldx smestimo indek€vora
prilikom obilaska grafa, ovaj algoritam koristi nizix kako bi smestio informaciju o tome da li
je algoritam vé posetiocvor. Ovaj pristup se lako moze modifikovati kako bi se dolgmatam
koji zapravo broji komponente povezanosti grafa.

3.4 Stablo pretrazivanja DFS algoritma

Pazljivom analizom DFS algoritma moze se ustanoviti da aeiggritam tokom izvrSavanja
nad povezanim grafom konstruiSe jedno posebno pokigeagtablo tog grafa. To stablo zovemo
stablo pretraZivanja DFS algoritmd@rema tome, korektnost proceddmmnected iz prethodnog
odeljka sledi na osnovu Teoreme 2.11 koja tvrdi da je graépam ako i samo ako ima pokrivag!
stablo.

Ako graf nije povezan, DFS odideje pokrivajice stablo samo jedne njegove komponente
povezanosti, dok algoritarBul1DFS odreduje pokrivajite stablo svake njegove komponente
povezanosti.

Korensko stablge stablo kome je posebno istaknut jedaor. Tajcvor zovemdoren stabla
Kod DFS algoritma koren stabla pretrazivanj&yer od koga p6injemo pretrazivanje.
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Pokrivajlte stablo povezanog grafa sadrzi samo neke
grane tog grafa. Ostale grane grafa zovgmoeratne grane
u grafu(engl.backedges Ime je nastalo detaljnim posmatranje
DFS algoritma. Pretpostavimo da smo na neki graf pustil
DFS paev od nekogvora. Tada neka grana ili vodi Kxoru
koga joS nismo obisli, u kom shaju ce to biti grana stabla
pretrazivanja, ili vodi ka nekoravoru koga smo veobisli. U
tom sliEaju, kada se stablo pretrazivanja crta od gore ka dole
takve grane vode “u natrag” i zato se zovu povratne grane.

->— (granastabla

> povratna grana

Povratne grane sada lako moZemo da iskoristimo za dobigiki@snog algoritma koji pro-
verava da li je dati povezan graf stablo, kako pokazuje sketksorema:

Teorema 3.2 Povezan graf ima konturu ako i samo ako stablo pretraZivémigieno prilikom
DFS ima povratnu granu.

Algoritam koji proverava da li je dati povezan graf stablcsaéla lako dobija modifikacijom
DFS algoritma:

function IsTree(var G : Graph) : Boolean;

{ We assume that G is connected }

var
Idx : array [1 .. MaxNoVertices] of integer;
i : integer;
go : Boolean;

procedure DFS(v, father : integer);

var
w : integer;
begin
Idx[v] := 1;

w := FirstNeighbour(G, v);
while go and (w <> Null) do
begin
if Idx[w] = O then
DFS(w, V)
else if w <> father then
go := false;
w := NextNeighbour(G, v, w)
end
end;
begin
for i := 1 to G.N do Idx[i] := O;
go := true;
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DFS(1, Null);
IsTree := go povratna
end; grana ..

DFS proceduri se ovaj put mora proslediti ne satwor od otac.- -7
koga p&injemo DFS vé i redni broj njegovog prethodnika
(ili oca) u stablu pretrazivanja. Ovo je neophodno da bismo ., icvor-—..>
mogli da identifikujemo povratne grane: grana je povratra ak
ide od tek@egcvora ka nekom ozrii@nomeévoru koji nije otac
tekucegcvora.
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Glava 4

Strukture | simetrija

Ljudi su stvoreni da u@avaju i poStuju simetriju. Pojam geometrijske simetrige mvou
apstraktnih struktura odgovara pojmu automorfizma.

4.1 Nekoliko reCi o grupama

U ovoj glavicemo koristiti osnove teorije grupa, i zatemo sada napraviti mali uvorupu
¢ine skupG i binarna operacija (mnoZenje) takvi da su zadovoljeni slede’i uslovi (akséom

grupe):
(G1) mnoZenije je asocijativna(yz) = (Xy)zza svex,y,z € G;

(G2) postojie € G koji se ponaSa kaneutralni elementa mnozenjexe= ex= x za svex € G,
[

(G3) za svakx € G postojiy € G takav da jexy = yx = €; y se zovenverzni element za i
budLti da je jedinstven za datq ozn&ava se sa .

Prototip pojma grupé€ini skup svih bijekcija skupX u sebe. Ova grupa se zosenetricha
i ozn&ava se sa Sy(X). Ako X iman elemenata umesto SyX) cesto piSemo Sy(m).
PodskupH skupaG je podgrupagrupeG ako H obrazuje grupu u odnosu na restrikciju
operacije mnozenja koja je definisana®a ima isti neutralni element kaG.

Primer 4.1 Skup celih brojev& zajedno sa operacijom sabiranjeini grupu. Skup Z parnih
celih brojeva zajedno sa operacijom sabiranja celih bedgjev grupu, i to je podgrupa grupé.
Obe grupe imaju isti neutralni element O.

Ako je H podgrupa grupé&s, tada je{H -g: g € G} particija skupaG. Drugim re&ima, ili
seH -g; i H- g2 poklapaju, ili su disjunktni, za svg1,g, € G. Tako dobijamo sled® vazan
rezultata:

Teorema 4.2 (Lagrangeova teorema)Ako je G kona&na grupa sa elemenata, & podgrupa
grupeG sak elemenata, onda| n.
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Skupovi oblikaH - g se zovudesni kosetpodgrupeH u G, pa se skus\H ={H-g: g€ G}
zoveskup desnih kosetaodgrupeH u G.

HomomorfizangrupeG sa operacijom mnozZenjau grupuH sa operacijom mnozenjaje
svako preslikavanjé : G — H koje zadovoljava:

f(xy) = f(x)x f(y), zasvexyecG.

IzomorfizangrupaG i H homomorfizam grup& u grupuH koiji je bijektivan. kazemo jos i da
su frupeG i H izomorfne piSemoG = H.

Primer 4.3 (a) Skup celih brojev& sa sabiranjers- obrazuje grupu. Skups = {0,1,2,3,4,5}
sa sabiranjemg po modulu 6 takde obrazuje grupu. Preslikavanje Z — Zg definisano sa
f(x) = xmod 6 koje ceo broj preslikava na njegov ostatak po modulu®omorfizam.

(b) Skup realnih brojev® sa operacijom sabiranni grupu. Skup strogo pozitivnih realnih
brojevaR™ sa operacijom mnoZenja tad@cini grupu. Ove dve grupe su izomorfne, zato Sto je
preslikavanjef : RT — R dato saf (x) = logx bijektivni homomorfizam.

Vaznu klasu grup&ine grupe automorfizama strukturAutomorfizangrafaG = (V,E) je
svaki izomorfizamp : V — V grafa u sebe. Sa A(B) ozna&avamo skup svih automorfizama
grafaG. Skup Au{G) sa operacijom kompozicije funkcifaobrazuje grupu.

Primer 4.4 OpiSimo AutK;), Aut(S,) i Aut(P,) zan > 3, gdeS, ozn&avazvezdisan cvorova,
tj., Ciji jedancvor je susedan sa svim ostalimorovima, i ne postoje drugivorovi grafa koji su
susedni, Sl. 4.1.

Sio
Slika 4.1: Zvezd& g

(a) Svaka bijekcijap : V (Kj) — V(Ky) je automorfizam graf&,, tako da je grupa automor-
fizama graf&,, izomorfna (kao grupa) simetmoj grupi Synin).

(b) Svaki automorfizamzvezde s&vorova mora da fiksira centralévor, dok ostalim — 1
cvorova moze slobodno da permutuje. Zato je (&l izomorfno (kao grupa) simetmoj grupi
Symin—1).

(c) Put ima samo dva automorfizma: idéhi preslikavanje koje fiksira svak&vor, i “flip”
koji “obrée” put tako Sto preslikava prévor puta u posledniji, drugi u pretposlednii, i tako dalje.
Dakle, |Aut(R,)| = 2.

Svaki homomorfizanf : G — H grupeG u grupuH jednozn&no odreluje relaciju ekviva-
lencije 8 na sledéi natin: (x,y) € 6 ako jef (x) = f(y). Relacijad se zovgezgrohomomorfizma
f i ozna&Cava se sa kdr.
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Binarna relacijgp C G? na skupuG je kongruencijagrupeG ako je to relacija ekvivalencije
koja ima sledéu osobinu:

akoje(x,y) € pi (u,v) € p onda je(xu,yv) € p, zasvexy,uve G.

Jezgro svako g homomorfizma je kongruencija na domenu togphmriizmna. Obrnuto, svaka
kongruencija je jezgro nekog homomorfizma.

Za svaku kongruencij@ grupeG, skup klasa ekvivalencijég/0 : g € G} moZze postati grupa
ako se mnozenje definiSe na sledeeCin:

(01/6)-(92/6) = (0192)/6.

Ovako definisana frupa se zofaktor grupagrupeG i oznatava se s&/ 6.

Teorema 4.5 (Prva teorema o izomorfizmu)Neka jef : G — H sirjektivni homomorfizam iz
grupeG u grupuH. Tada jeG/(kerf) = H.

4.2 Dejstvo grupe

Neka jeX skup iG grupa.Dejstvo grupe G na skup p¢ preslikavanjeu : X x G — G takvo
da

o U(X,1)=X,i

o U(U(X,9),h) = p(x,gh).

Dejstvo grupeG na skupX ozna&avamo sdG, X). Umestop(x,g) piSemox9, pa prethodna dva
zakona dobijaju sledeoblik: x* = x i (x9)" = xa",

Svakog € G odreduje preslikavanjeg : X — X : x— x9. Zato Sto j&G grupa,Tq je permutacija
skupaX za svaka (g je sirjektivno zato Sto jeg(ngl) =X, a injektivno zato $to ix% = y9 sledi
(x9)97" = (y9)9 tj. x=y). Odatle, svako dejstv¢G,X) odreduje homomorfizand : G —
Sym(X) : g+ 1g. Obrnuto, svaki homomorfizah : G — Sym(X) odreduje jedno dejstvo grupe

X na skupuX: x9 := ()\ (g)) (x). Tako dobijamo teoremu reprezentacije Cayelyjevog tipa za
dejstvo grupe.

HomomorfizamA : G — Sym(X) pridruZen dejstvyG, X) ne mora biti injektivan zato Sto
moZe da se desi da razli elementi grupeG deluju na isti néin. Za dejstvo(G, X) kazemo
da jevernoako je odgovarajti homomorfizam\ injektivan. Ukoliko dejstva G, X) nije verno,
ker(A) ujedn&ava elemente grup@ koji deluju na isti n&in, pa se umesto dejsty&, X) moze
posmatrati dejstvdG/0,X) za 8 := ker() ), dato sad/® = x9 koje je verno.

Na skupuX uvodimo relaciju~ ovako: x ~ y ako postojig € G takvo da jex? =y. Lako se
vidi da je~ relacija ekvivalencije. Klase ekvivalencije ove relac@emoorbite dejstva(G, X).
Zax € X odgovarajéa orbita ima oblik{x9 : g € G} i ozna&avamo je kratko s&®. Skup svih
orbita ozn&avamo s& /G (umesto s&/~).
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Zax € X saGy ozn&avamostabilizator elementa,®j. skup svih elemenata grupe koji ne
deluju na njega:
Gx:={geG:xd=x}.

Jasno je da j&y podgrupa grup&. Zag € G, sa fixg) ozna&avamaskup svih fiksnih tatakad

g
fix(g) := {xe X :x9 =x}.

Teorema 4.6 (Lagrangeova teorema)Neka je(G, X) verno dejstvo grup&. Tada za svako
x € X imamo da jgG| = |Gy] - |x°|.

Dokaz.Neka jeGy \ G = {Gx-g: g € G} skup desnih koseta podgru@g u grupiG. Znamo da
je
G|
GCx\G|l=-—.
| X\ ‘ |GX’

Zato, da bismo pokazali téfenje, dovoljno je da pokazemo da}€| = |G\ G|.
Posmatrajmo preslikavange: x® — G\ G : X9 — Gy - g.

e ¢ je dobro definisano. Neka j@ = x". Onda jexd " = x"h™" = x1 = x, &to zn&i dagh!

stabilizujex. Odatle jegh™! € Gy, pajeg € G- h. Zato jeGy-g = G- h.
e ¢ je sirjektivno. Jasno.

e ¢ je injektivno. Neka jeGy - g = Gy - h. Onda jeg = khza nekdk € G,. Sada jed@ = X" =
(X", Kakok stabilizujex imamo da je = x, i tako jexd = x".

Dakle, ¢ je bijekcija, i tvidenje je pokazano. O

Teorema 4.7 (Cauchy-Frobeniusova (Burnsideova) lemmalNeka grupds verno deluje nx.
Tada je

X/G| = ﬁ > Ifxo)|
ge

Dokaz.Za neku formulud uvedimo sledeu oznaku:

Sada se lako vidi da jéix(g)| = Yxex X(X8 = X) i |Gx| = Ygec X (X? =X). Zato je

SM@I= 5 500X =5 5 x66=x) -

Gl _

1
= 'G':Ex_"e'fx_‘
x; 1T A C s
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Neka jeX/G = {Qq,...,Qs}. Onda je

1

er( ‘XGl XEQlU UQS ZlXGZl ’XG|

Pokaz&emo da j&y o, ﬁ = 1. Zaxe€ Q; jex® = Q;, tako da je

1 1 1
— = =|Qi|- — =1
2,001 o 1ol
Zato je
fix(g)| = G- =[G|- > 1=|G[-s= |G- [X/G].
& PR D
Ovim je tvrdenje pokazano. O

4.3 Polyino dejstvo

Razmotrimo jedan jednostavan problem zagtak: odrediti broj ogrlica sa 6 perli, gde svaka
perla moze biti u jednoj od tri boje, g, b. Dve ogrlice ne razlikujemo ukoliko se jedna moze
dobiti od druge primenom neke rotacije.

Evo kako se problem mozZe formalizovati. Nekavje= {0,1,2,3,4,5},C={r,g,b} i X =
CV. Svaki element skupX je neko preslikavanjé : V — C, dakle, neki niz boja. Dva niza
predstavljaju istu ogrlicu ukoliko postoji ciklka permutacija skupd koja jedan niz prevodi
u drugi. Na primer, nizovif := (r,g,r,r,b,g) i g:= (r,r,b,g,r,g) predstavljaju istu ogrlicu

r—g

/N 0
. . . -1
g r,ipritomejef =goo zao:(
2
o/

b—r
dva). Dakle, imamo grupig koja deluje n&/ kao grupa permutacija. Ako dejstvo ove grupe
“prosirimo” saV naCV tako da jef? = f o 01, onda se orbite ovako pro3irenog dejstva sastoje
od nizova koji predstavljaju istu ogrlicu. Tako se problemojanja ogrlica svodi na problem
odradivanja broja orbita nekog dejstva, a za to imamo razvijehniku — Cauchy-Frobenius
lemu (Teorema 4.7). Ovim razmatranjima je motivisana sladkefinicija.

2 3 4
4 50

w

i) (ciklicki pomeraj za

Definicija 4.8 Neka suC i V neprazni skupovi i neka grup@a deluje na skup/ kao grupa
permutacija. Dejstvo grup® na skupC¥ dato saf? := f o g~ zovemoPdlyino dejstvo

Vratimo se problemu brojanja ogrlica. U modelu koga smo up@pisali grupaZeg deluje
na skupC¥ na Pélyin n&in. Orbita elementd € CV se sastoji od svih nizova koji predstavljaju
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istu ogrlicu kao i nizf. Tako dobijamo da je broj orglica upravo jednak broju orhitadlyinom
dejstvu grup&e na skupC¥. Prema CF-lemi je

Y /Zel =5 3 fix(o)],

0€lg

gde se fiksni elementi traze u sku@¥. Pogledajmo sada kako izgledaju skupovi&ix: f €
fix(o) zn&idajef = 9, tj. daje f(k) = f(o~1(k)) za svek € V. Primetimo da ovo zria da
je f konstantan na ciklusima agl! Ovo je toliko vazan zakljoak dacemo ga uokuviriti:

f e fix(o) u Polyinom dejstvu ako i samo ako
je f konstantan na ciklusima permutacge

Elementi grupeZe su sledée permutacije:
id, (012345, (543210, (024)(135), (420)(531), (03)(14)(25)

e Permutacija id ima 6 ciklusa. Na svakom ciklusmozZe imati bilo koju od tri vrednosti,
pa jelfix (id)| = 3°.

e Permutacijeo = (012345 ima jedan ciklus, pa jix(o)| = 3.
e Zao = (543210 je kao i gor¢lfix(o)| = 3.

e Permutacijeo = (024)(135) ima dva ciklusa. Na svakom ciklusumoZe imati bilo koju
od tri vrednosti. Zato jéfix(o)| = 3°.

e Zao = (420)(531) je kao i goreffix (o)| = 32

e Permutacijao = (03)(14)(25) ima tri ciklusa. Na svakom cikluséi moZze imati bilo koju
od tri vrednosti. Zato jefix (o)| = 32.

Tako dobijamo da je broj ogrlica jedngk3® +2-3+ 2- 32+ 3%) = 130.

U prethodnim razmatranjima smo videli da permutacije samstiklickom strukturom imaju
isti broj fiksnih elemenataOvo nije izolovan primer, vet opsti fenometatocemo uvesti dva
pojma: ciklicki tip permutacije i cikIlEki broj permutacije.

Definicija 4.9 Neka je|X| = ni neka grupaG deluje na skupX kao grupa permutacija. Neka
permutacijac € G ima a; ciklusa duzine 1a, ciklusa duzine 2, itda, ciklusa duzinen. Tada
se niz cto) = (a1,ay,...,a,) zoveciklicki tip permutacijes, a brojcio) =ay +ax+... +an
ciklicki broj permutacijeo.

Jasno je da je qw) broj ciklusa permutacijer, kaoidaje ta;+2-a2+...+n-ap=nza
ciklicki tip (a1,ap, ...,an) svake permutacije i5. Primetimo da cn i ct ne zavise od grupe&ve
od udtenog dejstva, kao i da elementi iste grupe mogu da imajifiaztikliCcke parametre kada
deluju na razkite n&ine.
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Teorema 4.10 (Cauchy-Frobenius lema za Pdlyino dejstvolNeka grupds verno deluje na skup
CV na Pdlyin n&in. Tada je

1
/6= L 3 (o[,
G 2

Dokaz.Prema Cauchy-Frobenius lemi je
/6= = > Iix(o)
Gl &

tako da je dovoljno pokazati da ffix (o)| = |C|°"9) za svakoo € G. Neka jeo € G prozivoljno

i neka je crio) = k. Kao Sto smo ranije primetili (i uokvirili),f € fix(o) ako i samo ako je
konstantan na ciklusima od. Zato jelfix(o)| jednak broju preslikavanjd : V — C koja su
konstantna na ciklusima od. Na svakom odk ciklusa f moze da uzme bilo koju o¢C]|
vrednosti. Pritome je izbor vrednosti na jednom ciklusuavesan od izbora vrednosti na ostalim
ciklusima. Zato preslikavanja sa ovom osobinom i@ = |C|°"(9). O

4.4 Brojanje grafova

Za neprazan skuy neka je

(Z) = {{x,y} cvV :x%y}-

Tada se grafV, E) moZe predstaviti kao preslikavarie: (\é) —{0,1}, gde jefg karakteristtna
funkcija skupeE: fe(e) = x(ec E).

Na skupV deluje simetina grupa SyifV) na uobtajen néin: x° = g~1(x). Uzmimo da
grupa SyniV) deluje na skur(\é) “po koordinatama”:{x,y}° = {x9,y°}. Tada se to dejstvo
“proSiruje” do Pdlyinog dejstva na skurggé. To znd&ida zac € SymV)i f € 2(2) imamo

(v} = f ({070,070}

Sled€a veoma jednostavna lema sadrzi &laa primenu Pélyine teorije na problem brojanja
neizomorfnih grafova:

Lema 4.11 Grafovi(V,E;) i (V,E2) su izomorfni ako i samo ako post@jic Sym(V) takva da
je fgl = sz.
Tako dobijamo da su grafovi izomorfni ako i samo ako pripadajoj orbiti, pa je broj

neizomorfnih grafova na skupy jednak broju orbita u dejstvu grupe Sy na skup é%).

Cauchy-Frobenius lema za Pdlyino dejstvo sada daje Gleglrultat:
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Teorema 4.12 Broj neizomorfnih grafova na skupu ocEvorova je dat sa

1 oen(0)
n! Z )
ogeSym(n)

Broj cn(o) je broj ciklusa permutacije’ u dejstvu grupe Syim) na skup(3). Ovaj broj nije
jednak broju ciklusa permutacije pri uobiCajenom dejstvu grup8ym(n) na skup n.Odatle
potiCe glavni problem pri utwdivanju broja neizomorfnih grafova na skupumdlemenata. Kada
se dejstvo grupe Syfm) na skup(5) interpretira kao podgrup&, grupe Syni(5)), dobija
se da su grupe Syfn) i G, apstraktno izomorfne. Cildka struktura njihovih elemenata je,
medutim, potpuno razliCita Vazno je znati da apstraktno izomorfne algebarske strektvogu
imati potpuno raziiita kombinatorna svojstva.
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Glava 5

Brojanje heksagonalnih sistema

Poliheks sistem je povezan sistem podudarnih pravilnitségna koji ima osobinu da su
svaka dva heksagona u tom sistemu ili disjunktni, ili imagjegntko teme, iliimaju zajeditku
ivicu. U ovoj glavi nas interesuju geometrijski planarnipgto povezani poliheksi. Poliheks
je geometrijski planaran kada moze da se smesti u ravan, h@toppovezan poliheks nema
“rupu”. (Sl. 5.1). Na taj néin su iskljwteni heliceni i koronoidi (primeri molekula sa “rupana”).

Slika 5.1: Geometrijski planaran, prosto povezan polilsgts= 10 heksagona

Geometrijski planarni, prosto povezani poliheksi se zaydiij“benzenoidi”. Ovi sistemi
su jednoznéno odreleni svojim rubom, 5to je kontura u Sestougaonoj mrezi. Benbiizbegli
konfuziju za geometrijski planaran, prosto povezan péshkoristtemo terminheksagonalni
sistem(HS).

Klju¢ni rad na temu brojanja heksagonalnih sistema se pojagid968. godine [1], ali je
tek 1983. godine Dusseldorf-Zagreb groupa (Knop i Trin@jsa saradnicima) objavila svoje
rezultate raunarskog prebrajanja heksagonalnih sistem&a zalO, gde jeh broj heksagona
obuhva&enih perimetrom sistema [3].

TuZna je istina da ne postoji opSta formula za ddranje broja neizomorfnih heksagonalnih
sistema sa datim brojem heksagona. Jedino $to nam pre@stagese ovi sistemi generisu,
prebroje i klasifikuju upotrebom brutalne sile: potreborailbraCunara i algoritama. U ovoj
glavi prikaz&emo jedan efikasan algoritam koji je upotrebljen za prabjajneizomorfnih hek-
sagonalnih sistema $8< 17 heksagona i njihovu klasifikaciju prema duzini perimetra
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5.1 Osnove

Za dva razlcita heksagonalna sistema kazemo dazsmorfniako su podudarni u smislu
euklidske geometrije. Na primer, na Sl. 5.2 su prikazanaarorfna heksagonalna sistema.

Slika 5.2: Tri izomorfna heksagonalna sistema

Drugi n&in da se sagleda Iva situacija je da se heksagonalni sis pojavljuje u

tri razliCita poloZajau heksagonalnoj mrezi. Odfiwanje broja razfitih poloZaja datog hek-
sagonalnog sistema u heksagonalnoj mrezi je presudno edivaltje broja neizomorfnih, ili
esencijalno razliCitih heksagonalnih sistema sa datim brojem heksagona. Da lsrgb da

odredimo ovaj broj, potrebno je odrediti bmetrijasistema.

Geometrijski pojam simetrije odgovara apstraktnom popgmtomorfizmastrukture. na taj
nacin, simetrtne strukture su bogate automorfizmima, pa broj elemenaf@egrutomorfizama
uzimamo za meru simetmosti sistema.

Sadatemo preciznije odrediti pojmove o kojima smo govorili u thiednim razmatranjima
i dacemo formalne definicije odgovardgjihh pojmova. Neka j& neki skup téaka u euklidskoj
ravni. AutomorfizanskupaSje svako bijektivno preslikavanje ravni u sebe kojéuva rastojanja,
a kojeSpreslikava na sebe, dakle, koje ima osobinu dg & = S. Skup svih takvih preslikavanja

Aut(S) = {f : f(S) = Si f bijektivno preslikavanje kojéuva rastojanja

ima strukturu grupe u odnosu na kompoziciju funkcija. Zadsit(S) zove joS igrupa auto-
morfizamasistemaS.

Na primer, neka j&; heksagonalni sistem s&ta jednim heksagonom, Sl. 58). Tada je
|Aut(S)| = 12 zato Sto postoji 6 rotacija i 6 osnih simetrija koje piesliajuS, na sebe. Lako se

vidi da vazi sledee:
(a) (b) (c)

Slika 5.3: Tri heksagonalna sistema
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Lema 5.1 Neka jeS heksagonalni sistem. Tada|faut(S)| < 12

Kao sledéi promer posmatrajmo heksagonalni sist8nsacetiri heksagona koji je prikazan
na Sl. 5.3(b), a neka jeS5 heksagonalni sistem sa pet heksagona koji je prikazan fa3gk).
Tada je|Aut(S;)| = 1 zato Sto je trivijalno preslikavanje koje svakithka ravni slika na sebe
jedino preslikavanje koje preslikav& na sebe. Sa druge stran@ut(Ss)| = 4: postoje dve
rotacije i dve osne simetrije koje preslikav&ina sebe.

Kao posledicu Cauchy-Frobeniusove leme (Lema 4.7) dobijamo

Teorema 5.2 Neka jeS heksagonalni sistem i nekalje= |Aut(S)|. TadaS moZe da se pojavi u
12/k razlicitih poloZaja u heksagonalnoj mreZi.

Na primer, za heksagonalni siste® prikazan na Sl.. 5.3c) znamo da jeAut(S5)| = 4,
odakle sledi d&s moZe da se pojavi u Y2 = 3 razliCita poloZaja u heksagonalnoj mreZi. Ta tri
poloZaja su prikazana na Sl. 5.2.

Pazljivom analizom se moZe ustanoviti da grupa automorfgamizvoljnog heksagonalnog
sistema mora biti jedna od sletie grupa:Dgpn, Ceh, D3n, Csn, Don, Con, Coy ili Cs. To su dobro
poznate male grupe i broj njihovih elemenata je:

Grupa| Den Cen Dan Can Don Con Cov GCs
Brojelemenata 12 6 6 3 4 2 2 1

Neka je saH(h) ozn&en broj svih heksagonalnih sistematsheksagona, uklgujuci i
izomorfne kopije, a neka je dd(h) ozna&en broj neizomorfnih heksagonalnih sistemahsa
heksagona. Dalje, neka je za gru@uc {Degh, Ceh, D3n, Czn, Don, Con, Cov, Cs} saN(G,h)
oznaen broj neizomorfnih heksagonalnih sistemandseksagon&ija grupa automorfizama je
G. Tadaje

H (h) = N(Dgn, ) +2N(Cgn, h) +2N(Dgn, h) +4N(Czn, h)
+ 3N(D2p, h) + 6N (Cop, h) + 6N (Cypy, h) + 12N(Cs, h)
zato Sto se heksagonalni sist&gija grupa automorfizama j@ pojavljuje u 12|G| razliCitih
polozaja u heksagonalnoj mrezi. Sa druge strane,

N(h) = N(Dgn,h) +N(Cen,h) + N(Dzn, h) + N(Csn, h)

+ N(D2n, h) +N(Cpp, h) + N(Cyy, h) + N(Cg, h).

Nas interesuje brajl(h), broj neizomorfnih heksagonalnih sistemadeeksagona, a taj broj

nije nimalo lako izr&unati. Umesto da direktno dganamoN(h), izratuna&emo prvo brojeve
H(h), N(Deh,h), N(C6h,h), N(Dgh,h), N(Cgh,h), N(Dzh,h), N(Cgh,h) [ N(sz,h), potomt’:emo
na osnovu formule 5.1 izéanatiN(Cs, h), i na krajutemo na osnovu formule 5.2 izZnanatiN(h).

(5.1)

(5.2)

5.2 Algoritam

U ovom odljekucemo dati skicu algoritma kojim se efikasno moZe odreditj b¥gh) svih
razlicitih (ne nuzno i neizomorfnih) heksagonalnih sistema saksagona. Kako bismo elimi-
nisali translatorno ekvivalentne sisteme (videti Sl. a1@E€emo pojam kaveza i pokazati da je
dovoljno prebrojati samo one heksagonalne sisteme kojiatilpo smesteni u kavezu.
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Slika 5.4: Dva translatorno ekvivalentna heksagonalrtarsia

Kavezje relativno pravilan deo heksagonalne mreze u kome pokn$ada uhvatimo sve
relevantne heksagonalne sisteme. Algoritam kogimo demonstrirati koristi trougaoni kavez,
gde je trougao jednakostr&ain. Neka je sa Ca@e) ozna&en trougaoni kavez daheksagona

duz svake strane. Na Sl. 5.5 je prikazan G8gekao i n&in da se u kavez uvede koordinatni
sistem.

Slika 5.5: Cagg9)

Svaki heksagonalni sistem sa najvisbeksagona se moZe postaviti u kavez tako da se bar
jedan od njegovih heksagona nalazixrasi kaveza i da se bar jedan od njeovih heksagona nalazi
nay-osi kaveza. Tada kazemo da je heksagonalni sipt@wvilno smesSten kavez. Na Sl. 5.6 je
prikazan heksagonalni sistemisa- 9 heksagona koji je pravilno smesten u kavez ¢age

SuZavanjem paznje sa cele heksagonalne mreZe na kavez oji nadin ne utte na opstu
strategiju koju smo naveli u uvodu ove glave. VaZzi, naimeddle:

Teorema 5.3 Neka je S heksagonalni sistem da heksagona i neka je = |Aut(S)|. Tada
postojil2/k razlicitih heksagonalnih sistema koji su izomorfniSakoji su pravilno smesteni
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Slika 5.6: Heksagonalni sistem Ba= 9 heksagona koiji je pravilno smesSten u kavez

uCagéh).

odatle sledi da je dovoljno probrojati sve heksaonalneesist koji su pravilno smesteni
u kavez. PoSto znamo koliko se puta sim@triheksagonalni sistemi pojavljuju u kavezu,
moZzemo lako da odredimo broj svih heksagonalnih sist&jagrupa automorfizama je trivijalna
grupaCs. Taj podatak, nam je dovoljan da se odredi broj svih heksalgdnsistema sa datim
brojem heksagona, ako znamo broj svih sin@gifi heksagonalnih sistema. Ovim pristupom se
izbegavaju testovi izomorfno$ji su vremenski najskuplji deo shih algoritama.

Posmatrajmo jedan heksagonalni sistem koji je pravilnassameu kavez Cagh), neka jep
najmanja od svih koordinata njegovih heksagona koji sezeateax-osi, aq najmanja od svih
koordinata njegovih heksagona koji se nalazg-oai. Heksagone tog sisterige koordinate su
(p,0) i (0,g) (u odnosu na koordinatni sistem kaveza)biti veoma znéajni za algoritam Koji
predstavljamo, i zvi@emo ihkljucni heksagoni

NekaH (p, q) ozna&ava skup svih heksagonalnih sistemadaheksagona koji zadovoljavaju
sledé€a dva uslova:

¢ heksagonalni sistem je pravilno smesten u Cage

e njegov kljutni heksagon n&-osi koordinatup, dok njegov klji€ni heksagona ngosi ima
koordinatug.

(Na Sl. 5.6 je prikazan jedan element skiipeB, 2)).

Familija{H(p,q) :0< p<h—1,0< g< h—1} je particija skupa svih heksagonalnih sistema
sa< h heksagona koji su pravilno smesteni u CdgelLako se moZe pokazati daid (p,q)| =
IH(a,p)|, za svep,q € {0,1,...,h—1}. Tako se proces prebrajanja svih pravilno smestenih
heksagonalnih sistema svodi na ailvanje brojaH(p,q)| za svep > g. Prva verzija algoritma
koja je zasnovana na ovoj ideji skicirana je na Sl. 5.7.

Kada su nam dati pbrojevi€ g < p < h—1 i kavez Cagéh), odrdivanje broja/H(p,q)|
se svodi na generisanje i prebrajanje svih heksagonalsiiénsa iz skupdd (p,q), Sto se moze
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inicijalizuj Cagéh);
total := 0;
forg:=0toh—1do
for p:=qtoh—1do
odredi H(p,q);
n:=[H(p,q)[;
if p=qthen
total :=total + n
else
total :=total + 2n
fi
od
od

Slika 5.7: Prva verzija algoritma

realizovati generisanjem rubne linije sistema. PogledIn&.6 otkriva da se rubna linija heksa-
gonalnog sistema koji je pravilno smeSten u kavez moze podaldva dela: na levi deo linije
(gledano iz perspektivéitaoca) koji p@inje nay-osi ispod klj.)€nog heksagona i zavrSava na
X-08i, i na ostatak rubne linije koji zovemo desni deo linije.

Algoritam rekurzivno generiSe levi deo Iinijeéim levi deo linije dodirnex-osu painje
se sa generisanjem desnog dela linije. Sve vreme vodigunaao duZzini rubne linije kao i
o povrsini dela heksagonalnog sistema koiji je linijom olatiew. Kada se proces generisanja
zavrSi povrSina obuhézna linijom daje zapravo informaciju o broju heksagonam sistemu.
Na ovaj n&in se lako otklanjaju beskorisni (tj. oni sah heksagona koje ne brojimo) heksago-
nalni sistemi koji se prirodno javljaju prilikom generigarsvih heksagonalnih sistema iz skupa
H(p,q).

Insistirati na tome da se generiSu isKijo heksagonalni sistemi koji pripadaju skupgup, q)
bi predstavljalo veliki gubotak vremena idanskih resursa, zato Sto bi to zahtevalo da se iz-
vrSavaju dodatni testovi koji bi proveravali da li je levialeuba dodirnuox-osu t&no kod
heksagon®. S druge strane, kada levi deo ruba dodixresu kod heksagona, recimp+ 2,
zaSto da ignoriSemo takav heksagonalni sistem kegao ionako morati ponovo da generiSemo
kasnije kada na red de H(p+ 2,q)? Zatocemo sada uvesti druggu particiju skupa svih
heksagonalnih sistema koji su pravilno smesteni u kavez.

Neka nam je dat i kavez Cagéh). StavimoH™*(q) = U?;éH (j,9), zasveq=0,1,...,h—1.
Jasno je da j¢H*(q) : 0 < g < h— 1} articija skupa svih heksagonalnih sisteméd$eeksagona
koji su pravilno smesteni u Ca@j®. Umesto sve posebne faze u radu algoritma (generisanje
skupaH (p,q) i dodavanje odgovarafih vrednosti naotal), nova verzija algoritma koj@éem
opokazati ima samo jednu fazu tokom koje se generisanjejaije obavljaju istovremeno.
Jedino treba voditi leBuna o tome da se spigpojava heksagonalnih sistema iz skitp@, q) gde
je p< g. No, to moZe posti tako 5to je u heksagonalnoj mrezi zabrane neka “leva akjat i
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“skretanja nadole”. Stavise, udenjem ovakvih zabrana gek i ubrzava rad algoritma. Sve ove
ideje na jednom mestu mogu secha verziji algoritma koji je prikazan na Sl. 5.8.

kao Sto vidimo, radi se o kla@nom primeru bektrek algoritma, koji stoga pati od svih
problema od kojih pate bektrek algoritmi: stablo pretraija postaje prevelikéak i za relativno
male vrednosth, tako da je vazno otsecati grane u ovom stablu kadgod je taiceodedna ideja
koja se koristi u procesu “orezivanja” stabla se sastojimeaala za velike vrednosti parametra
g postoje delovi kaveza u koje heksagonalni sist€rh heksagona ne moze da dospe, dok
se u tom delu kaveza veoma lagodno basSkare beskorisni lwledagsistemi za koje nismo
zainteresovani. Zato algoritam tokom inicijalizacije kaa za zadatq zabranjuje rubnoj liniji
da skrene u te delove kaveza.

Druga ideja koja se koristi da se “oreze” stablo pretrajvae sastoji u tome da se tokom
generisanja rubne linije broje rubni heksagdritbni heksagoje heksagon koji ima zajedtku
ivicu sa rubnom linijom i nalazi se sa one strane rubne lisgéojeCe jednog dana biti unutra-
Snjost heksagonalnog sistema. Jasno jéadaubni heksagoni svakako biti deo heksagonalnog
sistema i da stoga njihov broj ne sme biteved h. Ovo se pokazalo kao veoma dobar kriterijum
za otsecanje beskorisnih grana u stablu pretraZivanjg jel&rajnje jednostavna: produzavanje
levog/desnog dela rubne linije je magusamo ako smo do sada registravali ne visSh ndnih
heksagona.

TreCa ideja koja ubrzava algoritam je Zivot na kredit. Kada dtgm otp@ne sa generisanjem
levog dela rubne linije, mi ne znamoctao gdece ta linija prvi put dodirnutk-osu, ali znamo
dace se to sigurno desiti. Drugimdiena, znaj@i da jedan heksagon saose mora da bude
deo heksagonalnog sistema, taj heksagom moZzentwnaé unapred, i time otkloniti jos viSe
beskorisnih heksagonalnih sistefek i pre nego 5to levi deo rubne linije dodim@su.

Sve ideje o kojima je do sada biloGiesakupljene su u algoritmu koji je prikazan na Sl. 5.9.

5.3 Implementacija

U prethodnom odeljku smo, naravno, dali samo pregled oshadeja algoritma koji je
detaljno opisan u [7]. JoS mnogo tebkih detalja je moralo biti realizovano kako bi se od
osnovne ideje dobio efektivandanarski program.

Program je napisan za IBM PC kompatibiln€waare u programskom jeziku Modula—2.
Program se sastoji iz pet modula i ima preko 1900 bruto lipjagramskog koda. On je
upotrebljen za odidivanje broja svih neizomorfnih heksagonalnih sistemlasal7 heksagona.

Enumeracija svih heksagonalnih sistema sa 17 heksagoeafeasdugotrajan proces. Zato
je ceo posao enumeracije podeljen na viSe manjih zadatakr@gtno, zeh = 17 smo podelili
posao na 197 manjih zadatakéadne je omogaeno da se program izvrSava paralelno na vise
geografskih lokacija: u Novom Sadu, Ottawi i TrondheimurdRelizacija je obavljena &no,

a prema dva prirodna kriterijuma: u obzir je uzeta koordindjucnog heksagona ngosi i,
obzirom da se ispostavilo da je ova podela previSe grubasnavo p@etnog segmenta rubne
linije.
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procedure ExpandRightPa(tActualPos;
begin
if EndOfRightParthen
n := NoOfHexagong;
if n<hthen
odredi g
if p=qthen
total[n] :=total[n] + 1
else
total[n] := total[n] + 2
fi
fi
else
FindPossibl¢ActualPos, FuturePgs
while RightPartCanBeExpandéactualPos, FuturePgsdo
ExpandRightPafFuturePos;
CalcNewFuturePa#\ctualPos, FuturePgs

od
fi
end,
procedure ExpandLeftPartActualPos;
begin

if EndOfLeftParthen
ExpandRightPafRightInitPogq))
else
FindPossibl¢ActualPos, FuturePgs
while LeftPartCanBeExpandédctualPos, FuturePgsdo
ExpandLeftPait-uturePog;
CalcNewFuturePg#\ctualPos, FuturePgs
od
fi
end,
begin
inicijalizuj Cagéh);
postavi totall...h] na0;
forg:=0toh—1do
inicijalizuj klju€ni heksagon na y-o§i);
ExpandLeftPart_eftinitPogq))
od
end

Slika 5.8: Druga verzija algoritma
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procedure ExpandRightPaftActualPos, BdrHexgns
begin
if EndOfRightParthen
n := NoOfHexagons;
if n< hthen
odredi p
if p=qthentotal[n] :=total[n] + 1
elsetotal[n] := total[n] + 2
fi
fi
else
FindPossibl¢ActualPos, FuturePgs
while RightPartCanBeExpandédctualPos, FuturePgs
and BdrHexgns< hdo
ExpandRightPalfuturePos, updat@drHexgns);
CalcNewFuturePg#\ctualPos, FuturePgs
od
fi
end;
procedure ExpandLeftPartActualPos, BdrHexgns
begin
if EndOfLeftParthen
ExpandRightPafRightinitPogq), updCreditBdrHexgns)

else
FindPossibl¢ActualPos, FuturePgs
while LeftPartCanBeExpand¢ActualPos, FuturePgs
and BdrHexgns< h do
ExpandLeftPait-uturePos, updat@drHexgns);
CalcNewFuturePo#\ctualPos, FuturePgs
od
fi
end,
begin

inicijalizuj Cagéh);
postavi totall...h] na0;
for g:=0toh—1do
inicijalizuj klju€ni heksagon na y-o§i);
ExpandLeftPaitl_eftinitPogq), InitBdrHexgnsq))
od
end

Slika 5.9: Tr&a verzija algoritma
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OSCILACIJE

Kretanje koje se ponavlja u jednakim vremenskim razmacima se naziva periodicnim
kretanjem. Posebna vrsta periodicnog kretanja je oscilovanje. Pri oscilovanju se materijalna
tacka krece oko ravnoteznog polozaja tj. prelazi istu trajektoriju najpre u jednom a zatim u
suprotnom smeru. Posle odredenog vremenskog intervala koji se zove period (T), materijalna
tacka ponavlja celo kretanje. Trajanje jednog potpunog oscilovanja je T 1 za to vreme telo dva
puta prode kroz ravnotezni polozaj.

Uzmimo primer sistema opruga+masa (Slika 1.) Kada sistem izvedemo iz ravnoteznog

polozaja i pustimo, sistem pocinje da osciluje.

s //
|
l+s
<7
s:o—i *_7[)0[05;]]; .
ravno
m ravnoteze { <‘F JL
mg : "
ymg
a) b) c)
Slika 1.

Rezultujuca sila koja prouzrokuje oscilovanje je vektorska suma sile elastiCnosti opruge i

tezine tela mase m .
F=mg—k(s+1-1,)=k(l-1,)-k(I—1,)— ks
F =—ks

gde je s pomak iz ravnoteznog polozaja (elongacija) a k pozitivna elasticna konstanta

opruge.
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Ovako dobijen sila je elasticna ili harmonijska sila koja je proporcionalna pomeranju
s iz poloZaja ravnoteze i suprotnog je smera i ima op$ti naziv restituciona sila. Sistem koji
osciluje pod dejstvom restitucione sile se zove harmonijski oscilator.

Matematicki je najjednostavnije opisati harmonijsko oscilovanje pomoc¢u harmonijske
funkcije. Mnoga oscilatorna kretanja u prirodi se mogu aproksimativno opisati preko kretanja
harmonijskog oscilatora.

Kao primer opisa¢emo model

e oscilovanja elasti¢ne opruge,

e matematicko klatno i

e elektricno LC kolo.
Ukoliko se kretanje odvija duz jednog pravca, govorimo o linearnom harmonijskom
oscilatoru. Da bi se utvrdilo kako se kre¢e harmonijski oscilator moramo resiti jednacinu

kretanja:

—

F=mda i F=-kd suistesile tako da dobijamo izraz:

2

X
—kx = md—2 odnosno
t

d*x k
T2 T x=0
dt> m

. . . . : ” . : : k 2
koja se naziva diferencijalna jednacina harmonijskog oscilovanja, a —=wm, sopstvena
m

kruzna frekvencija harmonijskog oscilatora.
Prema teoriji diferencijalnih jednacina postoje dva linearno nezavisna resSenja

jednaline (sinw,yt) 1 (coswyt) a opSte reSenje je linerana kombinacija ta dva nezavisna
resenja.

x(¢) = asin wyt +b cos w,t
Zamenimo lida je a = Acos¢ 1 b= Asin¢ izraz dobija oblik:

x(¢) = Acos @sin wyt + Asin pcos w,t

x(t) =A sin(a)ot + go)
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(wot + @)- faza

27
= );
@,

x(t) - elongacija; A- amplituda; @,- kruzna frekvencija (T

=0.

oscilovanja; ¢ - pocetna faza u trenutku t

Prvi izvod elongacije po vremenu daje brzinu oscilatora:

Aw, cos(a)ot + (p)

dx
)=

t
Drugi izvod elongacije po vremenu daje ubrzanje oscilatora.

(

v

Promena ovih funkcija prikazana je na Slici 2.

Slika 2.
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ReSenje diferencijalne jednacine kretanja harmonijskog oscilatora 1 sli¢nih
diferencijalnih jednacina joS se jednostavnije moze odrediti predstavljajuci reSenje u obliku
kompleksnog brojeva.

Svaki kompleksan broj z = x+iy se moZe prikazati u polarnim koordinatama:
z :|z|-ei‘” gde je |z| =Jyx’+y? igp= arctgi Uzimajuéi u obzir Ojlerovu relaciju
X

e'” = cos @ +isin @ mozemo dobiti sopstvenu kruznu frekvenciju oscilatora iz diferencijalne
jednacine kretanja za proizvoljno pomeranje s :
2
d’s k
>+ —s=0
dt= m

-4 i(ot+p) .
zamenom predenog puta S\f)= Ae 1 njegovog drugog izvoda po vremenu u tu

. ey . k
jednacinu §to nam daje rezultata @, = ,|— .
m

s(t) = Acos(wyt + @) - je realni deo resenja diferencijalne jednagine
s(t) =A sin(a)ot + go) - je imaginarni deo reSenja diferencijalne jednacine.

Budu¢i da su reSenja matematicki ekvivalentna u fizici se bira jedno od njih.
Matematicko klatno

Malo telo mase m koje osciluje obeSeno o nerastegljivu laganu nit duzine / ¢iju masu

zanemarujemo se zove matematicko klatno (Slika 3)
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Slika 3.
Matematicko klatno harmonijski osciluje samo za male amplitude. Za veée amplitude
oscilovanje nije harmonijsko. Jednacina kretanja klatna je:

ma; = —mg sin G

i gde je i

Razvoj funkcije u red:

3 5 7 2n+1
sing=9-2 &9 . (- n 3
31 51 7!

daje u prvoj aproksimaciji reSenje kao za linearni harmonijski oscilator:

: 2 [
3 =9, sin(wyt + @) Tza)_ﬂzzﬂ .
0

Za veée amplitude sin% se ne moze aproksimirati uglom pa se jednacina kretanja ne moze
tako jednostavno resiti. U tom slucaju je izraz za period oscilovanja dat u obliku beskona¢nog

reda:
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Posto se ¢lanovi reda brzo smanjuju, Cesto je pri izraCunavanju perioda dovoljno uvesti prva
dva ili tri ¢lana reda a ostale zanemariti. Dobijeni rezultat je tada u granici greSke merenja

perioda oscilovanja. Cesto primenjivana formula je i preko perioda oscilovanja za male

oscilacije koji oznacavamo sa T ;=27 \/z . Tada je:
g

T =T, 1+lsin2£+isin4£+ .....
4 2 64 2

Primer:
Koliki je period oscilovanja matematickog klatna duzine 1 m za amplitude:
a) 6° ,b) 15° c)60°

Kolika je relativna greska ako u poslednja dva slucaja pretpostavimo da period ne zavisi od

amplitude? (g =9.80665 sﬁz 7 =3.141593)

ReSenje:

a) 3=6" (0.1047rad) sin$=0.1045 Posto se radi o malom uglu umesto sin.$ mozemo

uzeti ugao i izra¢unati period oscilovanja po formuli: 7 =27 \/z =2.00641s
g
b) 9=15° (0.2618 rad) sin9=0.2588

T= 27[\/2[1 +%sin2 %+ ..... J =2.0064(1+0.0041)=2.015 s
g

Kada bi se period oscilovanja ra¢unao izrazom za male oscilacije greska bi iznosila:

AT _2.015-2.0064 _
T 2.0064

0.4 %

c) 3=60° (1.047 rad) sin$=0.866
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0 0
T=2rx L 1+lsin2ﬂ+lisin4£+....
g 4 2 416 2

T =2.0064(1+0.0625+0.0088+....)=2.15s  Relativna greska ako bi se period radunao

izrazom aza male oscilacije bi iznosila:

AT _ 2.15-2.0064
T 2.0064

=6.7 %

ELEKTRICNO OSCILATORNO KOLO (LC)

Jedan od najvaznijih primera oscilujuéeg sistema imamom kod elektriciteta. Pojam
naizmenicne struje nije niSta drugo nego oscilujuca elektricna struja. Ukoliko formiramo
strujno kolo koje se satoji od solenoida induktivnosti L i kondenzatora kapaciteta C (slika
4.) mozemo napisati analognu diferencijalnu jednac¢inu kao kod mehanickog harmonijskog
oscilatora.

Napon na kondenzatoru kapaciteta C je

v, =2

= ) gde je QO naelektrisanje kondenzatora. Struja kroz kolo koje sadrzi taj kondenzator

je I =C;—Q ili Q:—jl dt gde znak minus oznaCava da struja te€e u takvom smeru da
t

smanjuje naelektrisanje kondenzatora. Indukovani napon na zavojnici (solenoidu) iznosi:

dl
v, =-L%
L dt

Posto je zbir padova napona u zatvorenom strujnom krugu jednak nuli dobijamo relaciju:
2
dl d
—L—+ Q =0 —L 2Q + e =0
dt C dt= C

To je upravo i diferencijalna jednacina oscilatornog kretanja spirane opruge tako da resenje

dobijamo u istom obliku:
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0 = Oy sin(@y? + ¢) Wy = (ijz

Promena naelektrisanja Q moZe se povezati sa promenom struje i dobiti izraz za promenu

Oscillation period:
T=0314s

Undamped oscillation

Slika 4.

jacine naizmenicne struje. Naravno ovaj primer je samo za idealno LC kolo. U svim realnim
- . - . L. o .. ..
strujnim kolima postoji i termogeni otpor R na kojem je pad napona R/ = R— i koji u

diferencijalnoj jednacini dodaje linearni ¢lan i menja reSenje slicno kao i u jednacinama

kretanja mehanickih oscilatora ukoliko se uzme u obzir sila trenja.

ENERGIJA HARMONIJSKOG OSCILATORA

Pri oscilovanju materijalne tacke dolazi do stalnog prelaza kineti¢ke energije u

potencijalnu i obrnuto.
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Izraz za kineticku energiju harmonijskog oscilatora moze se dobiti iz poznatog oblika

promene puta u toku vremena:
s(t) = Asin(w,t + @)
a koriS¢enjem izraza za kineticku energiju materijalne tacke mase m
2 2
my kA

E, = ST, cosz(a)ot+¢))

Kada na materijalnu tacku mase m deluje elsticna sila F' = —ks njena potencijalna energija je

jednaka radu te sile pri pomaku tacke za elongaciju s iz ravnoteZznog polozaja.
2 2
ks kA
E pu— ju—
)

Ukupna energija harmonijskog oscilatora je :

sin’(wyt + @)

2

2
E=E, +E, =k§ cosz(a)ot+(p)+sin2(a)0t+(p)]=%

Graficki prikaz promene kineticke i1 potencijalne energija dat je na slici 5.1 6. U svakom

trenutku (za svaku elongaciju oscilatora) ukupna energija je konstantna £ = E; + E, = const.

E A
: A ™ 7 E=E#E,
\ 1\ P ro E
\ ;o\ o / \ "
\ / \ / \ / \
\ / \ /
\ / \ ;‘ \ ';' b
\ \
DR ‘.\ / v \\ / ED
\ .'! 5 : "\ :! ol
Ay T T 4 Y - u \-.*!— ¥ e
A 37 T 37 2T ¢t
4 2 4 Z
Slika 5.
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Slika 6.

SLAGANJE HARMONIJSKIH OSCILATORA

Prikaz harmonijskog oscilatora pomocu rotirajuceg vektora

Harmonijsko oscilovanje mozemo povezati sa jednolikim kretanjem po kruznici (vidi

sliku 7).

Slika 7.
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Projekcija rotiraju¢eg vektora duzine A na x 1y osu pravouglog koordinatnog sistema u ravni

je:

x=A cos(a)ot + (p) y=A sin(a)Ot + (p)

Neka tacka koja se jednoliko krece po kruznici ima projekciju, na bilo koji pre¢nik kruznice,

koja harmonijski osciluje. Vektor 04 koji spaja koordinatni pocetak i1 tacku A se zove
rotirajuci vektor (fazor).

Pri istovremenom dejstvu viSe razli€itih restitucionih sila na oscilator, on ¢e vrsiti
slozeno kretanje, koje je po principu nezavisnosti dejstva sila, geometrijski zbir pojedinacnih

oscilacija.
X, = 4, cos(a)lt + gol) X, =4, cos(a)zt + go)
Rezultujuce kretanje u opsStem slucaju moze da se izrazi kao zbir harmonijskih oscilacija:
X=Xx +x, =4 cos(a)lt + @ )+ 4, cos(a)zt + goz)

Matematicki je reSenje ovoga izraza slozeno jer sadrzi Sest nezavisnih veliina

(Ay, A4y, 01,0, ,01,0,)

SLAGANJE DVA HARMONIJSKA OSCILATORA ISTOG PRAVCA, SMERA 1
JEDNAKIH PERIODA

Matematicka forma ovih oscilatora i njihovog zbira je sledeéa:
s, = A, cos(wt+p,) s, = A, cos(wt+p,)
§s=8+5, =4, cos(a)t + @, )+ A, cos(a)t + (pz)

Analiza ovog kretanja se pojednostavljuje pomocu vektorskog dijagrama odnosno

amplitudnog rotirajuceg vektora (Slika 8.).
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A=A, +A4, i @, — @ =const

slem

Slika 8.

Analogno se moze slagati i veéi broj koherentnih harmonijskih oscilatora iste kruzne

frekvencije:
s = A, cos(wt + @, )+ A, cos(@t + @, )+ A; cos(@t + @3 )+ .......... A cos(wt + ;)

i reSenje se dobija u obliku:
s = Acos(a)t + (p)

gde se rezultujuca amplituda dobija kao intenzitet rezultante vektora dobijenog sabiranjem

vektora amplituda, a poCetna faza ¢ odgovara uglu koji taj rezultuju¢i vektor zaklapa sa

X 0som.
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SLAGANJE HARMONIJSKIH OSCILOVANJA ISTOG PRAVCA I SMERA ALI RAZLICITIH
PERIODA. OSCILATORNA KOLEBANJA

Kretanje oscilatora koji se sabiraju se moze predstaviti pomoc¢u harmonijskih funkcija

oblika:

s = Acos(a)lt + goo) Sy = Acos(a)zt + gpo) W, — o, {{ o+,

Rezultujuée oscilovanje je zbir dve kosinusne funkcije koji se moze tranformisati pomocu

poznae relacije za zbir kosinusa dva ugla:

a+'gcosa_’8
2 2

Rezultujuée oscilovanje se tada moze predstaviti funkcijom (Slika 9):
s =2Acos Tr COS Tt + @,

Zbog pocetnog uslova za razliku kruznih frekvencija, mozemo uvesti novu funkciju amplitude

cosa +cos S = 2cos

koja zavisi od vremena i ima oblik:
A(l): 24 cos%t 1 koja predtavlja amplitudu rezultujuéeg oscilovanja. Amplituda se

menja sa vremenom sa frekvencu om Wy=—— odnosno perlodom

TA:2_7Z': 4r

w, >0 T,— o
Wy )~ 0

Sto znaci da amplituda takvih oscilacija tezi konstantnoj vrednosti 24 koja ne zavisi od
vremena (Slika 9.).

Drugi jednostavan sluc¢aj dabiranja dva ili viSe harmonijskih oscilovanja istog pravca, deSava
se kad se periodi odnose kao celi brojevi. U ovom slucaju rezultujuce oscilovanje ¢e imati
period kao 1 komponentno oscilovanje sa najve¢om periodom, samo ¢e njegov oblik biti vrlo

slozen.
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Slika 9.

PREDSTAVLJANJE NEHARMONIJSKIH OSCILATORNIH PROCESA POMOCU
HARMONIJSKIH OSCILACIJA

Ukoliko saberemo viSe harmonijskih oscilovanja ¢ije su frekvencije celobrojni
umnosci neke osnovne frekvencije , dobijamo rezultujue oscilovanje koje vise nije
jednostavna harmonijska funkcija ve¢ slozena periodi¢na funkcija f (t), koja se ponavlja
nakon perioda T .

Ukoliko uzmemo oscilatorna kretanja prikazana relacijama:
s, = 2sin ot s, =sin3wt
tada je njihov zbir jednak:
§s=s8 +5, =2sinwt+sin3wt

27
4

Rezultujuce oscilovanje viSe nije harmonijsko ali je periodi¢na funkcija perioda =1

(Slika 10.).
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Slika 10.
Frekvencija @ se zove osnovna frekvencija a celobrojni umnoSci ove frekvencije

2w, 3w, 4@......no,.... zovu se visi harmonici. Sabiraju¢i jednostavne harmonijske oscilacije

¢ije su frekvencije celobrojni umnosci osnovne frekvencije, mozemo uzimajuéi odgovarajuéi

broj visih harmonika sa odabranim amplitudama, dobiti bilo koju periodi¢nu funkeiju. Primer
je dat na slici 10.a.

Isto tako se svaka periodi¢na funkcija f (t) perioda 7 moze izraziti beskona¢nim

redom harmonijskih ¢lanova:

f(t)= Qo i(an cosnwt +b, sinnwt)

n=1

To je poznati Furijeov red za periodi¢nu funkciju f (t) s periodom T :2—”. U praksi se
@

amplitude ¢lanova viSeg reda sve vise smanjuju tako da se Furijeov red ¢esto sastoji od samo

nekoliko ¢lanova.
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Slika 10.a.
Furijeovi koeficijnti dati su formulama:
2 T
a, :?jf(t)cosna)tdt n=0,1,2,....
0
2 T
b, :?J.f(t)smna)tdt n=123....
0

Rastavljanje nesinusne periodi¢ne funkcije na njene harmonijske komponente se
naziva spektralna analiza.
Graficki prikaz amplitude kao funkcije frekvencije zove se spektar periodi¢nog

nesinusnoh oscilovanja. Takav spektar je diskretan i sastoji se od frekvencija w,2,3m,....
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Primer 1:
Na slici 11. je prikazana testerasta kriva. Tako se prikazuje jacina struje u vertikalnom

otklonu snopa elektrona koji pada na ekran televizora.

f(t) A

NN

Slika 11.

. ey e . ‘. . 2 . oL
To je periodi¢na funkcija ¢ija se jednacina u intervalu {0, —} moze napisati kao:
@

f()=-2¢+1
T

Ova funkcija se moze prikazati kao suma harmonijskih oscilovanja odnosno moze se razviti u

Furijeov red:

f(t)= Qo i(an cosnwt +b, sinnwt)
n=l1

Pomocu date formule mozemo izracunati Furijeove koeficijente:

2% o
a, :—J. ——t+1|cosnwtdt =0
ro\ =

250w 2
b :—I(——t+1jsinnwtdt:—
T0 T nr

Furijeov red za testerastu funkciju prikazanu na slici 11. glasi:

2( . sin2wt sin3wt sin 4wt
f(¢) = =| sin ot + + + Foren
T 2 3 4

Sto vise ¢lanova reda uzmemo u obzir dobiéemo bolju aproksimaciju. Na Slici 12.a. prikazan

je zbir prva Cetiri ¢lana reda a na Slici 12.b zbir prvih deset ¢lanova reda. Diskretan spektar sa
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vrednostima koeficijenata b, koji predstavljaju amplitude pojedinih harmonika prikazan je na

Slici 12.c.
f(t) 4
1 -4
~
0,51 /// N
L=~ h
ié(:\\ RN = /NN
N ANV O\ W —
RAANEINDZA 2n wt
L \\ // \\
= \
-0,5
== 1-
fit) 4
1 1
05 -
0 7T 27T ot
-0,5
e 1 4
b.A
200 400 600 800 1000 nf,/Hz
Slika 12.
Primer 2.

Odrediti funkciju f (t) = (sin wt — %sin 3ot + %sin Sa)tJ u intervalu 0 ( @t (27 sabirajuci

pojedine harmonijske oscilacije. Zadata funkcija je zbir tri harmonijske oscilacije razliitih
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amplituda i frekvencija @, 3w, 5. Ako nacrtamo oscilacije i saberemo ih Slika 13.a.

Dobijamo periodo¢nu nesinusoidalnu funkciju perioda 2z .

frt) A
£ =S
7N 51+ 5,+5;
/ \
/ \
/ \
,", \
\
0]5 1] / \
/ \
/ \
i \ NS f\
AR ] -
T T 1 T L
o y\’ ! T 21 wt
VA N
i
)
\\ ]
-0,51
_.1 iy
Slika 13.a

Ako umesto prva tri ¢lanaza funkciju f (t) saberemo veliki broj ¢lanova reda kao S§to se vidi

na slici 13.b. Tada ¢emo dobiti periodi¢nu funkciji oblika

f(t):% za 0(owt (27 1

f(t)=—% za w{wt{2rx

Diskretni spektar ovog oscilovanja prikazan je na Slici 13.c.
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f(t) A
1- 1f:‘n:':lt:ln::u\.u:l reda 500 élanovareda
...\
V vV vV \J
05
3 2m wff
-051
. /
Slika 13.b
ba
1
0,51
@y 3wy Sun Tan Swr NW13un 15w 117w 19w Wh
Slika 13.c.

FURIJE ANALIZA NEPERIODICNIH FUNKCIJA

Ukoliko se neperiodicne funkcije analiziraju Furijeovom metodom tada umesto

diskretnog spektra imamo kontinuirani spektar frekvencija.
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Kretanje moZe biti oscilatorno ali da nema periodi¢ni karakter. Takvo aperiodi¢no kretanje
(neprimer priguseno oscilovanje) ne moze da se razvije u Furijeov red sa neprekidnim nizom
frekvencija koje su celobrojni umnozak osnovne frekvencije @. Ovakvo kretanje moze da se
razlozi na beskonaCan niz harmonijskih oscilatornih kretanja, pri ¢emu se frekvencija

«susednih» oscilacila beskona¢no malo razlikuje jedno od druge a amplituda A4,

pojedina¢nih elementarnih oscilacija, beskona¢no su male.
1% +00
F(owt)= —jda jF(@)cos a (0-ot)do
T
0 —o0

Takvom oscilovanju graficki ne odgovara «linijski spektar» ve¢ «neprekidni spektar», Sto

znaci da postoje oscilacije sa svim frekvencijama.
REZONANCIJA

Sta bi bio fizi¢ki smisao razlaganja neharmonijskog procesa na harmonijske?
Pretpostavimo da je zavisnost nekog procesa od vremena predtavljena funkcijom f (t) koja se
moze razloziti u Furijeov red.

e 0]

fle)= Z(An cosnwt + B, sinnwt)
n=0

Za registrovanje samo jednog ¢lana reda zasebno (jednog harmonika) treba podesiti takve
uslove eksperimenta pri kojima bi se ispoljio samo taj harmonik. Pretpostavimo da je f (l)
prinudna sila , koja deluje na sistem (rezonator), koji moze da vrs$i prinudno oscilovanje. Neka
taj rezonator ima sopstvenu frekvenciju oscilovanja koja se podudara sa frekvencijom kw
jednog od harmonika reda. Ako je rezonantna kriva rezonatora tako oStra da frekvencija
susednih harmonika (k + l)a) leZe u oblasti malih amplituda prinudnog oscilovanja, rezonator
¢e prakti¢no vrsiti oscilovanje samo sa frekvencijom k@ i amplitudom koja je proporcionalna
amplitudi harmonika. Menjajuéi rezonantnu frekvenciju rezonatora mogu se sukcesivno
stvarati uslovi za registrovanje ostalih harmonika iz reda.

Ovakve pojave se srecu kod uredaja za analizu spektralnog sastava nekog fizickog

procesa, na primer, svetlosti ili zvuka ili elektri¢nih oscilacija.
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SLAGANJE UZAJAMNO NORMALNIH HARMONIJSKIH
OSCILACIJA

Ukoliko sabiramo uzajamno normalne oscilacije, rezultuju¢e kretanje se mozZe opisati

na slede¢i nadin:

X=a cos(a)t + (pl)
y=a, cos(a)z‘ + (pz)

2 .
T+ L2 cos(p, — ) =sin®(p, — )

Jednacina predstavlja jednacinu elipse Cije su karakteristike zavisne od fazne razlike ((02 - (01)
ukoliko amplitude oscilovanja @, i a, imaju odredene vrednosti.
a) Nekaje ¢, —@, =0ili 2kn  k=123,....

Jednacina kretanja tada ima oblik:
2
a . .
(i - lj =0 y=—2x odnosno jedna¢ina prave.

Ovakvo oscilovanje se naziva linearno polarizovano. Polozaj tatke u odnosu na

koordinatni pocetak se izrazava relacijom:

s = \/x2 + y2 = \/al2 + a22 cos(a)t + go)
b) Neka je fazna razlika komponentnih oscilacija ¢, —¢, =7 ili (Zk + l)7z
Jednacina kretanja tada ima oblik:

2 2

2
E. A 2y =0 ili (i + lj =0 y= ~h koje reprezentuje linerno kretanje ili

2 2
a; a, aa, a,

jednacinu prave koja prolazi kroz II 1 IV kvadrant koordinatnog sistema, odnosno razlikuje se

od prehodnog kretanja po koeficijentu pravca prave.
c) Neka je fazna razlika komponentnih oscilacija ¢, — ¢, = %

Tada je reSenje jednacine oblika:
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2 2
Y o1 To je jednacina elipse Cije su poluose jednake amplitudama komponentnih

oscilacija. Ovakvo oscilovanje se naziva elipticno-polarizovano (Slika 14.)
U slucaju da su amplitude komponentnih oscilacija jednake a, = a, = a jednacina prelazi u:

2

x> +y%=1 $to predstavlja jednadinu kruga a oscilovanje se naziva cirkularno-

polarizovano.

Slika 14.
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Lisazuove figure su krive linije koje predstavljaju putanje materijalne tacke koja istovremeno

osciluje u dva medusobno normalna pravca. U opStem slucaju: amplitude, periode i fazna

razlika komponentnih oscilacije mogu biti razlicite.

Promena odnosa amplituda izaziva promenu oblika elipse od kruga do prave.

Promena fazne razlike Ap = ¢, — ¢, izaziva promenu elipse rezultujuce putanje i po

obliku i po orijentaciji.

Razlika perioda izaziva neprekidnu promenu fazne razlike koja uti¢e na deformaciju

elipse dajuci vrlo komplikovane figure (Slika 15.)
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TALASI

Pojava Sirenja oscilovanja u nekoj sredini naziva se falas. Ako se tacka koja osciluje
nalazi u materijalnoj sredini ¢iji su deli¢i povezani medu sobom tada se energija oscilovanja
tacke predaje okolnim tackama izazivajuéi njihovo oscilovanje. Pri Sirenju oscilovanja,
oscilujuci deli¢i se ne premestaju zajedno sa prostiranjem oscilovanja, nego osciluju oko

svojih ravnoteznih poloZaja. Ako deli¢ osciluje po pravoj duz koje se Siri talas, takav talas se

zove longitudinalan.
Ako je oscilovanje deli¢a normalno na pravac prostiranja talasa, takav talas se zove

transverzalan.

-
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Ako u materijanoj sredini ne postoje sile elasti¢nosti pri medusobnom pomeranju paralelnih
slojeva, tada se transverzalni talasi ne mogu obrazovati. Tecnosti i gasovi predstavljaju
sredine u kojima se transverzalni talasi ne prostiru. Ako u sredini nastaju sile elasti¢nosti pri
deformaciji sabijanja i istezanja, u takvoj sredini se mogu S$iriti longitudinalni talasi (te¢nosti,
gasovi i ¢vrsta tela).

Rastojanje koje odredena faza oscilovanja prede u jednom periodu oscilovanja, naziva
se talasna duzZina A. Talasna duZina predstavlja najmanje rastojanje izmedu tacaka
sredine koje osciluju u istoj fazi. Pod brzinom prostiranja talasa podrazumeva se fa zn a
brzina V. Pocetna faza se za vreme jednako periodu T pomerilo za rastojanje

jednako talasnoj duzini A.

Geometrijsko mesto tacaka do kojih je u nekom vremenu doslo oscilovanje nazivamo talas
nim frontom. U materijalnoj sredini mozemo izdvojiti geometrijsko mesto ta¢aka koje
osciluje sa istim fazama. Ovaj skup tacaka obrazuje povrsSinu istih faza ili tzv, talasnu
p o vr$in u Talasni front je poseban slucaj talasne povrSine. Na slici 16. dat je primer
Sirenja talasa na povrSini vode u talasnoj kadi (koja sluzi za demonstriranje prostiranja talasa
u materijalnoj sredini). Vidi se nailazak ravnog talasa (tamne i svetle uspravne pruge pre
otvora) na otvor koji po Hajgensovom principu postaje izvor novog sfernog talasa ¢iji se

kruzni oblik talasnog fronta (povrSine) formira posle otvora na koji je naiSao poremecaj.

|

)

Slika 16.
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TALASNA JEDNACINA

Talasni proces Ce biti poznat ako se zna vrednost x u svakom trenutku za svaku tacku

prave duz koje se talas prostire. Treba znati pomeranje x kao funkciju vremena i koordinata

0 —m—vy |
ey X\ii T T T
y 1
L'A
ravnoteznog polozaja tacke.Ako sa O ozna¢imo koordinatni pocetak i1 centar oscilovanja

Slika 17.

(Slikal7.) tada se oscilacije u toj tacki izvode po zakonu:

X=acos wt
gde je a-amplituda oscilovanja, w-kruzna frekvencija, t-vreme racunato od pocetka
oscilovanja. Oscilacije koje se Sire od tacke O do¢i ¢e do tacke A posle vremena t:

2

14
gde je V brzina prostiranja poremecaja (talasa) u datoj materijalnoj sredini.
Tacka A pocinje da osciluje sa vremenom 1 kasnije od tacke O. Smatrajuéi da se talasi
koji se Sire duz posmatrane prave ne prigusuju, dobijamo da tacka A kada talas dode do nje

pocinje da osciluje sa amplitudom a i kruznom frekvencijom o po relaciji:
x=acoswt’
t - vreme racunato od trenutka kada je tacka A pocela da osciluje ¢’ =¢—7

x=acosa)(t—r)

x:acosa)(l‘—lJ
%

koja predtavlja jednacinu ravnog talasa koji se $iri u pravcu y . Ako zamislimo ravan talas

koji se prostire u smeru suprotnom od smera u kome raste rastojanje y tada je:

x:acosa)(z‘+lj
V
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Talas ima 1 prostornu i vremensku periodi¢nost. Dati deli¢ sredine koji se odlikuje odredenom

vrednos¢u y, vrs$i u toku vremena harmonisko oscilatorno kretanje:

x=acosa)(t—lj=acos(a)t—a) a=2Y 2772
V 4 A

Veli¢ina a je konstanta za datu tacku i predstavlja pocetnu fazu oscilovanja u toj tacki. Dve

tacke kojima odgovaraju odstojanja y,1 y, od koordinatnog poc¢etka imaju razliku faza:

_o 227N

a, —a
279
A

Dve tacke koje se nalaze na medusobnom rastojanju koje je jednako talasnoj duzini A:

v, =y =A4 imaju faznu razliku a, —a, =2z . Takve tacke osciluju u istoj fazi. Za tacke
oo o A o . . y

¢ije je medusobno rastojanje y, —y, = 5 fazna razlika iznosi «, —a; = 7 1 za takve tacke
se kaze da osciluyju u suprotnim fazama. Kod sfernih talasa (Slika 18.) amplituda se

. . . . . . a r
smanjuje obrnuto proporcionalno rastojanju r od izvora oscilovanja: x =—cos a)(t - ;J
r

thpoHT
Tanaca

TanacHu
BEKTOp
E

TAnacHa T
Oy#WHE —= 6

j//
7

Slika 18.
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DINAMIKA PROSTIRANJA OSCILACIJA U ELASTICNOJ SREDINI

U materijalnoj sredini ¢e se Siriti one oscilacije koje su uslovljene pomeranjem
izazvanim elastichom deformacijom te sredine. Izaberimo niz taaka koje pripadaju
neprekidnoj sredini i leZe na jednoj pravaoj duz koje se $iri longitudinalni talas. Pomerenje
neke tacke, koja lezi na toj pravoj, od ravnoteznog poloZaja oznaCimo sa x. Rastojanje

izmedu tac¢aka duz te prave ozna¢imo sa y . Pomeranje tacaka na rastojanju dy menja se za

Slika 19.

veli¢inu dx (Slika 19.): ? =5 gde je s relativna deformacija sredine. Kada je s > 0
Y

rastojanje izmedu tacaka se povecava §to oznacava istezanje sredine, dok je s < 0 rastojanje
izmedu tacaka se smanjuje tj. sredina se sabija. Imajuci u vidu talasnu jednac¢inu moze se naci

veza izmedu relativne deformacije i brzine poremecaja:

dx . ( yj
V=—=—aosmawo|t——
dt V
s =é=%sina)(z‘—lj
dy V V
dx dx

it dy
Deformacija sredine po apsolutnoj vrednosti je najveca u onim tackama u kojima je brzina

oscilujucih Cestica najveéa u oblasti u kojoj tacka prolazi kroz ravnotezni polozaj.

X zacosa)(t—lj
v

dvostrukim diferenciranjem po vremenu i po poloZzaju mogu se dobiti relacije:

d*x 2 y . d*x aw*
—5 =—aw cosw|t—— 1 =T
dt V dy 14

Iz talasne jednacine:

oS a)[t - %) koje su povezane

diferencijalnom jednacinom talasnog kretanja:
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Resenje ove jednacine opisuje Sirenje talasnog kretanja proizvoljnog oblika, brzinom V u

nekoj materijalnoj sredini.

INTERFERENCIJA TALASA

U nekoj materijalnoj sredini mogu da se istovremeno Sire oscilacije koje polaze iz
raznih centara oscilovanja (Slika 20.). Ako se dva razliita sistema talasa, koji polaze iz
razli¢itih izvora poklaapaju u nekoj oblasti, a zatim ponovo razilaze, tada ¢e se svaki taalas
dalje kretati kao da se nisu ni sreli. To je princip superpozicije.

U oblasti poklapanja talasa, oscilacije se superponiraju jedna na drugu i nastaje
interferencija talasa.

Kada izvori talasa osciluje istom frekvencijom, imaju iste pravce oscilovanja i iste
faze ili stalnu faznu razliku, takvi izvori se nazivaju koherentnim. Ovakvo slaganje

oscilovanja se naziva interferencijom koja potice od koherentnih izvora.
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Difference of path lengths: As=0023
Constructive interference {maximal amplitude)

b)
Slika 20.

ZVUCNI TALASI

Zvuéni izvori emituju zvucne talase u okolni prostor. Ukoliko je sredina u kojoj se
zvulni izvor nalazi izotropna, zvucni talasi se prostiru istom brzinom u svim pravcima. Kada
se zvucni talas Siri, prenosi se mehanicki poremecaj sredine koji je nastao u izvoru zvuka.
Kako se na ovaj nacin vrsi prenoSenje energije od zvuc¢nog izvora kroz okolnu sredinu, to se
kaze da izvor ’zra¢i’ zvu¢nu energiju u okolnu sredinu.

Ljudsko uho cuje oscilacije koje se prenose kroz materijalnu sredinu u rasponu frekvencija
priblizno 20 do 20000 Hz i za mehanicke talase tih frekvencija kazemo da su zvucni talasi.
Mehanizam prostiranja zvucnih talasa u svin agregatnim stanjima je da su to longitudinalni
talasi, koji delujuéi na Covekovo uho izazivaju u svesti osecaj cuvenja. Razlikujemo tri vrste
zvuka:ton, Sum i prasak.

Ton nastaje periodicnim oscilovanjem izvora. Ako je oscilovanje harmonijsko nastaje prost ili
Cist ton Cije se prostiranje opisuje jednadinom ravnog talasa. SloZenom tonu odgovara
anharmonijsko oscilovanje koje moze biti razloZeno na harmonijsko. Skup svih prostih tonova
odredenih frekvencija i amplituda daje akusticni spektar, koji je vazna fizicka osobina

slozenog tona. Prost ton nastaje oscilovanjem zvucne viljuske (Slika 21.), zategnute Zice,
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metalnog Stapa, vazduSnog stuba itd., dok slozene tonove mogu proizvesti muzicki
instrumenti, glasovni aparati ¢oveka 1 Zivotinja, itd.

Sum je zvuk koji se sastoji od oscilacija sloZene neperiodi¢ne prirode. MoZemo ga posmatrati
kao neperiodi¢no promenljivi slozeni ton. Nastaje glasnim govorom vise ljudi, vibracijama
(Slika 19) i pri radu masSina, kao i u saobracaju.

Prasak (zvucni udar) predtavlja sloZzeni zvucni talas koji naglo nastaje (pucanj, eksplozija) i

brzo dostize maksimum intanziteta da bi isto tako nestao bez ponavljanja.

PURE SOUND:

VAVAVAVAV

NOISE:

Slika 21.

Odgovor uva na zvucne talase zavisi od promene viska pritiska vazduha ili sredinu kroz koju
se poremecaj prostire, a ne od promene pomeranja oscilatora. Neki tipovi mikrofona td.
Deluju na principu promene pritiska. Upravo stoga je korisno da se talas posmatra kao talas
pritiska a ne kao talas pomeranja.
p=-B%
dy

Ako pomeranje u materijalnoj sredini prikazemo relacijom:
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x = asin (ky - wt)

. o 2r . . . . o
gdeje k= =7 intenzitet talasnog vektora, dobijamo izraz za lokalnu promenu pritiska
p= —kBacos(ky— a)t)
gde kBa predstavlja maksimalni viSak pritiska ili amplitudu pritiska p,,

p=-p, cos(ky - ot)

ZVUCNI UDARI
Stacionarni talasi u vazdu$nom stubu mogu se navesti kao primer interferencije talasa.
Oni nastaju kada se dva talasna niza iste amplitude i1 frekvencije krecu kroz istu oblast

prostora u suprotnim smerovima (Slika 22.).

Slika 22.
Moze se posmatrati i druga vrsta interferencije koja nastaje kada se kroz istu oblast
prostora krecu dva talasna niza jednakih amplituda ali razli¢itih frekvencija. Amplituda
rezltujuceg oscilovanja se menja sa vremenom. Ove promene prouzrokuju promene u

subjektivnoj jacini zvuka koji se naziva zvucnim udarima.

1

., . . .. Wt . .
Rezultujuée oscilovanje ima frekvenciju Tz Amplituda se menja sa vremenom

1

sa frekvencijom % Ako su frekvencije @, i o, bliske tada je njihova razlika mala i
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amplituda fluktuira vrlo sporo. Kada je amplituda velika, zvuk je jak a kada je mala zvuk je
jako slab. Zvuéni udari ili maksimumi amplitude se pojavljuju kada je cos%t ==1.

Posto se svaka od ovih vrednosti pojavljuje u jednom periodu, broj udara u sekundi jednak je

razlici frekvencija talasa.
FURIJE ANALIZA TALASNOG KRETANJA

Kod oscilatornog kretanja je pokazano da se svako periodi¢no kretanje (periodi¢na
vremenska funkcija) moze prikazati kao zbir sinusnih (harmonijskih) funkcija frekvencije o,
20, 30,....n®. To se moze prosiriti 1 na neperiodicne funkcije 1 umesto diskretnih, prikazati ih
sa kontinuiranim spektrom frekvencija.

Talasno kretanje je takode periodi¢na funkcija ali dve promenljive: vremena i

prostora. Na periodi¢nu funkciju f = f (t i%) koja oznacava talasno kretanje, takode se

moze primeniti Furijeova analiza:

Y a y . Y
tt=|=—+ > a, cosnw|tx=|+ > b sinnw| tt=—
a3 )=+ Bancosnaf 12|+ Zpusinno{ 127

gde su Furije koeficijenti a,, a,,ib, dati slicnim formulama kao i kod oscilacija. Odatle

sledi da se svako talasno kretanje moze prikazati kao zbir sinusnih(harmonijskih) talasa.

428



Project: 06SER02/02/003

Chemistry models in Environment Protection

Dr Ivana Ivan¢ev Tumbas






1. Environmental chemistry and modeling: what do we need and why?

1.1. Why do we need modeling in Environmental Chemistry?

Environmental chemistry is used to solve environmental problems. Typical
examples are:

e diffusion of accidental pollution in air, water or soil which threats to
the ecosystem or human health and which requires efficient and
prompt reaction of authorities

e clean technology choice for the company which has to deal with its
waste in most efficient way (e.g. to fulfill legislation regarding
emission limit values with best available technologies and to
effectively operate and control it)

e management in the field of wastewater, sewers, water supply or control
of the polluters in certain area related to emission to air or river basin
which is required by authorities

To solve these and similar problems one has to have the knowledge in
ecology, environmental science and technology. It is not a rare case that different
profiles of experts are engaged to solve one environmental problem due to its
complexity. Very often teams consist of chemists, civil engineers, mechanical
engineers, hydrogeologists, biologists, physicians, doctors, law experts, geologists,
meteorologists, etc.

The scope of environmental chemistry consists of chemistry of biological
treatment processes, chemistry of physico-chemical treatment methods, chemistry of
the pathways and effects of both biochemical components and toxic substances in the
environment including pathways and effects of toxic substances in organisms.

Chemistry and biology are most widely applied in environmental sciences and
they provide us knowledge necessary to do the environmental management. They
teach us how different chemicals influence biological systems and, based on the
knowledge, we are able to predict those reactions as well as to use them for the benefit
of our society. On the other side, models are synthesis of the knowledge on the system
and beside the fact that they are very effective as a tool in environmental
management, they provide us with knew knowledge about the system which help us
to understand it and to do the better prediction of its behavior. Thus, using the models,
sometimes we can find new relationships between variables and further use this new
knowledge to improve the efficiency of the cleaning technologies or simply to do the
better management of our environment.

By doing environmental management we:

— Protect ecosystems
— Protect human beings and resources
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— Achieve sustainable development
— Reach optimal results with our technology related to its influence on
environment

Doing environmental management by using models we are more successful.
Since the best protection can be done by prevention, one can conclude that the
effective prediction of the system behavior in certain circumstances can be of utmost
importance to take preventive actions (e.g. disconnection of endangered wells from
water supply system if there is a threat of spreading of pollution) or to simply manage
the system with the highest efficiency (e.g. usage of membranes for water purification
with optimal influent quality in order to prolong their usage and by doing that save
maintenance costs for the company).

Beside the fact that we want to know how environment functions and to
predict how it reacts on different kind of pressures caused by activities of humankind,
we also use environmental chemistry to manage the processes in different treatment
techniques used to prevent environmental pollution (e.g. pollution of water, air and
soil). All physico-chemical reactions related to processes used for treatment of waste
gases, water and soil can be modeled with more or less efficiency by mathematical
equations and the models are improving all the time. The impact of man and his
technology on environment must be quantified where there is a possibility of relating
the application of environmental technology to corresponding effects in the
ecosystem. Furthermore, the goal of applied ecotechnologies is enabling ecosystems
to cope with pollutions.

Pollutants enter environment by three different ways: wastewater, air pollution
and solid waste. Pollution prevention and control is possible by using best available
technologies which minimize emission of pollutants, save resources and energy.

Some of them related to prevention of air pollution are related to:

= particle and toxic gases removal by usage of filters where
classification is based on particle size,

= wash towers where separation is based on particle density and

= cyclones where centrifugal force is used to separate particles from air.

Beside particle removal, chemical reactions occur to remove sulphur dioxide,
NOX, or adsorption takes place in removal of volatile organic compounds.

In wastewater treatment, different kind of physico-chemical treatments are
applied: sedimentation, flotation, filtration, neutralization, precipitation, flocculation,
ion-exchange and adsorption, electrochemical methods, thermal methods, etc. Each of
those processes is well described by mathematical equations and possible to model.
One of the most important treatments in wastewater treatment is conventional
activated sludge process. Example of biological treatment processes model used in
waste water treatment plant is a model of man-made ecological system.

Related to solid waste, we have the possibility of either dispose it to the
landfill or to incinerate it. When we are talking about disposal it is of utmost
importance to have sanitary landfill by excluding the possibility to further
contaminate environment. Therefore it might be interesting and useful to know and
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model groundwater risk and mobility of pollutants, to know about decomposition
processes in landfills and to manage removal and use of landfill gas.

Treatment of polluted soil can be done in situ or ex situ by using chemicals,
but also bioremediation process can be applied if biodegradable pollutants has to be
removed. Biodegradation is chemical transformation of molecules by
microorganisms (mostly bacteria) via different intermediers to natural products
(e.9.CO,, H,0 and inorganic salts). It occurs in stepwise fashion and is usually not
the result of the activity of a single specific organism. Usually, several strains of
microorganisms, often existing synergistically, are involved. So, we have to deal with
different metabolic pathways and enzyme systems.

Relating to thermal decomposition of waste, very important is to minimize the
formation of toxic products like dioxins or furans by control of the combustion
process. One of very important factors is a composition of the waste which relates to
the quality of incineration process and it should be managed in most efficient way: to
get as much as possible energy with the lowest possible pollution.

1.2. What do we need to model?
1.2.1. Cycles of elements

Our environment is divided into spheres. Biosphere is all the layers of the
Earth inhabited by living organisms. It consists of ecosystems. The atmosphere is the
mass of air surrounding the Earth with the fluid upper limit bordering on outer space.
Ecosphere includes only inhabited space. Meteorologically the atmosphere is divided
into troposphere and tropopause, stratosphere and stratopause, mesosphere and
mesopause and thermosphere. They differ in physical properties.

The highest region of the soil inhabited by organisms is pedosphere. It borders
on the lithosphere, the outermost rock layer down to the depth of 100 km. The
pedosphere is penetrated by atmosphere and hydrosphere.

All geological processes on Earth are described as a cycle of materials.
Humans interfere with natural cycles in particular via the anthropogenic exploitation
of natural resources (mining, water use) and by waste emission. The waste than enter
the cycles.

There are four main cycles of nutrient elements: carbon cycle, the nitrogen
cycle, the sulphur cycle, the phosphorous cycle. They all shown transformations of
four nutrient elements in the nature between their several forms.

Thus, in carbon cycle, carbon takes various forms which are in relations:
carbon dioxide dissolves in water giving HCO3™ which can be either precipitated in
forms of salts (Ca and Mg precipitates) or used in process of photosynthesis. Thus
carbon enters in organic forms related to biogeochemical processes and further can be
used (e.g. as fossil fuel) in production of xenobiotics. Organic carbon may be
biodegraded yielding CO; again. Inorganically bounded carbon in precipitates can be
dissolved again depending on the conditions in water matrix.

Regarding nitrogen, it is important to know that it can be present in the nature
in various forms: organic (e.g. NH, groups of proteins) and inorganic (ammonia,
nitrites, nitrates, various oxides). Fixation of atmospheric nitrogen by microorganisms
and further microbial decay of the organic matter that contain nitrogen in protein form
yield ammonia which is by Nitrosomonas spp. and Nitrobacter spp. Further it is
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transformed into nitrate and nitrite form. Those forms are by process of denitrification
further transformed again into molecular nitrogen.

Beside, we can talk about metal cycles and special cycles of environmental
chemicals that enter the ecosphere as a result of human activity. Fore example, very
important anthropogenic and toxic chemicals are heavy metals. They can be present in
the environment in forms of ions or complexes which both interact with particulate
matter in water. Thus metals can be bounded to sediment or adsorbed in soils in
different forms.

Organic pollutants, depending on their solubility, might be attached on
particles of sediment or might be dissolved in water traveling long distance. Their fate
might include biodegradation, photodecomposition, oxidation, chemical speciation
etc. Depending on solubility and volatility contaminants are spread within the air,
water and soil.

1.2.2. The most common types of pollution

Some of very important environmental chemicals are: pesticides, industrial
chemicals (e.g. solvents, reagents), polychlorinated biphenyles and dioxins, aromatic
and polyaromatic hydrocarbons, organochlorine compounds, detergents, etc.

Most important agricultural pollution is caused by usage of pesticides. We use
herbicides most frequently (40%), insecticides (30%) and fungicides (20%). The other
groups of pesticides are not so frequently used (rodenticides, growth regulators, etc).
Besides pesticides, significant agricultural pollution is application of fertilizers
(phosphates, K, nitrates). Beside the fact that these compounds enter the food chain
via plants, the most important influence on the environment is water pollution since
they are very often transported through soil layers into the shallow aquifers of
groundwater or surface water. There they can seriously influence water quality of the
water supply source, or accumulate in aquatic organisms.

Most important pollution from the energy production is air pollution caused by
emission of sulphur oxides, nitrogen oxides, carbon monoxide, hydrocarbons and
particles.

Last, but not least important, is pollution released from households: detergents,
whitening agents, personal care products, medicines, colors, solvents, glue etc.

The behavior of substances is determined by molecular and physico-chemical
characteristics: molecular mass, functional groups, volatility, solubility, Nernst’s
coefficient of distribution, adsorption behavior, etc. Their behavior in environment is
influenced by environmental factors as well: humidity, soil type and characteristics
(e.g. humic content or particle size), temperature, pH, redox potential, presence of
microorganisms, etc. Effects of toxicants in environment can be localized in space
and time, but the level of pollution depends on toxicant and ecosystem characteristics.
For example, rainy weather and soil treatment can enhance pollution transport through
the soil or running water has mixing influence in different directions on distribution of
pollution and particles in water body. Mixing causes dilution. Also, photolytic or
hydrolytic degradation or precipitation can happen. Higher humidity of the
atmosphere prevents volatilization of chemicals from the soil or water surface and
enhances penetration into dry soil.
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Natural waters are endangered with lot of inorganic, organic and biological
pollutants. Large number of them is a consequence of unacceptable waste disposal.
Some of pollutants are highly toxic (e.g. cadmium) while sometimes pollutants are not
toxic but they cause other fatal changes (oxygen depletion due to high content of
biodegradable organic matter). Some constituents are normal in small concentrations,
but very toxic in high concentrations (NaCl). Various chemical processes are
happening in water bodies: redox processes, chelation, photosynthesis, precipitation,
acid.base reactions, microbial reactions, gas exchange, leaching and uptake from
sediment.

1.2.3. Model types
Model types used in environmental chemistry are:

= biogeochemical models,

= ecotoxicological and toxicological models,

= chemical speciation models,

= biological treatment processes models and

= physical-chemical treatment processes models

Biogeochemical models focus on the processes and transformations of various
compounds in ecosystem present both as pollutants or naturally occurring substances.
Ecosystems modeled by use of biogeochemical models are rivers, lakes, reservoirs,
ponds, estuaries, coastal zones, open sea, wetlands, grassland, desert, forests,
agriculture land etc. Conceptual diagram of simple biogeochemical model can be
described as in Fig. 1.1.

Figure 1.1. Example of conceptual diagram

A and B are state variables (e.g. concentration units or population density).
Arrows indicate processes. Accumulation can be described as difference between
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input and output. In dynamic models one describes change of variables A and B with
time:

% = process(l) — process(2) + process(3) — process(4) (1.1)

?j_? = process(4) — proces(5) (1.2)

It is crucial to have good formulation of processes which can be described by
mathematical equations.

Contrary to mentioned dynamic model, static model is constructed by setting

dA_dB _,

S22 1.3
dt dt (13)

These equations can be used to find A and B in the steady state situation. In
general, dynamic models require more comprehensive database.

Models of ecological processes are used to form model of ecosystems. Both of
them can be described with more or less details. Biogeochemical models deal with
biochemical and geochemical compounds and elements in ecosystems. When they are
used for the control of pollution, they must include fate and distribution of both
pollutants and natural compounds.

Typical chemical processes in biogeochemical models are oxidation,
hydrolysis, photolysis, reduction, acid-base reactions. Biological processes are
growth, production, mortality, immigration, emigration. Microbiological processes are
growth of microorganisms, nitrification, reduction of sulfate, microbiological
oxidation etc. Typical physical processes are transport of compounds between air and
water, advection, diffusion etc. In general, the more complex the formulation, more
parameters are included and better data base is needed. Equations which can be used
for submodel development are described in literature.

Ecotoxicological models

Ecotoxicological models deal with fate and effects of toxic substance in
ecosystem and organisms. Thus they can describe fate and transport of toxic substance
in ecosystem, but also population dynamics which include effects of toxic substance
in ecosystem (e.g. mortality or abundance of any kind of toxic effects). Some
examples of ecotoxicological models are: food chain models, static models of the
mass flows of toxic substances, a dynamic model of a toxic substance in a trophic
level, ecotoxicological models with effect components and ecotoxicological models in
population dynamics. An example of such a model is a distribution of pollutants such
as PCBs in water, sediment, fish and other organisms. When modeled, this
distribution has to take in account every input and output. For example PCBs can
come into fish by water (very low fraction due to negligible solubility), but also by
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suspended particles where PCBs can be adsorbed, or through food chain from other
organism. Excretion should also be taken into account.

Chemical speciation models

Chemical speciation models deal with concentrations of the various forms of
different components in a given ecosystem. They are often based on differential
equations presenting reactants or product concentration changes in time. Those
models can be included in ecotoxicological and biogeochemical models.

Chemical speciation is most often described as a steady state allocation of a
chemical component in various forms. Model consists of several equilibrium
equations (redox processes, complex formation, hydrolysis, photolysis, acid-base
reactions, mass transfer from one phase to the other and adsorption).

Chemical reaction is in equilibrium when the amounts of reactants and
products stop changing with the time. At the equilibrium the rates of forward and
reverse reactions are equal and for the general reaction:

aA+bB & cC+dD

We use equilibrium expression where K is equilibrium constant and it is
calculated as follows:

K=[C]°[D][AT'[B]° (1.4)

It depends only on temperature. According to the LeChatelier’s Principle, for a
given change in conditions, an equilibrium shifts into direction that opposes the
change.

Complex formation

Complex formation is very important issue related to environmental
chemistry. Ability of metal ions to form complexes influences their toxicity since
structure and mobility of the metal is changed within the complex. Complexation
increase solubility, alter distribution between reduced and oxidized forms, influence
toxicity, change properties related to adsorption or ion exchange and change the
stability of the colloids which contain metal. Metals which can form complexes are:
copper, silver, mercury, lithium, aluminium, iron, nickel, manganese, etc. There are
numerous ligands present in environment: natural humic and fulvic compounds,
synthetic chemicals like EDTA from anthropogenic pollution, anions like carbonate,
silicate, nitrate, o-phosphate, iodide, acetate, amino-acids, etc. Depending on ligand
and metal concentrations and stability constant (K) of complex formation at given pH,
redox and temperature conditions, complex formation can be predicted from the
following equilibrium:

Me™ + L™ —— MeL™™* (1-1)
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[MeL(n—m)+] B (1 5)
[Me™][L™] '

Hydrolysis processes influence metal mobility since they might increase
solubility of metal ions. It covers processes which proceed with water, hydroxide and
hydrogen ions. Here are examples of iron and aluminium:

Al(OH),+OH ™~ — AL(OH), - (1-2)
Al(OH); +3H" +nH,0 — AI(H,0) . * (1-3)
Fe(OH),(H,0),(s)+3H* = Fe(OH),(H,0),” +4H (1-4)

Decreasing pH value toxic effects of metal increase due to formation of metal
aqua ions.

Hydrolysis

Hydrolysis of organic compounds is interesting for environmental chemistry
because of different toxic effects of different organic compounds. For some chemicals
hydrolysis rates are independent of natural pH values (4-9), while for the others they
depend on pH.

For all those reactions we have rate constants which can be expressed by
change in product or reactant concentration in time. Relatively simple test can be used
to determine kinetic rates from which one can estimate concentration of reactant or
product under given condition. When intervals are long enough (half a day or more)
equilibrium parameters are used for modeling while for short intervals of few hours or
minutes, Kinetic parameters are used for modeling.

The rate law is a mathematical function, specifically a differential equation,
describing the turnover rate of the compound of interest as a function of the
concentrations of the various species participating in the reaction. In general way, we
can write the macroscopic rate law for the transformation rate:

D[org]/dt= K[i]'[B]°[CT"... (1.6)

Where the exponents i,b,c,... indicate the order of the reaction with respect to
the corresponding species: org, B, C,...This empirical law does not reveal the
mechanism of the reaction considered. Even simple reaction may proceed by several
distinct reaction steps (elementary molecular changes) in which chemical bonds are
broken and new bonds are formed to convert the compound into the observed product.
Each of these steps, including back reactions, may be important in determining the
overall reaction rate. Therefore, the reaction rate constant, k, may be a composite of
reaction rate constants of several elementary reaction steps.

The simplest example is transformation rate of compound A to compound B. It
is expressed mathematically by a first-order rate law:

d[A]/dt=-K[A] (1.7)
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where Kk is refered to as the first-order rate constant. If the water molecules were
involved in the slowest step of the reaction, the rate-determining step, the reaction
should be described by a second-order rate law:

d[A]/dt=-k [A][H:0] (1.8)

where k' is second-order rate constant. Since water is usually present in large
excess and change of its concentration is negligible, by setting k=k [H20], we again
get first order constant, but now, since we know that the mechanism involves more
species on molecular level we call it pseudo-first order rate constant.

Although the most reactions with which we are concerned are not truly first
order, it is common for modeling purposes to make assumptions that allow us to
reduce the order of the reaction law, ideally to pseudo-first order.

Redox processes

Redox processes are of great importance in environmental chemistry since lot
of metals can exchange electrons with different constituents in environment. Thus
arsenic might be very strongly bounded to ferromanganese nodules under aerobic
conditions, while under anaerobic conditions toxic arsenic will release due to
reduction metal ions. The another example is FeS, exposure to the air by reduced
water in mines where following processes occur and damage environment with huge
amounts of sulfuric acid formed:

2FeS, +2H,0 + 70, = 2FeSO, +2H,SO0,
4FeSO, + 0, + 2H,S0, = 2Fe,(S0O,), + 2H,0 (I-5)

Fe,(SO,), +6H,0 = 2Fe(OH),(s) + 3H,SO,

Reaction of oxidation is very important in aquatic systems where several oxidants can
be present: radicals, singlet oxygen, peroxides, ozone, etc. They can have half life
very short (few milliseconds) but also to be more stable.

Rate of oxidation reaction is given:

v=k, -[C][0x] (1.9)
Where ko is specific second order constant for oxidation at specific temperature and
[C] and [ox] are molar concentrations of the chemical compounds and the oxidant

respectively. The total rate of oxidation if most oxidants work simultaneously is the
sum of the rates for each reaction of each kind of oxidant:

Rox= (Koxt [OX1]+Koxe[OXo].... ... )[C]= (Z Koy, - [OX, ]J [C] (1.10)
n=1
Integration between the time limits 0 and t gives
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INCoI/C ] = > Ko, -[0%,]-t (L.11)

or if the half time, ty5» is used
ty, =In 2/(2 kOxn -[Ox, 1) (1.12)

Most redox processes are very fast relative to the time steps applied in most
environmental models. Good example is kinetic of oxidation of iron (Il) and
manganese (I1). Both oxidation processes take minutes. When intervals of half a day
or one day are used in models it is clear that equilibrium description will be enough,
but when intervals of few hours or even minutes are used, a description of
oxygenation kinetics will be required. When the amount of oxygen is limited, the
transfer of oxygen may be the rate-determining process. If it is so, the oxygen is
consumed almost instantly and we have to model transfer of oxygen as accurately as
possible and to take into account possible anaerobic decomposition. Oxidation of iron
and manganese will proceed by a rate determined by the transfer of oxygen.

Acid-base reactions

Almost all the processes in nature are pH dependant. Thus content of
ammonia and carbon dioxide in water is pH dependant, biological processes have
their optimum pH value (usually 6-8), mobility of heavy metals is pH dependent.
Furthermore efficiency of chlorine used as disinfecting agent is also dependant on pH
(Figure 1.2) since different forms of hypochlorous acid have different disinfecting
ability.
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Figure 1.2. Influence of pH on speciation of HOCI in water.
When the composition of aquatic system is known it is possible to calculate

both alkalinity and the buffering capacity and find out which species will be present in
solution.
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Furthermore, processes of adsorption, ion exchange and photochemical
reactions also have great importance in environmental modeling. Adsorption is in
detail explained in chapter 4.

Literature:

= S. E.Jgrgensen (1991) Modelling in Environmental Chemistry, Developments
in Environmental Modelling, 17, Elsevier, Amsterdam-London-New York-
tokyo

= S.E. Manahan (1992) Toxicological Chemistry, Second Edition, Lewis
Publishers, Chelsea Michigan , USA
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2. Eyring equation-example of basic chemistry model

Example of basics on chemistry modeling that will be presented here is Eyring
rate equation. The bimolecular reaction is considered by “transition state theory”:

dC
k _dv
A+B——C v= e k[A][B] 2.1)
The reactants react by forming unsteady intermediate on the reaction pathway:
A+B«t s AB—25C (2.2)

There is an “energy barrier” on the pathway between the reactants (A, B) and
the product (C). The barrier determines a minimum of energy necessary for the
reaction to occur. It is called activation energy.

While approaching each other, reactants possess kinetic energy and their
potential energy is constant. The approaching reactant molecules had sufficient kinetic
energy to overcome the mutual repulsive forces between the electron clouds of their
constituent atoms and thus come very close to each other. An ‘activated complex' AB
or 'transition state' is formed at the potential energy maximum. The high-energy
complex is unstable and it breaks and generates the product C or degrades back to the
reactants A and B. Principles of the transition state theory are: there is a
thermodynamic equilibrium between the transition state and the state of reactants at
the top of the energy barrier and the rate of chemical reaction is proportional to the
concentration of the reactants.

The change in the concentration of the complex AB over time can be
described by the following equation:

% = k,[AI[B] - k ,[AB] - k,[AB]
2.3)

Due to the equilibrium between the 'activated complex’ AB and the reactants A
and B, the components k; - [A] - [B] and k_; - [AB ] cancel out. Thus the rate of the
direct reaction is proportional to the concentration of AB :

dC _ d[AB] _

gt~ ar o elABl (2.4)
k, is given by statistical mechanics:

‘ kgT

2 = h (2.5)
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kg = Boltzmann's constant [1.381.10% J - K]

T = absolute temperature in degrees Kelvin (K)

h = Plank constant [6.626:10°*J - s]

k, is called ‘universal constant for a transition state' (~ 6 - 10™*? sec™ at room
temperature).

Additionally, [AB ] can be derived from the quasi stationary equilibrium
between AB and A, B by applying the mass action law:

[AB] = K[A][B] (2.6)

K* = thermodynamic equilibrium constant

Due to the equilibrium that will be reached rapidly, the reactants and the
activated complex decrease at the same rate. Therefore, considering both equation
(2.5) and (2.6), equation (2.4) becomes:

_d[AB] _ kT 2.7)

= KAL)

Comparing the derived rate law (2.1) and the expression (2.7) yields for the
rate constant of the overall reaction

kT . (2.8)

Additionally, thermodynamics gives a further description of the equilibrium constant:

AG = -RT InK” (2.9)

Furthermore AG* is given by

AG = AH —TAS
(2.10)

R = Universal Gas Constant = 8.3145 J/mol K
AG = free activation enthalpy [kJ - mol™]

AS = activation entropy [J - mol™ - K]

AH = activation enthalpy [kJ - mol™]

AG is the free activation enthalpy (Gibb's free energy) and it represents the
determining driving power for a reaction. The sign of AG determines if a reaction is
spontaneous or not. If it is lower than zero reaction is spontaneous, if it is equal to
zero, reaction has achieved equilibrium and if it is higher than zero reaction is not
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spontaneous. Combining Equation (2.9) and the expression (2.10) and solving for Ink
one can get:

. AH AS (2.11)
= +

The Eyring equation: is found by substituting equation (2. 11) into equation (2. 8):

AH A
k=—C_g RTeR

(2.12)
(2.13)

nk__AH1  Ks AS
RT h R 2.1

A plot of In(k/T) versus 1/T produces a straight line with the familiar form
y =-mx + b, where

x=1T

y = In(k/T)

m=-AH /R
b=y (x=0)

AH can be calculated from the slope m of this line: AH=-m - R..

From the y-intercept AS* can be determined and thus the calculation of AG *
for the appropriate reaction temperatures according to equation (10) is allowed. The
activation energy E. is related to the activation enthalpy AH * as follows

kg AS
y(x=0) = InF+F (2.15)

E, = AH +RT (2.16)

Low values of E; and AH mean fast rate reactions and high values of Ea and

AH mean slow rate. The typical values of E; and AH lie between 20 and 150 [kJ /
mol].



Example

Kuempel and co-workers (Inorg. Chem., 12, 1036 (1973)) obtained the
following pseudo first order rate data for the hydrolysis reaction:

Ru(NH,),Br* + H,0—-Ru(NH,).H,0*" + Br~

k (sec?) T (°C)

1.2 15
3.8 20
5.4 25
8.3 30
12.2 35

Calculate the free energy of activation for the reaction.

Literature

= S. E.Jgrgensen (1991) Modelling in Environmental Chemistry, Developments
in Environmental Modelling, 17, Elsevier, Amsterdam-London-New York-
Tokyo

= Varma, A., Morbidelli, M. (1997) Mathematical Methods in Chemical
Engineering, Oxford University Press, New York, Oxford.
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3. Modeling tools: transport and reactions

There are two types of transport in natural systems:

e Transport by random motion (e.g. molecular diffusion, dispersion) and
e Transport by directed motion (e.g. advection in water currents, settling
suspended particles due to gravitation)

Transport processes caused by random motion are diffusive, while those resulting
from directed motions are advective.

3.1. Random motion

Random motion is ubiquitous. At the molecular level the thermal motions of
atoms and molecules are random. Randomness means that the movement of an
individual portion of the medium (i.e. molecule, a water parcel, etc) can not be
described deterministically. Basic description of transport by random motion is Fick’s
law (gradient-flux law). Flux is defined as a quantity of physical unit (e.g.
concentration) which is transported per unit area (perpendicular to flow direction) and
per time. It is assumed that the subsystems A and B and the distance between them,
AXas , become infinitely small. The difference in concentration tends toward zero.
The ratio of the two differences, A concentration: Axayg, is equal to the spatial gradient
of the concentration and usually different from zero:

F.=-b di(concentration) (3.1)
X

Where b is a constant

The minus sign indicates that the flux points are against the gradient. Instead the
subscript A/B, we use the subscript x to design the coordinate axes along which the
flux occurs. It is assumed that the flux is determined by the variation of a local
property. This variation (such as the gradient of the concentration, temperature,
preasure, etc) is “driving force” for transport. Mathematically, the gradient is a local
property of a function. There are lots of physical processes obeying the gradient flux
law: molecular diffusion, conduction of heat, flow through porous medium, etc.

Second Fick’s low states that the local concentration range with time due to
diffusive transport process is proportional to the second spatial derivative of the
concentration:

2
e
ot ox?

(3.2)
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3.2. Boundaries in the environment

Many important processes in the environment occur at boundaries. Boundaries are
surfaces at which properties of a system change (e.g. air-water interface, sediment-
water interface). They are characterized by physical and chemical processes and very
often it is enough to use equilibrium concept to describe the boundary (e.g. Henry’s
low). There are three different types of boundaries (according to the shape of the
generalized diffusivity profile across the boundary):

e Dbottleneck boundary with sharp change in diffusivity since the transfer
coefficient is different in one single zone than in the bulk (water surface
of the river, between two turbulent zones)

e wall boundary (e.g. sediment-water interface in lakes or oceans) where
we have boundary between two different compartments where only one
(water) is turbulent.

o diffusive boundary-dispersion at the edge of a pollutant front. Here there
is no big change in diffusivity.

Different mathematical equations are used to explain those boundaries in
modeling of fate and transport of pollutants in ecosystems.

3.3. Box models

The simplest and often most suitable modeling tool is the one-box model. One
box models describe the system as a single spatially homogenous entity. Homogenous
means that no further spatial variation is considered. Those models can have one or
several state variables, for instance, the mean concentration of one or several
compounds which are influenced both by external “forces” and by internal processes.

In a system which has constant volume, the mass balance of compound i is
described by equation:

%:Vi(li -Q —-ZR, +2Pi) (33)

Where ZR;and XP; are internal consumption and production rates of processes
related to chemical i respectively. The concentrations are influenced by inputs I; and
by outputs Q;.

In linear one box model with one variable we use linear function to describe
external forces. For example, external input is not dependent on Ci.

f,(C)=a,()+b,(t)C, (3.4)

This model can be used for example to calculate total mass and mean
concentration of pollutant in the lake from repeated measurements of pollutant
concentrations. Calculation includes apriori knowledge related the spatial distribution
of pollutant, horizontal concentration gradients in lake must be so small that total
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mass can be calculated as a volume-weighted average of the concentrations measured
along a vertical profile at the deepest location of the lake. Furthermore, input and
output must be known. If the pollutant is volatile it appears that the only significant
removal mechanism (other than loss at the outlet) is air-water exchange. In situ
reactions and sorption on sediments are supposed to be not relevant.

Example of one box model with two variables is the case with two
chemicals, A and B, where A is transformed into B by a chemical process and vice
versa. The system is described by two concentrations C and Cg, by two zero order
input functions, by two first order output functions, kaCa and kgCg, and by the first
order transformations from A to B and vice versa. If there are no transformation
between A and B, we could describe each chemical separately by linear one box
model.

Two-box models are useful for describing systems consisting of two spatial
subsystems which are connected by one or several transport processes. Furthermore,
we have linear multidimensional models.

Finally, model variables (i.e. concentration) depend on time and on space.
During the last several decades, the field of three dimensional space-time modeling
has undergone a rapid development. The main mechanisms are transformations,
directed transport (advection, flow, settling of particles) and random transport
(diffusion and dispersion).

Literature
= Schwarcenbah R. P., Gschwend P. M., Imboden D.M. (2003) Environmental

organic chemistry, Second Edition, Wiley-Interscience, John Wiley&Sons,
Hoboken, New Jersey
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4. Adsorption modeling

Adsorption is attachment of molecules from a liquid or gaseous solution at
another phase (two-dimensional surface). It is very important in various aspects of
environmental chemistry since it is common process, both in nature and in different
treatment techniques of waste streams. It influences fate and transport of variety of
pollutants and thus it is of great importance in the risk assessment.

Compounds can be adsorbed both from water and from the air onto the soil,
clays, various surfaces, onto natural organic matter, etc. Use of granular activated
carbon is very common: for the treatment of the waste gases and removal of organic
compounds from them (e.g. volatile organic compounds in fuel gasses), for removal
of organic compounds from drinking water, etc. For example, understanding of
adsorption process in water technology consists of knowledge related to special
characteristics of activated carbon, knowledge about adsorption equilibrium and
Kinetics, and about process design. Related to the process design there are possibilities
to apply activated carbon as powdered activated carbon or in fixed bed columns filled
with granular activated carbon. Furthermore, several other modern processes are
developing (e.g. hybrid processes where powdered activated carbon and membrane
filtration are combined, or combined adsorbers with permeable synthetic collectors).
Modeling of those processes enable us to predict behavior of pollutants and to manage
the treatment plant more successfully.

4.1. Adsorption equilibrium

From adsorption equilibrium data one can calculate adsorption capacity of the
activated carbon. It is determined by an adsorption isotherm which describes
equilibrium in closed system, which consists of solution of the substance(s) which we
want to remove and amount of carbon brought into the contact with the solution.

For the evaluation of an adsorption isotherm, defined quantities of activated
carbon are added to several bottles containing the same, predefined volume of the
solution with single substance initial concentration. Solutions should be shaked until
adsorption equilibrium is reached and than equilibrium concentration in each solution
is determined for each carbon dose applied. Time needed to reach equilibrium can
vary from hours to days and even years. From these data adsorption parameters can be
calculated (eqg. 4.1). The extent to which the full surface area of an activated carbon
can be used for adsorption depends on the concentration of solute in the solution with
which the carbon is mixed. The specific relationship which defines adsorption
isotherm is constant for constant temperature. Adsorption equilibrium is most
frequently described by empirical Freundlich equation:

g=Kec" (4.1)
where
g — solid phase concentration of the solute which describes the quantity of the

adsorbed substance
Ke-Freundlich constant
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c-equilibrium concentration in the solution
n-Freundlich exponent

Freundlich exponent and Freundlich constant can be easily determined by
nonlinear regression transforming the equation into:

lg g=lg Ke+nlg ¢ (4.2)

The slope of log ¢ versus log q is equal to the exponent, n, and the solid phase
concentration at Cj,=1, equals Freundlich constant K¢, Adsorption capacity of carbon
increases when Kg value increases and when n decreases. Value of n represents
change in free energy of sorption of solute on sorbent in certain concentration range.
When n=1, izotherm is linear and free energy of sorption is same for all
concentrations, when n<1, isotherm is concave and with increase of sorbate
concentration free energy of sorption decrease. When ni>1, isotherm is convex and
with increase of sorbate concentration free energy of sorption increase.

Furthermore, Langmuir equation can be used for the explanation of the
adsorption equilibrium:

-C

L 4.3
1+K, -c 43)

a=q,-

where,

K. - Langmuir constant,

gm- maximum solid phase concentration at monomolecular cover of the adsorbtion
surface,

¢ - equilibrium concentration and

q - solid phase concentration at adsorption equilibrium.

The Langmuir equation assumes that the free energy, enthalpy, and enthropy
change due to adsorption are constant for all solid phase concentrations. This is often
referred to as homogenous surface. Frequently this condition is not fulfilled and the
enthalpy of adsorption changes with increasing of solid phase concentration.

The two constants of Langmuir isotherm equation can be determined from
isotherm data, either by applying a nonlinear regression method or, if the test results
are plotted in a suitable manner by linear regression.

Multisolute adsorption

In the case when not only one substance is present in solution, we have
multisolute system where substances are competing for adsorption sites. In this case
solid phase concentrations of any substance will be reduced in comparison to solid-
phase concentration in a single solute system. Well known model for the description
of the adsorption in multisolute systems is based on the Ideal Adsorbed Solution
Theory (IAST). It is based on assumption that adsorption equilibrium occurs between
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two dimensional surfaces and the solution. The adsorption medium is taken as
thermodynamically inert, the adsorption sites at the activated carbon surface are
accessible in the same degree to all absorbable organic molecules in the solution and
the adsorption equilibrium is reversible. For the calculation of the adsorption
equilibrium in a mixture only adsorption data for single substances are needed.
Freundlich equation is used and it is assumed that the Freundlich exponent is constant
in the range ¢;=0 to c;=cy,

1/n;

i

e (I
C = 9 =T N= number of components (4.4)

The IAST is often used as a basis for the description of the adsorption of an
unknown mixture of adsorbable organic substances. Adsorption analysis with IAST
also can be used to monitor removal of the substances with different adsorbability
during water treatment process.

4.2. Adsorption kinetic

Kinetic of adsorption is the rate of reaching adsorption equilibrium by two
diffusion steps: from the solution to the external surface of the adsorbent (external
mass transfer or film diffusion) and than to diffuse into the pore system of the
particles where they adsorb at the sites onto the inner surface (internal mass transfer).

Mathematical description of the film diffusion is given by Fick’s Law:

dc.

Nei = DL,i d_§l (4-5)

Where
n i is the mass transfer rate per unit of surface area

D.; is the aqueous phase diffusion coefficient of adsorbate i
d is the location within the boundary layer of a thickness &

By integrating the equation we obtain:
n; = ﬂL,i (Ci _Ci*) (4.6)

where
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BLi is film diffusion coefficient, ¢;" is the equilibrium concentration of the
component i at the outer surface of the activated carbon particle and c¢; is the
concentration of the component in the bulk solution. The determination of the surface
diffusion coefficient can be accomplished by experiment or by use of well known
empirical correlations.

Internal mass transfer may occur by the diffusion of the molecules in the liquid
filled pores (pore diffusion) or by the diffusion of the adsorbed molecules onto the
walls of the pores (surface diffusion). In the later case the driving force is the solid
phase gradient and instead of aqueous phase diffusion coefficient we deal with surface
phase diffusion coefficient and particle density:

9

or (4.7)

Nsi =Py Dy

The forces that govern the uptake Kinetics of organic solutes from dilute
solution by porous carbon are frequently quite different from those which control the
ultimate capacity of the carbon for adsorption. The rate-limiting mechanism generally
is either film diffusion or intraparticle transport, depending largely on the
hydrodynamic character of the system in which the porous carbon is used. In contrast,
the final position of adsorptive equilibrium is governed by the forces of adsorption,
either chemical or physical in nature. As the result of possible differences in the
nature of kinetic and equilibrium forces, factors that enhance rates of uptake may well
decrease the capacity of porous carbon for certain adsorbates; the converse may also
be true.

4.3. Process applications

Today we use mainly two types of water treatment processes based on
activated carbon adsorption: powdered activated carbon (PAC) in sequential
adsorption operation and fixed bed adsorber process with granular activated carbon
(GAC).

Powdered activated carbon

Powdered activated carbon adsorption is frequently called contact filtration, as
the typical application includes treatment in a mixing tank followed by filtration or
settling. If the water to be treated contains Cg as initial concentration of the substance
in the volume V, where activated carbon is added in quantity m and after reaching
equilibrium we measure equilibrium concentration C mass balance can be written:

VCy+m@ao=VC+mq (4.8)

Where q is solid phase concentration. Initial solid phase concentration is zero,
so equation 4.8 can be rearranged as follows:
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q="(C,~C) 49)
m

When Freudlich parameters are known for chemical it is possible to calculate
the amount of activated carbon needed for certain removal efficiency based on
equation 4.9. The calculation is based on calculation of g from equation 4.1, and
afterwards required amount of carbon (m) based on equation of 4.9.

Granular activated carbon (GAC) adsorption

In continuous operation the water and the adsorbent are in contact throughout
the entire process without periodic separation of the two phases (example of GAC
fixed bed adsorbers).

The design of a fixed bed adsorber and the prediction of the length of the
adsorption cycle require knowledge about saturation at the break point. Usually
process is conducted in series of carbon columns whose contact times with water
which is pumped through the column range from 15-60 min.

The point at which the impurity in a column effluent exceeds the treatment
objective is called the breakpoint (Cb in Figure 4.1). The part of the curve between the
initial leakage and the point where the column effluent concentration is the same as
the influent is called the breakthrough curve. During the adsorption, the upper section
of a column saturates with impurities, whereas the lower section remains virgin.
Between this two extremes lies the adsorption zone, where removal of the impurity
actually takes place. As the column becomes saturated, the adsorption zone moves
downward through the bed. Typical breakthrough curve is presented in Figure 4.1
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Figure 4.1. Breakthrough curve

The breakthrough curve should be steep and the solute concentration in the
effluent rises rapidly from close to zero to that of incoming water. Some low arbitrary
value of Cg is chosen as the break-point concentration and the column is considered
exhausted when the effluent concentration has raised to some other arbitrarily chosen
concentration of near value Co,
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The adsorption zone, the part of the adsorbent in which the concentration
changes from Cg to near the Cy has constant height of Za (m). The adsorbent behind
the zone has been completely saturated with the solute. Within the zone degree of
saturation with adsorbate varies from 0-100%. The height of the zone depends on the
rate of adsorption and the solution flow rate. Smaller carbon particle size, larger
diffusion coefficient of adsorbate and greater the strength of adsorption of adsorbate
(e.g. larger freundlich K value) decrease the height of the zone.

For the situation where the breakthrough concentration is defined as the
minimum detectable concentration, the critical height of the activated carbon column
is equal to the height of the mass transfer zone. This height leads to immediate
appearance of an effluent concentration equal to breakthrough concentration when the
column is started up. The critical height, the flow rate and the area of the column are
used for the calculation of the minimum tank volume occupied by the activated
carbon divided by the volumetric flow rate (empty bed contact time):

Zaiteal _ EBCT, | (4.10)
Q/A

The EBCT has significant effect on the performance of the carbon. For a given
situation, a critical depth of GAC and corresponding minimum EBCT exist that must
be exceeded if the adsorber is to produce water of acceptable quality.

When breakthrough concentration is greater than minimum detectable
concentration the critical height is less than height of mass transfer zone. EBCT is
calculated as folows

L
EBCT=V/Q=—2L 4.11
Q o/ A (4.11)

Where

V-bulk volume of carbon in contactor
Q- volumetric flow rate to contactor
Lgeg-bed depth

A-bed area

The mass of solute adsorbed per unit mass of adsorbent increases as percent
exhaustion increases and correspondingly the number of bed volumes of water before
breakthrough will also increase to a maximum value. Increasing EBCT, or bed depth
impacts treatment costs. If adsorber is larger, fixed costs are increased. Operating
costs decrease because of decreasing carbon usage rate and replacement frequency.
Thus it is very important to work with optimum depth or contact time.
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4.4. Homogenous surface diffusion model

Several useful mathematical models of the adsorption process are available.
The homogenous surface diffusion model (HSDM) and modifications of it have been
widely used to predict performance of adsorption systems. For single substance
dispersed flow HSDM consists of the several elements: liquid phase storage, transport
by advection, dispersion and adsorption:

. ac(t, Z)+V . 8C(t, Z)_ D. .c 82c(t, Z)+ 6-06. -(1—8).(0(,[ Z)—C*(t Z)): 0
= FT z Py d, ’ ’ (4.12)

where

&- bed porosity

ve-linear filter velocity

D,- diffusion coefficient
BL- film transfer coefficient
dp - particle density

Linear Driving Force Model (LDF) (Kummel, 1990; Worch 1991) is based on
the Dispersed-Flow Homogenous Surface Diffusion Model (HSDM). It is simpler
because a linear gradient for homogenous surface diffusion in a GAC-grain is
assumed. Model is based on above mentioned equation without consideration of
dispersion. Both external film diffusion and intraparticle diffusion are considered
within the model:

da _kedy ¢ (4.13)
dt )
where

kray- volumetric mass transfer coefficient for film diffusion (mass transfer
coefficient, kg, multiplied with the area available for mass transfer normalized to the
filter volume, ay),

Cs-concentration at the external particle surface, py- bed density

dg _

i ksa, (95 —q ) (4.14)

Where
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ksay- volumetric mass transfer coefficient for intraparticle diffusion (mass
transfer coefficient, ks, multiplied with with the area available for mass transfer
normalized to the filter volume, ay,

q is loading and gs is loading at the external particle surface.

In a case of film diffusion, the concentration difference between the bulk
phase and external surface of grain acts as a driving force. In case of intraparticle
diffusion the driving force is difference between the loading at the external surface
and mean loading of the particle. The mass transfer coefficient ksay can be related to
the pore diffusion coefficient, Dp, as well to the surface diffusion coefficient, Ds:

15D
ksa, = 525 (4.15)
rp
15D
8y =L (4.16)
rp qopp
where

rp- particle radius,

Co-initial concentration,
go-equilibrium loading related to co,
pp- particle density.

In case of single solute adsorption concentration and loading at the external
particle surface area are related by the Freundlich isotherm, while in case of mixture
adsorption, an appropriate mixture adsorption model has to be used.

The program LDF (version 2.3) developed by Worch (2007) can be used to
calculate adsorber breakthrough curves for single solute adsorbates or multisolute
adsorbate mixtures using IAST model and LDF model. The input data required for
breakthrough calculation are: concentrations, Freundlich coefficients and exponents of
the adsorbate or adsorbate mixture components, mass transfer coefficients for the
transport process film diffusion and intraparticle diffusion, adsorbent mass,
volumetric flow rate and bed density.
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5. Supplement- Biomass growth and Kinetics in water treatment

Wastewater treatment utilizes biodegradation for removal of organic pollution
responsible for high biological and chemical oxygen demand in municipal and some
of industrial wastewaters. Bacterial comunity degrades organic mater by aerobic
respiration and produce carbon dioxide, water, energy and new biomass. Organic
nitrogen is transformed into ammonia or nitrate and organic phosphorous into
ortophosphate. If the wastewater is not treated, this process is going on in the recipient
that leads to oxygen consumption in rivers, lakes and consequently to death of fish.

There are several types of the treatment: suspended biomass (e.g. conventional
activated sludge treatment) or fixed biofilm (trickling filter, rotating biodiscs,
biologicaly activated carbon filters).

Conventional activated sludge process uses microorganisms for removal of
pollution from water in their log phase of growth. After that phase they start to
floculate and form settlable solids which are removed by settling. Part of the sludge is
recirculated in the process and part of it goes to further utilization (e.g. methane and
soil conditioner production).

In trickling filter wastewater slowly flows over the stones or some other crude
material which surface is coated by microorganisms.

Rotating biodiscs are plastic discs immersed into the water and
microorganisms are attached on their surface. Air is supplied by their rotation while
aerobic respiration is going on.

Biologicaly activated carbon filters are used for both waste and drinking water
treatment. They combine the processes of activated carbon adsorption and biological
degradation of organic load due to attached biofilm on activated carbon.

To achieve biomass growth within a system, it is necessary that the retention
time of biomass is long enough to reach the phase of reproduction. Time period

necessary to reach the reproduction phase depends on growth rate of cells which is the
function of metabolism and pollution utilization.

Rate of bacterial cells is defined by:

ro=uX (5.1)

9
where
ry- rate of cell growth, mass/unit volume x time
W - specific growth rate, time™

X — microorganism concentration, mass/unit volume

Cell growth is limited with supstrate concentration. It is defined by Monod
equation:

458



S
Kg +S

H =t (5.2)

where

W - specific growth rate, time™

Hm - maximum specific growth rate, time™

S- concentration of the growth- limiting supstrate in the solution

Ks- half velocity constant, concentration of the supstrate at one half the maximum
growth rate, mass/unit volume

Combination of equations (5.1) and (5.2) gives the equation for growth rate:

M XS
r, =
K¢ +S

(5.3)

This equation of growth rate should be corrected for the energy spent on cell
maintenance, cell death and predation. That is endogenous decay. So, the equation for
total growth rate (mass/volume unit x time) is:

C U XS
rg
Ks +S

—k, X (5.4)

where

k- coefficient of endogenous decay, time™
Suspended growth treatment processess

For the continuous/flow stirred tank reactor with cellular recycle mass balans
is that the biomass acumulation is equal to the difference of rate of flow of
microorganism into the system boundary and rate of flow of microorganism out of the
system boundary plus net growth of microorganism within the system boundary.
Mathematicaly that means:

(:L_Tvr :QXO _[QWX +Qexe]+vr (rg) (55)

where

Qw- flow rate of liquid containing the biological cells to be wasted from the systemr
Qe- efluent flow at the outlet of the settler

Xe-microorganism conentration in settler efluent

ry- total microorganism growth rate, mass VSS/unit volume x time

V- reactor volume
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If in equation (5.5) is included equation for the growth rate with assumption
that in inflow water cell concentration is zero and steady state conditions prevail
(dX/dt=0), we get the new equation:

QWX+QeXe :_YrS_U_ § (56)
V. X X

or

1 r

==y Uk, (5.7)

C
where Oc is average retention time.

This parameter 6c can be used as a process control parameter. Certain procent
of biomass has to be removed from the reactor in order to be able to control the
microorganism growth. So, if it is known that parameter has the value of 10 days for
achievment of stabilization, it is necessery that 1/10 cell mass is every day taken out
from the system.

Attached growth treatment processes

Biofilm is the solid phase which includes extracellular polymer gel, microbial
cells and other different particles incorporated into the biofilm structure of biotic or
abiotic origin. 1-D models usually deal with mass transport and biochemical reactions.
Later models are able to deal with multisupstrate biofilm dynamics with several
microorganism species. 2-D and 3-D modes have morphological element. Great
attention is given to biofilm heterogenicity (geometry, chemistry, biology and
physics). For biofilm modeling it is necessary to define several submodels:

1. biomass growth and decay based on nutrient consumption

2. model of biomass division and spreading to describe the increase of
volume due to increased number of bacteria and possibly extracellular
polymer production and spreading could be considered here.

supstrate transport and kinetics and equilibrium of reactions

biofilm detachment

fluid flow

biofilm attachment

o swW

One of the most pronounced problems is to accommodate to the same model
all relevant, both slow (growth, decay, detachment) and fast processes (diffusion,
reactions).

In general, there are two groups of models: based on activity and
characteristics of individual cells (IbM, eng. individual based modeling) and models
based on biomass as multiphase system (BbM, eng. biomass-based models).

Relating to the biomass growth, cell growth by absorbing nutrients and when it
achieves critical mass it divides into two cells. General equation for the rate of mass
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change m of bacteria i, in the time t and in the place x [x y z] can be written as
follows:

dm;
TR (m; (1),Cs (X,1),... (5.8)

Cs is parameter consisted of all concentrations of substrates and products which
influence bacterial growth. Simple Monod’s kinetic is acceptable in most of the cases.
Sometimes model has to be complicated by inhibition relations, requirements for
biomass decay, etc. The simplest models for biofilm spreading are similar to the
crystal growth models.

Basic processes which contribute to the enlargement of the biofilm volume are
determined by nutrient availability. Decay processes are also determined by the
concentration of certain substances. Transport and reactions of substrate are defined
by the physical lows. Dissolved substances are transported by molecular diffusion and
convection. Concentration gradients are formed due to substrate utilization and
product formation in biofilm. Rate of accumulation of the substance i in volume
element must be in equilibrium wity transport rate within the borders of the volume
element and with total rate of transformation (e.g. chemical reaction R;). So, material
balance for chemical species i am as follows:

oCy )
—2=D,V°Cy —uV, +R.(Cs,C
8t i Si u Si + |( S X) (59)

Biofilm in trickling waste water filter

Growth of biofilm on trickling biologicaly active filter is given by the equation

ry = fohkOS2 I(K,, +S) (5.10)
where

s is the growth rate in thin layer,

h-depth of the layer,

ko-maximum rate of substrate removal,

S-average supstrate concnetration,

Km-half rate constant and

fo-factor

Mass bilans for substrate removal in treatment process is given by the equation:

(6S/ot)dV = QS —Q(S + (85 / dz)dz) + dzW (~ f,hk,S? /K, +S) (5.11)

Q-water flow,
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W-width of the area where biofilm grows and
Z-adsorber height.

Since for steady state we have 0S/ot=0 above mentioned mass balance can be
simplified

Q(dS/dZ)= -fokohWSH(Kn+S) (5.12)

Since K, ( S we can write

dS/dZ=-fokohWS/Q (5.13)

Integration from Seto Spand from 0 to Z we get:

5, /5, —e " E (5.14)
Where

Se Is concentration of substrate in effluent, and

So concentration of susbtrate in influent

Further

WZ/Q=As/Q=ZA/QxAs/V=S,ZAIQ (5.15)
where

As surface of the filter filling,
V-volume of the biofilter,

Sa- specific surface of the filling,
A —biofilter crosssectional area

Product of fohky can be replaced with one constant of substrate removal, ks, SO we can
write

S, /S, =e *%/Q (5.16)

e
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1.Hemija zivotne sredine i modeliranje: Sta i zbog ¢ega nam je potrebno?

1.1. Zasto nam je potrebno modeliranje u hemiji Zivotne sredine?

Poznavanje hemije Zivotne sredine nam pomaze u reSavanju problema vezanih
za upravljanje njenom zastitom. Tipi¢ni primeri takvih problema su:

e Difuzija akcidentnog zgadenja u vazduh, vodu ili zamljiSte koja preti
ekosistemu ili ljudskom zdravlju i koja zahteva efikasnu i1 brzu reakciju
vlasti

e Izbor Ciste tehnologije za kompaniju koja treba da reSi problem
sopstvenog otpada na najefikasniji nacin (ispunjavajuci zahteve zakona
u vidu graniénih vrednosti emisije sa najboljim dostupnim
tehnologijama kojima treba upravljati)

e Prostorno planiranje u upravljanju otpadnim vodama, kanalizacijom,
vodosnabdevanjem ili kontroli zagadivaca u odredenom podru¢ju u
okviru plana upravljanja reénim slivom, emisijom 1 kontrolu
aerozagadenja

Za reSavanje ovih 1 sli¢inih problema neophodno je raspolagati znanjem iz
oblasti ekologije, zaStite zivotne sredine i tehnologije. Nije redak slucaj da razliciti
profili eksperata zajedno u¢estvuju u resSavanju problema koji su izuzetno kompleksni.
Vrlo Cesto se timovi sastoje od hemicara, gradevinskih inZenjera, masinskih inZinjera,
hidrogeologa, biologa, fizi¢ara, lekara, pravnika, geologa, meteorologa i dr.

Podru¢je hemije zivotne sredine obuhvata hemiju bioloSkih procesa
preciS€avanja, hemiju fizicko-hemijskih procesa preciS€avanja, hemiju sudbine i
transporta hemikalija u okolini i efekte biohemijskih i toksi¢nih supstanci, posebno na
organizmima.

Hemija 1 biologija su mozda najviSe primenjivane nauke u oblasti nauka o
zivotnoj sredini. One nam pruZaju znanje neophodno za adekvatno upravljanje
zivotnom sredinom. Uce nas kako razli¢ite hemikalije uticu na bioloske sisteme 1,
zasnovano na tom znanju, mi smo u mogucnosti da predvidamo reakcije, 1 to znanje
koristimo na dobrobit Sire druStvene zajednice. Sa druge strane, modeli su sinteza
znanja o nekom sistemu i pored ¢injenice da su efikasno sredstvo upravljanja, oni nam
omogucuju 1 sticanje novog znanja koje nam pomaze da bolje razumemo sistem i
predvidimo njegovo ponaSanje. Tako, koriste¢i modele ponekad mozemo uociti nove
odnose medu promenljivim 1 dalje koristiti to znanje zarad poboljSanja efikasnosti
pojedinih tehnologija koje sluze u precis¢avanju otpadnih tokova ili generalno za
poboljsanje upravljanja kvalitetom zivotne sredine.

Upravljanje Zivotnom sredinom omogucava

— Zastitu ekosistema
— Zastitu ljudskih bica i resursa

467



— Odrzivi razvoj
— Postizanje optimalnih rezultata u tehnologiji u odnosu na njen uticaj na
zivotnu sredinu

Upravljanje zivotnom sredinom uz upotrebu matematickih modela je
efikasnije. Prevencija je najbolja zastita i u tom smislu predvidanje ponaSanja sistema
ima najznacajniju ulogu prilikom preduzimanja preventivnih mera u odredenim
situacijama (npr. iskljucivanje serije bunara iz sistema vodosnabdevanja u slucaju
pretnje akcidentnim zagadenjem ili npr. upravljanje membranskim filtracijom u
sistemu proizvodnje vode za pi¢e odrzavanjem optimalnog kvaliteta ulazne vode i
time produZenje veka trajanja membrane 1 smanjivanja operativnih troskova u
proizvodnji).

Pored ¢injenice da zelimo da znamo kako naSa zivotna sredina funkcioniSe 1
da predvidimo kako reaguje na razliite vrste pritisaka uzrokovane aktivnostima
coveka, poznavanje hemije zivotne sredine je korisno u upravljanju tehnikama koje
koriste razli¢ite procese u sprecavanju zagadenja (npr. vode, vazduha i zemljista). Sve
fizicko-hemijske reakcije na kojima se zasnivaju procesi za tretman otpadnih voda,
gasova 1 zemljiSta mogu biti modelirane matematickim jednac¢inama sa manje ili viSe
efikasnosti. Modeli se stalno dalje razvijaju i1 usavrSavaju. Uticaj oveka na zivotnu
sredinu mora biti kvantifikovan u slu¢ajevima kada postoji moguénost povezivanja
primene tehnologija koje Cuvaju ili restauriraju Zivotnu sredinu vezano za odredene
efekte u ekosistemu. Cilj ekotehnologije je da ojaa ekosistemime u borbi sa
zagadenjem.

Zagadenje u zivotnu sredinu dospeva na tri razli¢ita nacina: otpadnom vodom,
otpadnim gasovima i kao Cvrst otpad. Prevencija zagadenja 1 kontrola su moguce
upotrebom najboljih dostupnih tehnika koje minimiziraju emisiju polutanata, Stede
resurse 1 energiju.

Tako, u spreCavanju zagadenja vazduha koriste se:

= Filtri za uklanjanje Cestica i toksi¢nih gasova u kojima je klasifikacija
zasnovana na veli¢ini Cestica,

= Tornjevi za pranje u kojima je separacija zasnovana na gustini ¢estica

= Cikloni u kojima se koristi centrifugalna sila da bi se Cestice razdvojile
od vazduha

Sem uklanjanja Cestica, dodatno se koriste hemijske reakcije za uklanjanje
sumpornih 1 azotovih oksida ili se koristi adsorpcija za uklanjanje isparljivih
organskih jedinjenja.

U preradi otpadnih voda koriste se razli¢iti fizicko-hemijski tretmani:
sedimentacija, flotacija, razliCite vrste filtracije, neutralizacije, precipitacije,
flokulacije, jonske izmene i adsorpcije, elektrohemijske metode, termalne metode i dr.
Svaki od ovih procesa je u potpunosti opisan mamtematickim jednac¢inama i1 moguce
ga je modelirati. Jedan od najvaznijih tretmana otpadnih voda je konvencionalni
tretman aktivnim muljem. Taj primer modela bioloSkog preciS¢avanja, o kome ¢e biti
viSe re¢i u poglavlju 5, je model ekosistema koji je napravio Covek. StaniSte
predstavlja reaktor, a biocenozu zajednica mikroorganizama u reaktoru koja vrsi
mineralizaciju organskog zagadenja otpadne vode.
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U vezi sa ¢vrstim otpadom, imamo moguénost ili da ga odlozimo na zemljiste,
ili da vrSimo sagorevanje, odn. incineraciju. Kada govorimo o odlaganju na zemljiste,
veoma je vazno ispoStovati sva pravila modernog projektovanja i izgradnje sanitarnih
deponija koje onemogucavaju dalju kontaminaciju Zivotne sredine. U tom smislu je
interesantno znati i modelirati rizik od zagadenja podzemnih voda i pokretljjivost
zagadenja, znati procese razgradnje na deponijama i upravljati gasom koji se formira
na deponiji njegovim koris¢enjem.

Tretman zagadenog zemljiSta se moze vrSiti in situ ili ex situ upotrebom
hemikalija, ali i procesima bioremedijacije koji se sve viSe primenjuju u slu¢ajevima
kada treba reSiti problem biorazgradljivog zagadenja. Biodegradacija podrazumeva
hemijske promene, od malih modifikacija molekula uz pomo¢ mikroorganizama (u
najvecoj meri bakterija), do njegovog kompletnog razaranja u neskodljive oblike koji
se nalaze u prirodi. Ona se deSava korak po korak i nije rezultat samo aktivnosti
jednog specificnog organizma. Obi¢no nekoliko rodova organizma koji Zive u
sinergizmu su umesSani u takve procese. To podrazumeva niz metabilickih Sema i
velik broj enzimskih sistema.

U slucaju termalne dekompozicije otpada (incineracije) mora se takode voditi
racuna o formiranju nekih nezeljenih jedinjenja. To su toksi¢ni dioksini i furani Cija se
emisija u ovom procesu moze umanjiti kontrolom procesa sagorevanja. Jedan od
znaCajnih faktora je sastav samog otpada koji se sagoreva. Cilj je dobiti Sto viSe
energije, uz sto je manje moguce zagadenje.

1.2. Sta modeliramo?
1.2.1. Ciklusi elemenata

Nasa zivotna sredina je podeljena u sfere. Biosferu ¢ine svi nivoi Zemlje
nastanjeni Zivim organizmima. Ona se sastoji iz ekosistema. Atmosfera predstavlja
masu vazduha koja okruzuje zemlju sa gornjom granicom fluida koja predstavlja
razgranicenje prema spoljasnjem prostoru. Ekosfera obuhvata samo nastanjem
prostor. Meteoroloski, atmosfera je podeljena na troposferu i tropopauzu, stratosferu i
stratopauzu, mezosferu i mezopauzu i termosferu. Fizi¢ke osobine ovih delova zemlje
su razliCite.

Gornji sloj zemljiSta, nastanjen organizmima, naziva se pedosfera. Granici se
sa delom sadinjenim od stena koji se zove litosfera i koji se proteze do dubine od 100
km. Atmosfera i hidrosfera penetriraju u pedosferu.

Svi geoloski procesi na Zemlji su opisani ciklusima elemenata, odnosno
materijala. Ljudi interaguju sa prirodnim ciklusima kroz eksploataciju prirodnih
resursa (koriSé¢enje ruda, voda) i proizvodnjom otpada koji ulazi u cikluse.

Postoje Cetiri osnovna ciklusa nutrijentnih elemenata: ciklus ugljenika, azota,
sumpora i fosfora, u kojima se deSavaju transformacije ovih elemenata kroz nekoliko
razlicitih formi.

Tako, u ciklusu ugljenika, on ima razli¢ite forme koju su medusobno povezane
reakcijama: ugljen-dioksid se rastvara u vodi dajuci bikarbonate i karbonate koji se, ili
taloze u obliku soli kalcijuma i magnezijuma, ili bivaju upotrebljeni u procesu
fotosinteze. Kroz fotosintezu ugljenik dobija organsku formu povezanu sa
biogeohemijskim procesima, a kasnije moze naéi primenu u vidu fosilnih goriva u
proizvodnji ksenobiotika. Organski ugljenik se moZe bioloSki razgraditi dajuci
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ponovo CO,. neorganski vezan ugljenik u talozima moze se ponovo rastvrati u
zavisnoti od uslova u vodenoj sredini.

Sto se tide azota, on moZe biti prisutan u prirodi u razli¢itim formama:
organski (npr. NH, grupe proteina) 1 neogranske (amonijak, nitriti, nitrati, razliCiti
oksidi). Fiksiranje atmosferskog azota mikroorganizmima i dalji mikrobioloski raspad
organske materije koja ga sadrzi produkuje amonijak koji pomoc¢u mikroorganizama
Nitrosomonas spp. 1 Nitrobacter spp. Dalje biva transformisan u nitrat i nitrit. Dalje,
ovi se oblici u procesu denitrifikacije transformiSu u molekulski azot.

Pored toga, mozemo govoriti o ciklusu metala i posebnim ciklusima
hemikalija koje dospevaju u ekosferu kao razultat ljudske aktivnosti. Vrlo vazan
antropogeni uticaj jesu teksi¢ni teSki metali. Oni mogu biti prisutni u zivotnoj sredini
u obliku jona i u obliku kompleksa koji interaguju npr. sa Cesticama u vodi. To moze
dovesti do njihovog inkorporiranja u sedimente i zemljiSte u razli¢itoj formi.

Organske hemikalije, u zavisnosti od rastvorljivosti, mogu biti adsorbovane na
Cestice sedimenta ili rastvorene u vodi, putujuéi na taj nain daleko od mesta
zagadenja. Njihova dalja sudbina u Zivotnoj sredini moze biti bioloSka razgradnja,
fotodekompozicija, oksidacija, pojavljivanje u obliku razli¢itth formi i dr.
Rastvorljivost 1 isparljivost odreduju raspodelu hemikalija izmedu tri dela Zivotne
sredine: vode, vazduha i zemljista.

1.2.2. Najcesci tipovi zagadenja

Neke vrlo vazne hemikalije za Zivotnu sredinu su: pesticidi, industrijske
hemikalije (rastvaraci, reagensi), polihlorovani bifenili i dioksini, aromaticni i
poliaromati¢ni ugljovodonici, organohlorne komponente i dr.

Najznacajnije poljoprivredno zagadenje prouzrokovano je pesticidima.
Herbicide koristimo u najveé¢oj meri (40%), a insekticide i fungicide neSto manje
(30%, odn. 20% respektivno). Druge grupe pesticida nisu u tako Sirokoj upotrebi
(rodenticidi, regulatori rasta). Pored pesticida, poljoprivredno zagadenje su i dubriva.
I pesticidi i dubriva pored toga Sto ulaze u lanac ishrane preko biljaka, vrSe znacajan
uticaj na kvalitet voda posto se zemljiStem transportuju u plitke vodonosne slojeve
podzemnih voda ili spiranjem dospevaju u povrSinske vode. Uticaj moze biti do te
mere negativan, da izvoriSta vode za pice postaju neupotrebljiva. Takode, moze doci
do akumualcije Stetnih materija u vodenim organizmima (npr. u ribama).

Zagadenje sektora proizvodnje energije je uglavnom zagadenje vazduha
uzrokovano emisijom oksida sumpora, azota, ugljen-monoksida, ugljovodonika i
Cestica.

Poslednje, ali ne i manje vazno, je zagadenje koje emituju pojedinacna
domacinstva: deterdZenti, sredstva za beljenje, sredstva za li¢nu higijenu, lekovi, boje,
rastvaraci, lepak i dr.

Ponasanje supstanci je odredeno njihovim molekulskim 1 fizi€¢ko-hemijskim
karakteristikama: molekulska masa, funkcionalne grupe, isparljivost, rastvorljivost,
Nernstov koeficijent raspodele, adsorpciono ponasanje i dr. Pored ovih karakteristika,
ponasanje u zivotnoj sredini uslovljeno je i faktorima okoline: vlaznost, tip zemljista
(sadrzaj organske materije, veliCina Cestica), temperature, pH, redoks potencijal,
prisustvo mikroorganizama i dr. Efekti toksi¢nih materija u zivotnoj sredini mogu biti
lokalizovani u prostoru i vremenu, ali nivo zagadenja zavisi od vrste zagadujuce
materije i karakteristika samog ekosistema. Na primer, kiSno vreme i obrada zemljiSta
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mogu uzrokovati poboljSanje transporta kroz zemljiste, ili u drugom slucaju otpadna
voda trpi uticaj meSanja u razli¢itim pravcima pri distribuciji zagadenja u nekom
recipijentu. MeSanje uzrokuje razblazenje hemikalija. Takode, fotoliticka 1
hidroliticka razgradnja ili precipitacija mogu da se dese. Visoka vlaznost atmosfere
sprecava isparavanje hemikalija sa zemljista ili povrSine vode i pospeSuje prodor u
suvo zemljiste.

Prirodne vode su ugrozene prisustvom velikog broja neorganskih, organskih 1
bioloskih zagadenja. Vecina njih je posledica neprihvatljivog odlaganja otpada. Neki
polutanti su visoko toksi¢ni (npr. kadmijum), dok drugi to nisu. Medutim, ¢ak i
netoksicni polutanti kao razgradljiva organska materija, mogu do te mere potrositi
kiseonik u vodotoku da izazovu pomor riba, Sto predstavlja indirektno toksi¢no
elovanje. Neki konstituenti su normalno prisutni u malim koli¢inama, dok u visokim
koncentracijama mogu biti izuzetno Stetni (npr. obi¢na so). Velik broj procesa se
deSava u vodenim ekosistemima: redoks reakcije, kompleksiranje, fotosinteza,
precipitacija, kiselo-bazne reakcije, mikrobioloSko delovanje, izmena gasova,
talozenje 1 rastvaranje materija iz sedimenta.

1.2.3. Vrste modela

.....

* Biogeohemijski modeli,

= Ekotoksikoloski i toksikoloski modeli,

* Modeli hemijskih vrsta,

=  Modeli procesa biolosSkog tretmana

* Modeli procesa fizicko-hemijskog tretmana

Biogeohemijski modeli se fokusiraju na procese i1 transformacije razlicitih
komponenti u ekosistemu, bilo da se radi o zagadenju ili prirodno prisutnim
supstancama. Pomocu ovih modela predstavljaju se reke, jezera, akumulacije, lagune,
rukavci, obalne zone, otvoreno more, mocvare, pustinje, Sume, poljoprivredno
zemljiSte 1 dr. Na slici 1-1. predstavljen je konceptualni dijagram jednostavnog
biogeohemijskog modela.

Slika 1.1. Primer konceptualnog dijagrama
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A 1 B su promenljive stanja (npr. jedinice koncentracije ili gustina naseljenosti
karkateristi¢na za odredenu vrstu). Strelice ukazuju na procese. Akumulacija se moze
opisati kao razlika izmedu ulaza i izlaza. U dinamic¢kim modelima opisuju se promene
promenljivih A i B u vremenu:

% = proces(l) — proces(2) + proces(3) — proces(4) (1.1)

% = proces(4) — proces(5) (1.2)

Najznacajnije je imati dobru formulaciju procesa koja se moze opisati
matematickim jednac¢inama.
Suprotno pomenutom dinami¢kom modelu, staticki model je opisan iskazom

dA _dB _,

=2 1.3
dt dt (1.3)

Ove jednacine se mogu koristiti za odredivanje vrednosti A i B u uslovima
dinamicke ravnoteze. UopSteno govorec¢i, dinamic¢ki modeli zahtevaju obimnu bazu
podataka.

Modeli ekoloskih procesa se koriste za izradu modela ekosistema. 1 jedni i
drugi modu biti opisani sa viSe ili manje detalja. Biogeohemijski modeli se odnose na
biohemijske 1 geohemijske jedinjenja i elemente ekosistema. Kada se koriste u
kontroli zagadenja moraju da obuhvate i sudbinu i raspodelu zagadenja i prirodnih
komponenti.

Uobicajeni hemijski procesi koji su obuhvacéeni biogeohemijskim modelima su
oksidacija, hidroliza, fotoliza, redukcija 1 kiselo bazne ravnoteze. Bioloski procesi su
rast, produkcija, mortalitet, imigracija, emigracija. MikrobioloSpki procesi su rast
mikroorganizama, nitrifikacija, redukcija sulfata, mikrobioloSka oksidacija i sl.
Tipi¢ni fizicki procesi su transport jedinjenja izmedu vode i vazduha, advekcija,
difuzija i dr. Upsteno govoreci, $to je kompleksnija formulacija, viSe parametara je
uklju€eno 1 neophodna je bolja i kompletnija baza podataka. ednacine koje se koriste
za pomenute podmodele razli¢itih procesa opisani su u literaturi

Ekotoksikoloski modeli

Ekotoksikoloski modeli se odnose na sudbinu i efekte toksi¢nih supstanci u
ekosistemima 1 organizmima. Oni opisuju sudbinu i transport toksi¢ne supstance u
ekosistemu, ali 1 populacionu dinamiku koja obuhvata efekte toksi¢nih supstanci (npr.
mortalitet ili zastupljenost bilo kakvog toksi¢nog efekta). Neki primeri
ekotoksikoloskih modela su: model lanca ishrane, staticki modeli protoka supstanci,
dinamicki modeli toksikanta u troficnom nivou, ekotoksikolo$ki modeli sa efektima
toksikanata i ekotoksikoloski modeli populacione dinamike. Primer je distribucija
zagadenja PCB u vodi, sedimentu, ribama i drugim organizmima. Prilikom
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modeliranja neophodno je uzeti u obzir svaki ulaz i izlaz. Npr. molekul PCB moze
dsopeti u ribu vodom (vrlo niska frakcija usled zanemarljive rastvorljivosti), al i1
preko suspendovanih Cestica na kojima je adsorbovan ili preko lanca ishrane, odnosno
drugih kontaminiranih organizama. Izlu¢ivanje je takoSe potrebno uzeti u obzir.

Hemijski modeli

Ovi modeli se odnose na koncentracije razli€itih formi raznih jedinjenja u
odredenom ekosistemu. Cesto su zasnovani na diferencijalnim jedna¢inama koje
predstavljaju promenu koncentracije reaktanta ili proizvoda u vremenu. Oni mogu biti
podmodeli ekotoksikoloskih 1 biogeohemijskih modela. Zasnovani su isklju¢ivo na
hemijskim informacijama. Naj¢eSc¢e se radi o razli¢itim formama hemijskih jedinjenja
koje se nalaze u stanju ravnoteze. Modeli se sastoje od nekoliko jednacina koje se
odnose na ravnotezu, a najzastupljeniji procesi su redoks procesi, formiranje
kompleksa, hidroliza, fotoliza, kiselo-bazne ravnoteze, transfer mase iz jedne u drugu
fazu, adsorpcija.

Hemijska reakcija je u stanju ravnoteze u slucaju da se koli¢ina reaktanata i
proizvoda ne menja u vremenu. Brzine direktne i povratne reakcije su iste za uopStenu
reakciju:

ad+bB < cC+dD

Izraz za ravnotezu u kojem je K konstanta ravnoteze izgleda ovako:
K=[CI'[DI/[AT'[B]" (1.4)

Konstanta ravnoteze zavisi jedino od temperature. U skladu sa Le Satelje-ovim
principom, za odredenu promenu uslova ravnoteZza se pomera u pravcu koji se
suprostavlja promeni.

Formiranje kompleksa

Formiranje kompleksnih jedinjenja je veoma znacajno u hemiji okoline.
Sposobnost metalnih jona da formiraju komplekse uti¢e na njihovu toksi¢nost posto se
strutura 1 mobilnost menjaju u slucaju stvaranja kompleksa. Kompleksiranje povecava
rastvorljivost, uti¢e na raspodelu izmedu redukovanih i1 oksidovanih formi, uti¢e na
toksi¢nost, menja osobine vezane za adsorpciju ili jonsku izmenu i menja stabilnost
koloida koji sadrze metal. Metali koji stvaraju komplekse su: bakar, srebro, Ziva,
litijum, aluminijum, gvozZde, nikal, mangan 1 dr. U prirodi postoji velik broj liganada:
prirodne huminske 1 fulvinske komponente, sintetske hemikalije poput EDTA, anjone
poput karbonata, silikata, nitrata, o-fosfata, jodida, acetata, amino-kiselina 1 dr. U
zavisnosti od koncentracije metala 1 liganda 1 konstante stabilnosti kompleksa (K) pri
odredenoj pH vrednosti , redoks potencijalu i temperaturi, nastajanje kompleksa
moguce je predvideti na osnovu ravnoteze:

Me™ + 1" —— MeL"™™" (I-1)
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[MeL(”_'")i] - K (15)
[Me™ (L")

Proces hidrolize uti¢e na mobilnost metala poSto moze do¢i do povecanja
rastvorljivosti metalnih jona. Ona se deSava u vodi, sa hidroksidnim i hidronijum
jonima, a primeri aluminijuma i gvozda opisani su jednacinama:

Al(OH);+OH ™ — AL(OH), - (1-2)
AIOH); +3H" +nH,0 - AI(H,0) " (1-3)
Fe(OH),(H,0),(s)+3H" = Fe(OH),(H,0),” +4H (1-4)

Smanjenje pH vrednosti Cesto puta povecava toksiCnost metala usled
formiranja metalnih akva jona.

Hidroliza

Hidroliza organskih komponenti je takode interesantna sa aspekta hemije
okoline zbog razlicitih toksi¢nih efekata koje ispoljavaju razlicite organske supstance.
Brzina reakcije hidrolize moze da zavisi od pH vrednosti.

Konstante brzine se mogu predstaviti promenom koncentracije reaktanta ili
proizvoda u vremenu. Jednostavnim testom moguce je odrediti kineticke brzine iz
kojih je onda mogucée procenjivati koncentraciju reaktanta ili proizvoda pod
odredenim uslovima. Kada su u pitanju dugi intervali (pola dana 1 viSe) ravnotezni
parametri se koriste za modeliranje, dok u slu¢aju kratkih intervala, od nekoliko sati
ili ¢ak minuta, za modeliranje koristimo kineticke parametre.

Zakon brzine hemijske reakcije je matematicka funkcija, specifi¢na
diferencijalna jednacina koja opisuje promenu (utroSak ili nastanak) jedne
komponente kao funkciju koncentracija razli¢itih hemijskih vrsta koje ucestvuju u
hemijskoj reakciji. UopSteno, moZemo pisati za brzinu transformacije komponente
org:

D[org]/dt= k[i][B]’[C]"... (1.6)

Gde eksponenti i,b,c,... govore koji je red reakcije u odnosu na odgovarajuce
hemijske vrste: org, B, C,...Ovaj empirijski zakon ne govori niSta o mehanizmu
reakcije. Cak i jednostavna reakcija moze da se desava u nekoliko razdvojenih stepena
(elementarne promene na molekulima) u kojima se hemijske veze kidaju u nove veze
formiraju pri konverziji jedne hemijske vrste u drugu. Svaki od ovih koraka,
ukljucujuéi i povratne reakcije, moze biti vazan u odredivanju ukupne brzine reakcije.
Tako, konstanta brzine reakcije, k, predstavlja kombinaciju konstanti brzina reakcije
nekoliko elementarnih reakcionih koraka.

Najjednostavniji primer je transformacija komponente A do komponente B.
Njena brzina je proporcionalna koncentraciji 1 matemati¢ki se izrazava zakonom
brzine prvog reda:

d[A}/dt=-k[A] (1.7)
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gde je k konstanta brzine reakcije prvog reda. Ako su molekuli vode ukljuceni u
najsporiji korak reakcije, onaj koji odreduje brzinu, reakciju treba opisati zakonom
brzine reakcije drugog reda:

d[A)/dt=-k [A][H,0] (1.8)

gde je k konstanta brzine reakcije drugog reda. Posto je voda obi¢no prisutna
u velikom visku i promena njene koncentracije zanemarljiva, zamenom k=k [H,0],
ponovo se dobija konstanta prvog reda, ali je zovemo konsantom brzine reakcije
pseudo-prvog reda jer mehanizam obuhvata viSe vrsta na molekulskom nivou.

Mada vecina reakcija koje sre¢emo nisu uistinu prvog reda, vrlo je pogodno da
se za svrhe modeliranja prave pretpostavke koje nam dozvoljavaju redukciju reda
reakcije, idealno ako je moguce, pseudo-prvog reda.

Redoks procesi

Vrlo su vazni u Zivotnoj sredini jer ve¢ina metala izmenjuje svoje elektrone sa
drugim jedinjenjima u Zivotnoj sredini. Tako, npr. arsen moZze biti snazno vezan za
feromanganske agglomerate u aerobnim uslovima, dok pod anaerobnim uslovima
dolazi do oslobadanja toksi¢nog arsena usled redukcije metala. Drugi primer je
gvozde sulfid koji u otpadnim vodama rudnika pri kontaktu sa vazduhom uzrokuje
formiranje velikih koli¢ina sumporne kiseline koja nanosi ogromnu Stetu okolini:

2FeS, +2H,0+70, =2FeSO, + 2H,SO0,
4FeSO, + 0, + 2H,80, = 2Fe,(S0,), +2H,0 (I-5)

Fe,(SO,), + 6H,0 = 2Fe(OH),(s) + 3H, S0,

Reakcija oksidacije je veoma vazna u vodenim ekosistemima gde je prisutno
nekoliko oksidacionih vrsta: radikali, singletni kiseonik, peroksidi, ozon, 1 dr. Neki
od njih su kratkozivuci, dok su drugi stabilniji. Brzina oksidacione reakcije
predstavljena je jedna¢inom:

v=k, _-[C]lox] (1.9)

ox

Gde je ko specificna konstanta drugog reda za reakciju oksidacije na
specificnoj temperaturi, a [C] 1 [0x] su molarne koncentracije hemijske vrste oka se
oksiduje i oksidanta respektivno. Ukupna brzina oksidacije kada vecina oksidacionih
vrsta simultano vrsi oksidaciju je suma brzina svake reakcije ponaosob:

n=n

Rox= (kox1[Ox1]+kox2[OXa]. . ... )[Cl= (Z ks, - [Ox, ]j [C] (1.10)

Integracija u vremenskim granicama od 0 do nekog vremena t daje
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ln[CO]/[Ct]zik% [Ox,]-t (1.11)

n=l

I1i, ako se koristi vreme poluraspada, t;»
ty, =In2/(Q ko, -[Ox,]) (1.12)

Mnogi redoks procesi su veoma brzi relativno u odnosu na vremenske razmake koji se
primenjuju u vecini modela. Dobar primer za to je kinetika oksidacije gvozda (I) 1
mangana (IT). Oba oksidaciona procesa se desavaju u okviru nekoliko minuta. Kada se
u modelima koriste vremenski intervali od pola dana ili dan, jasno je da je dovoljan
podatak 1 ravnoteza, ali kada se u modelima koriste intervali od nekoliko sati ili
minuta, mora se uzeti u obzir i kinetika oksidacije. Kada je ograni¢ena koli¢ina
kiseonika, njegov prenos moze biti limitirajuci faktor za brzinu reakcije. U koliko je
to tako, a kiseonik se potrosi skoro trenutno, podmodel pre svega mora prvo opisati
prenos kiseonika S§to je tac¢nije moguce 1 u isto vreme anaerobni raspad organske
materije. Oksidacija gvozda i mangana ¢e se deSavati brzinom odredenom upravo
prenosom kiseonika.

Kiselo-bazne reakcije

Skoro svi procesi u zivotnoj sredini zavise od pH vrednosti. Tako, sadrzaj
amonijaka 1 ugljen-dioksida u vodi zavisi od pH vrednosti, bioloSki procesi imaju
svoju optimalnu pH vrednost (obi¢no 6-8), pokretljivost teskih metala je zavisna od
pH, efikasnost hlora kao dezinficijensa je zavisna od pH (slika 1.2) posto razlicite
forme hipohlorne kiseline imaju razli¢itu sposobnost dezinfekcije.

100 7 r 0
90 10
80 - - 20
70 + ~ 30
= 60 40 =
O 504 - 50 5
S S
I I
40 - 60
30 70
20 4 - 80
10 - 90
0 T T T T T T 100
4 5 6 7 8 9 10 11
pPH

Slika 1. 2. Uticaj pH na prisutnost razli¢itih formi HOCI u rastvoru
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Kada je poznat sastav akvati¢nog ekosistema moguce je izracunati alkalitet 1
puferski kapacitet in a tak naCin saznati koje vrste e biti prisutne u rastvoru.

Sli¢no prethodno navedenim procesima, veliki znac¢aj u modeliranju procesa u
zivotnoj sredini imaju 1 procesi adsorpcije (vidi poglavlje 4), jonske izmene 1
fotohemijskih reakcija.

Literatura:

= S. EJorgensen (1991) Modelling in Environmental Chemistry, Developments
in Environmental Modelling, 17, Elsevier, Amsterdam-London-New Y ork-
tokyo

* S.E. Manahan (1992) Toxicological Chemistry, Second Edition, Lewis
Publishers, Chelsea Michigan , USA
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2. Eyring-ova jednacina — primer jednostavnog hemijskog modela

Primer koji ¢e biti predstavljen ovde jedan je od najjednostavnijih fizi¢ko-
hemijskih modela. On opisuje zavisnost brzine reakcije od temperature. Zasnovan je
na teoriji prelaznog stanja.

dcC
k [ —
A+B——>C v= 7 = k[ A][ B] @.1)
Reaktanti stupaju u reakciju formirajuéi nestabilni intermedijer
A+ B¢t AB—25C (2.2)

Postoji “energetska barijera” na putu izmedu reaktanata (A, B) 1 proizvoda
(C). Barijera odreduje minimum energije neophodne da se desi reakcija, i ta energija
se naziva aktivacionom energijom. Cestice se pribliZavaju jedna drugoj. One poseduju
kineticku energiju i konstantnu potencijalnu energiju. Priblizavaju¢i molekuli
reaktanta imaju dovoljno kineticke energije da prevazidu medusobno odbijanje
elektronskih oblaka svojih atoma. Nastaje aktivirani intermedijer AB ili “prelazno
stanje” sa maksimumom potencijalne energije. Radi se o nestabilnom kompleksu koji
se raspada i formira proizvod C ili ponovo reaktante A i B.

Principi teorije prelaznog stanja su: postoji termodinamicka ravnoteza
izmedu prelaznog stanja i stanja reaktanata na vrhu energetske barijere i brzina
hemijske reakcije je proporcionalna koncentraciji reaktanata koji se nalaze u
prelaznom stanju visoke energije.

Promena koncentracije kompleksa AB tokom vremena moze se opisati
slede¢om jednacinom:
AL L ABY - k. [4B) - Ky 4B]
(2.3)

Zbog postojanja ravnoteze izmedu aktiviranog kompleksa AB i reaktanata A 1
B, komponente k; - [A] - [B] 1 k.; - [AB] se ponistavaju. Tako, brzina direktne reakcije
je proporcionalna koncentraciji AB:

dC  d[AB]
= o S k(4B
dt dt k48] (2.4)
k, se racuna:
kT
== 2.5)

ks = Boltzmanova konstanta [1.381:10% J - K'']
T = apsolutna temperature u stepenima Kelvina (K)
h = Plankova konstanta [6.626-107*J - s]
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k> je univerzalna konstanta prelaznog stanja (~ 6 - 10™'* sec”' na sobnoj temperaturi).

Dodatno, [AB ] moze biti izvedena iz kvazistacionarnog stanja ravnoteze
izmedu AB 1 A, B primenjuju¢i zakon o dejstvu masa:

[4B]= K [A][B] (2.6)

* . oy v
K = termodinamic¢ka konstanta ravnoteze

Zbog ravnoteze koja se brzo postiZe, koncentracija reaktanata i aktiviranog
kompleksa opada istom brzinom. Zbog toga, uzimajuci u obzir obe jednacine 2.512.6
jednacina 2.4 postaje:

_dL4B] kT

7 P K [4][B]

2.7)

Poredenje izvednog zakona brzine (2.1) i izraza 2.7 daje za konstantu brzine
celokupne reakcije

T .

k=Sl

(2.8)
Dodatno, termodinamicki konstanta ravnoteze moze se opisati jedna¢inom:
AG=-RThhK"

(2.9)
AG je odredeno
AG = AH —TAS

(2.10)

R = univerzalna gasna konstanta = 8.3145 J/mol K
AG = slobodna entalpija aktivacije[kJ - mol™]

AS = entropija aktivacije [J - mol” - K]

AH = activation enthalpy [kJ - mol™']

AG je sloboddna aktivaciona entalpija (Gibsova slobodna energija) . U skladu
sa jednac¢inom (2.9) AG predstavlja pokretacku silu reakcije, a znak odreduje njenu
spontanost. Ako je manja od nule, reakcija je spontana, ako je jednaka nuli, reakcija je
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postigla stanje ravnoteze, a ako je veca od nule, reakcija nije spontana. Kombinacija
jednacina (2-9) i izraza (2-10) i reSavanje za [nk daje:

(2.11)
Eyring-ova jednacina se dobija supstitucijom jednacine (2.11) u jednacinu (2.8):
AH AS
k= kT e RTeR
h (2.12)
Ink = lnk—BT—%%+%
(2.13)
(2.14)
Predstavljanje In(k/T) u zavisnoti od 1/T daje pravu liniju (y = -mx + b), gde je
x=1/T
y = In(k/T)
m=-AH/R
b=y x=0)

AH se moZe racunati iz nagiba m:

AH =-m-R.

na osnovu odsecka

g kg AS
y(x—O)—ln7+7 (2.15)

E, =AH +RT (2.16)

Niske vrednosti E, 1 AH znace da se reakcija odvija velikom brzinom a visoke

vrednosti E, i A H ¥, da je brzina reakcije mala. Tipi¢ne vrednosti E, i AH * su izmedu
201 150 [kJ / mol].

Primer
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Kuempel i sar. (Inorg. Chem., 12, 1036 (1973) su dobili slede¢i set podataka
za pseudo prvi red reakcije hidrolize:

Ru(NH ), Br* + H,0—— Ru(NH ), H,0> + Br~

k (sec) T (°C)

1.2 15
3.8 20
5.4 25
8.3 30
12.2 35

Izracunaj slobodnu energiju aktivacije reakcije.

Literatura

= S. EJorgensen (1991) Modelling in Environmental Chemistry, Developments
in Environmental Modelling, 17, Elsevier, Amsterdam-London-New Y ork-

Tokyo
= Varma, A., Morbidelli, M. (1997) Mathematical Methods in Chemical

Engineering, Oxford University Press, New York, Oxford.
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3. Alati u modeliranju: transport i reakcije
Postoje dva tipa transporta u prirodnim sistemima:

e Usled slucajnog, odn. nasumicnog kretanja (npr. molekulska difuzija,
disperzija) i

e Usled usmerenog kretanja (npr. advekcija u  struji vode, talozenje
suspendovanih Cestica usled gravitacije)

Transportni procesi uzrokovani sluc¢ajnim kretanjem su difuzivni, dok oni koji
poti¢u od usmerenog kretanja su advektivni.

3.1. Slucajno kretanje

Slu¢ajno, odn. nasumi¢no kretanje, je prisutno svuda oko nas. Na molekulskom
nivou termicki pokreti atoma i molekula su nasumicni. Slucajnost znac¢i da pokret
individualnog dela nekog medijuma (npr. molekul, deo vode i dr) ne moze biti opisan
tatno. Osnovni opis transporta nasumi¢nim kretanjem je Fikov zakon (zakon
gradijenta fluksa). Fluks je definisan kao koli¢ina neke fizicke veli¢ine (npr.
koncentracije) koja se transportuje u jedinici vremena kroz jedinicu povrSine upravnu
na pravac toka. Pretpostavljeno je da su podsistemi A i B i rastojanje medu njima
Axa/m, beskonacno mali. Razlika u koncentraciji tezi nuli. Odnos ove dve razlike,
Akoncentracije: Axap, jednak je prostornom gradijentu koncentracije i obicno je
razli¢it od nule:

F =-b i(koncentmcg’ja) (3.1)
dx

X

gde je b konstanta

Znak minus indicira da su tacke nasuprot gradijentu. Umesto subskripta A/B
koristi se indeks x da oznaci osu duz koje se fluks desava. Pretpostavlja se da je fluks
odreden promenama lokalnih svojstava. Ove promene (kao gradijent koncentracije,
temperature, pritiska i1 sl.) predstavljaju pokretacku silu transporta. Matematicki,
gradijent je lokalno svojstvo funkcije. Puno fizickih procesa se ponasa po ovom
zakonu: molekulska difuzija, provodenje toplote, protok fluida kroz porozni medijum

Drugi Fikov zakon kaze da je lokalni opseg koncentracija u vremenu zbog
difuzivnog transporta proporcionalnom drugom prostornom izvodu koncentracije:

2
oc_,oc
Ot ox?

(3.2)
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3.2. Granice u zivotnoj sredini

Mnogi vazni procesi u zivotnoj sredini odvijaju se na granicama. To su povrSine
na kojima se znacajno ili diskontinualno menjaju osobine sistema (npr. grani¢na
porSina voda—vazduh 1 sediment-voda). Granice su okarakterisane fizickim 1
hemijskim procesima i Cesto puta je dovoljno upotrebiti koncept ravnoteze da bi se
opisala neka granica (npr. Henrijev zakon za granicu voda-vazduh). Postoje tri tipa
granica (prema obliku opsteg profila difuzije preko granice):

e Qranice “uskog grla” sa jednom zonom u kojoj se koeficijent transfera
zna€ajno smanjuje u odnosu na okolinu (npr. povrsina vode reke izmedu
dve turbulentne zone, vode i1 vazduha)

e “Zidna” granica (npr. sediment-voda u jezerima i okeanima) gde je samo
jedna zona turbulentna

e Difuzna granica — disperzija na ivici fronta polutanta, kada nema velike
promene difuziviteta

Razli¢ite matemati¢ke jednacine se koriste da bi se objasnile ovako definisane
granice pri modeliranju sudbine i transporta polutanata u ekosistemima.

3.3. Modeli kutije

Najjednostavnija 1 najc¢esSce najpodesnija alatka za modeliranje je model jedne
kutije (eng. one-box model). Ovi modeli opisuju system kao jedinstven prostorno
homogen entitet. Homogen zna¢i da nema daljih prostornih varijacija uzetih u
razmatranje. Ovi modeli mogu imati jednu ili viSe promenljivih stanja, npr. srednja
koncentracija jedne ili viSe komponenti na koje uti¢u spoljne promenljive i unutrasnji
procesi.

U sistemu koji ima konstantnu zapreminu maseni bilans komponente i je
opisan jednac¢inom:

o 1,-0, -3k, +2P) (33)

Gde su XR;1 XP; izrazi za ukupnu internu brzinu potroSnje i proizvodnje procesa
koji obuhvataju komponentu i. Koncentracije su uslovljene ulazom [; i izlazom Q;. U
linearnom modelu jedne kutije (eng. linear one box model) sa jednom promenljivom
koristimo linearnu funkciju da opiSemo spoljaSnje promenljive. Na primer, spoljni
input nije zavistan od C;.

f,(C)=a,()+b,1)C, (3.4)

Ovaj model se moze koristiti za proracun ukupne mase i srednje koncentracije
polutanta u jezeru na osnovu ponovljenih merenja koncentracije polutanta na
razli¢itim dubinama. Racun podrazumeva prvobitno znanje vezano za prostornu
distribuciju polutanta, horizontalni gradijenti koncentracije moraju biti tako mali da se
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ukupna masa moze racunati kao srednja vrednost koncentracija merenih duz
vertikalnog profila na najdubljoj lokaciji jezera. Moraju se znati ulazna i izlazna
koncentracija. Ako je pollutant isparljiv, jedini znacajni mehanizam uklanjanja (sem
gubitka na ulazu) je razmena vazduh-voda. Reakcije in sifu 1 sorpcija na sedimentima
se ne smatraju relevantnima.

Primer modela jedne kutije sa dve promenljive je slucaj dve hemikalije, A i
B, gde se A transformiSe u B hemijskom reakcijom i obratno. Sistem je opisan
pomocu dve koncentracije Ca 1 Cg, pomocu dve ulazne funkcije nultog reda, Ja 1 Jg,
pomocu dve iz¢azme funkcije prvog reda, kaCa 1 kgCg, 1 transformacijom prvod reda
od A u B i obratno. Ako ne bi bilo transformacije medu hemijskim vrstama A i B,
mogli bismo opisati svaku hemikaliju zasebnim linearnim modelom jedne kutije.

Model dve kutije (eng. two box model) se koristi uspesno u opisivanju sistema
koji imaju dva prostorna podsistema povezana jednim ili sa nekoliko transportnih
procesa. Sledeci korak su linearni multidimensionalni modeli.

Konac¢no, promenljive modela (npr. koncentracija) se menjaju u vremenu i
prostoru. Tokom poslednjih nekoliko decenija, polje trodimenzionalnoh prostorno
vremenskog modeliranja je proslo kroz veoma brz razvoj. Glavni mehanizmi su
transformacije, usmeren transport (advekcija, tok, talozenje Cestica) ili nasumicni
transport (difuzija i disperzija). Vazno je zapamtiti da razlikujemo laminarni i
turbulentni tok. Disperzija moze biti prikazana istim zakonom kojim prikazujemo i
difuziju ali je ona po prirodi drugacija. Ona je rezultat brzine smicanja koja
predstavlja razliku susednih strujnica u advektivnom toku. Na primer, usled
turbulentne razmene upravne na pravac toka, vodene Cestice kontinualno menjaju
strujnice duz kojih se krecu. Kako se strujnice krecu razli¢itim brzinama, svaki deli¢
vode ima svoju individualnu brzinu.

Literature
» Schwarcenbah R. P., Gschwend P. M., Imboden D.M. (2003) Environmental
organic chemistry, Second Edition, Wiley-Interscience, John Wiley&Sons,
Hoboken, New Jersey
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4. Modeliranje adsorpcije

Adsorpcija je pri¢vrs¢ivanje molekula iz te€nog ili gasovitog rastvora na drugu
fazu (dvodimenzionalnu povrsinu). Vrlo je Cest process u prirodi, ali i u tretmanima
otpadnih tokova, bilo da se radi o vodi ili vazduhu. Proces adsorpcije uti¢e na
transport i sudbinu hemikalija u okolini 1 ima veliku vaznost u proceni rizika.

Supstance mogu biti adsorbovane i iz vode i iz vazduha na zemljiste, glinu,
razli¢ite povrSine, prirodnu organsku materiju 1 dr. Upotreba granulovanog aktivnog
uglja je vrlo Cesta u tretmanu otpadnih gasova i uklanjanju organskih komponenti iz
njih (npr. isparljive organske komponente prisutne u dimnim gasovima), za uklanjanje
organskih materija iz vode za pice, i dr. Na primer, razumevanje procesa adsorpcije u
tehnologiji vode se sastoji od znanja vezanog za specijalne karakteristike aktivnog
uglja, znanja o adsorpcionoj ravnotezi i kinetic ii dizajnu samog procesa. Vezano za
dizajn procesa, postoji mogucnost primene aktivnog uglja u prahu (PAC) ili
granulovanog aktivnog uglja u adsorberima sa fiksiranim slojem. Nekoliko novih
procesa se razvija (npr. hibridni procesi u kojima se kombinuje membranska filtracija
sa aktivnim ugljen ili adsorberi sa permeabilnim sintetickim kolektorima).
Modeliranje nam omogucava da predvidimo ponaSanje polutanta i bolje upravljamo
tretmanom vode ili vazduha.

4.1. Adsorpciona ravnoteza

Na osnovu podataka o adsorpcionoj ravnotezi moze se racunati adsorpcioni
kapacitet aktivnog uglja. On se odreduje na osnovu adsorpcione izoterme koja opisuje
ravnotezu u zatvorenom sistemu koji se sastoji od rastvora supstanci koje zelimo da
uklonimo i koli¢ine uglja koja je u kontaktu sa rastvorom.

Za evaluaciju adsorpcione izoterme dodaju se definisane koli¢ine aktivnog
uglja u nekoliko boca koje sadrze istu, unapred definisanu, zapreminu rastvora sa
pocetnom koncentracijom jedne rastvorene supstance. Rastvori se muckaju dok se ne
postigne adsorpciona ravnoteza 1 na kraju se odredi ravnotezna koncentracija
supstance za svaku primenjenu dozu uglja. Vreme neophodno za postizanje ravnoteze
moze varirati od nekoliko sati do nekoliko dana, ali 1 godina. Iz ovih podataka
racunaju se adsorpcioni parametri (eq. 4.1). Stepen do kog se moze koristiti slobodna
povrsina uglja za adsorpciju zavisi od koncentracije rastvorka u rastvoru koji se mesa
sa ugljem. Specificna relacija definiSe adsorpcionu izotermu na odredenoj
temperaturi. NajceS¢e je adsorpciona ravnoteza opisana empirijskom Freundlich-
ovom jedna¢inom:

q=Kgc" 4.1)
gde su

q — koncentracija na ¢vrstj fazi koja opisuje koli¢inu adsorbovane supstance
Kg-Freundlich-ova konstanta

c- ravnotezna koncentracija u rastvoru
n-Freundlich-ov eksponent
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Freundlich-ov eksponent i1 konstanta mogu se lako odrediti nelinearnom
regresijom transformacijom jednacine u:

lg q=lg Kg+nlg ¢ (4.2)

Nagib log c u zavisnosti od log q jednak je eksponentu, n, a koncentracija na
¢vrstoj fazi pri Ci=1, jednaka je Freundlich-ovoj konstanti, Ky. Adsorpcioni kapacitet
uglja raste sa porastom vrednosti K i kada opada n.

Vrednost n predstavlja promenu u slobodnoj energiji sorpcije rastvorka na
sorbent u odgovaraju¢em opsegu koncentracija. Kada je n = 1, izoterma je linearna 1
slobodna energija sorpcije je jednaka za sve koncentracije, kada je n < 1, izoterma je
konkavna 1 sa porastom koncentracije sorbata slobodna energija sorpcije opada. Kada
jeni> 1, izoterma je konveksna i sa porastom koncentracije sorbata slobodna energija
sorpcije raste.

Pored Freundlich-ove jednacine, za objasnjenje adsorpcione ravnoteze moze
se koristiti i Langmuir-ova jednacina:

K, -c

Lz 4.3
I+K, -c *3)

q9=4u

Gde su

Ki-Langmuir-ova konstanta,

dm- maksimalna koncentracija na ¢vrstoj fazi u monomolekulskom sluju koji pokriva
adsorpcionu povrsinu,

c- ravnotezna koncentracija,

q - koncentracija na ¢vrstoj fazi u stanju ravnoteze.

Langmuir-ova jednacina ima za pretpostavku da je promena slobodne energije,
entalpije i entropije usled adsorpcije konstantna za sve koncentracije na ¢vrstoj fazi.
To se obi¢no povezuje sa homogenom povr§inom. Medutim, ¢esto ovaj uslov nije
ispunjen i entalpija adsorpcije se menja sa porastom koncentracije na ¢vrstoj fazi.

Dve konstante Langmuir-ove izoterme se mogu odrediti na osnovu podataka
primenom nelinearne regresije, ili ako se rezultati adsorpcionog testa crtaju na
odgovaraju¢i nacin, linearnom regresijom.

Multikomponentna adsorpcija

U slucaju kada je u rastvoru prisutno vise supstanci koje se adsorbuju imamo
pojavu kompeticije za adsorpciona mesta medu njima. To je tzv. viSekomponentni
system. U ovom slu¢aju koncentracije supstanci na ¢vrstoj fazi bilo koje od supstanci
¢e biti redukovane u poredenju sa jednokomponentnim sistemom.

Dobro poznat model za opisivanje viSekomponentne adsorpcije je zasnovan na
teoriji idealne adsorpcije u rastvoru (eng. Ideal Adsorbed Solution Theory (IAST)).
Ona je zasnovana na pretpostavci da se adsorpciona ravnoteZza ravnoteza deSava
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izmedu dvodimenzionalne povrSine 1 rastvora. Adsorpcioni medijum je
termodinamicki inertan, a adsorpciona mesta npr. povrsine aktivnog uglja su dostupna
svim organskim molekulima prisutnim u rastvoru na isti nacin i adsorpciona ravnoteza
je reverzibilna.

Za racun adsorpcione ravnoteze u smesi neophodno je poznavati samo podatke
za jednokomponentne sisteme. Freundlich-ova jedna¢ina je upotrebljena 1
pretpostavljeno je da je Freundlich-ov eksponent konstantan u opsegu c¢i=0 to ci=cy,

1/n;

N q_j !
4 | 2% N=brojk ti 4.4
e o roj komponenti (4.4)
qu F,i
J=l n;

IAST se cCesto koristi kao osnova za opisivanje adsorpcije u nepoznatim
smeSama adsorbujucih organskih supstanci. Adsorpciona analiza pomocu I[AST
takode se moze koristiti za posmatranje uklanjanja supstanci sa razli¢itim
adsorpcionim afinitetima tokom tretmana voda.

4.2. Adsorpciona kinetika

Kinetika adsorpcije je brzina postizanja adsorpcione ravnoteZze pomocu dva
difuziona procesa: iz rastvora na spoljasnju povrSinu adsorbenta (eksterni transfer
mase 1ili difuzija kroz film ) i1 difuzija kroz pore sistema Cestica gde se deSava
adsorpcija na unutrasnjoj povrSini (interni transfer mase). Matematicki opis difuzije
kroz film je dat Fick-ovim zakonom:

dc.
n, .

=D,.—= 4.5
i L,i d§ ( )

Gde su
n L brzina transfera mase po jedinici povrsine
Dv; vodeni koeficijent difuzije adsorbata 1

0 lokacija u okviru grani¢nog sloja debljine &

Intergraljenjem se dobija:
n,; =p,(c _c:) (4.6)
Gde je

BL;} koefficijent difuzije kroz film,

ci ranotezna koncentracija komponente i na spoljnoj povrsini Cestice aktivnog
uglja i

¢; koncentracija komponente u rastvoru.
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Odredivanje  povrSinskog  koeficijenta  difuzije moze se izvrsiti
eksperimentalno ili upotrebom dobro poznatih empirijskih korelacija.

Unutrasnji transfer mase deSava se usled difuzije molekula kroz tec¢noscu
ispunjene pore ili difuzijom adsorbovanih molekula po zidovima pora (povrSinska
difuzija). U poslednjem slucaju pokretacka sila je gradijent na ¢vrstoj fazi i umesto
vodenog difuzionog koeficijenta, u tom sluc¢aju govorimo o difuzionom koeficijentu
povrsinske faze i gustini Cestica:

0q,
nsy = p, Dyt (47)

Sile koje utiCu na kinetiku adsorpcije organskih supstanci iz razblazenih
rastvora na poroznom uglju su ¢esto sasvim razlicite od onih koje kontroliSu konac¢ni
kapacitet uglja za adsorpciju. Ograni¢avaju¢i mehanizam je obic¢no ili difuzija kroz
film ili meducesti¢ni transport, Sto u velikoj meri zavisi od hidrodinamic¢kog karaktera
sistema u kome se aktivni ugalj koristi. Suprotno, krajnja pozicija ravnoteze je
odredena silama adsorpcije, koje su po prirodi hemijske ili fizicke. Kao rezultat
mogucih razlika u prirodi kinetickih 1 ravnoteznih sila, faktori koji poboljSavaju
brzinu adsorpcije mogu znatno umanjiti kapacitet poroznog uglja za neke adsorbate i
obratno.

4.3. Primena u procesima

Danas se u tretmanu voda koriste dva tipa procesa zasnovana na adsorpciji na
aktivnom uglju: process sa aktivnim ugljem u prahu (PAC) u sekvencijalnom
operaciji adsorpcije i proces sa granulovanim aktivnim ugljem (GAC) u adsorberu sa
fiksiranim slojem.

Aktivni ugalj u prahu

Adsorpcija na aktivnom uglju u prahu se Cesto puta naziva i kontaktna
filtracija posto tipi¢na primena podrazumeva tretman u tanku u kome se ugalj mesa sa
vodom 1 nakon toga se vrs$i filtracija ili taloZzenje. Ako voda koja treba da se obradi
sadrzi pocetnu koncentraciju supstance koju je neophodno ukloniti, Cy, u zapremini
V, u koju se dodaje aktivni ugalj u koli¢ini m i nakon dostizanja ravnoteze merimo
koncentraciju C, moze se pisati jednac¢ina masenog bilansa:

VCy+mqe=VC+mq (4.8)

Gde je q koncentracija supstance na ¢vrstoj fazi.

Posto je pocetna koncentracija na ¢vrstoj fazi nula, jednacinu 4.8 mozemo
preurediti:

g=2C,-0C) 4.9)
m
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Kada su poznati Freudlich-ovi parametri za neku hemikaliju moguce je
izraCunati koli¢inu aktivnog uglja neophodnu za uklanjanje supstance do odredenog
stepena na osnovu jednacine 4.9. Prvo se racuna koncentracija na ¢vrstoj fazi iz
jednacine 4.1, i nakon toga neophodna koli¢ina uglja (m) zasnovana na jednacini 4.9.

Adsorpcija na granulovanom aktivnom uglju

Tokom kontinualne operacije voda i adsorbent su u kontaktu tokom celog
procesa bez periodicnog razdvajanja faza (primer GAC adsorbera sa fiksiranim
slojem).

Projektovanje adsorbera sa fiksiranim slojem 1 predvidanje duzine
adsorpcionog ciklusa zahteva znanje o stepenu zasi¢enosti uglja u tacki proboja.
Obicno se proces vodi u seriji kolona sa aktivnim ugljem kroz koje se pumpa voda 1
vreme kontakta je u opsegu 15-60 min.

Tacka u kojoj necisto¢a, odnosno koncentracija hemikalije prevazilazi
kriterijum za kvalitet efluenta naziva se taCka proboja (Cb na slici 4.1). Deo krive
1izmedu pocetnog pojavljivanja u efluentu i tacke u kojoj je koncentracija u efluentu
jednaka ulaznoj naziva se kriva proboja). Tokom adsorpcije gornji deo kolone se
zasiti necistocama, dok donji deo uglja ostaje relativno svez. Izmedu ova dva stanja
nalazi se adsorpciona zona u kojoj se deSava uklanjanje. Tokom vremena kolona se
polako zasi¢ava, a adsorpciona zona se polako pomera na dole. Tipi¢na kriva proboja
predstavljena je na slici 4.1.

Kriva proboja treba da je strma, odnosno koncentracija rastvorka od interesa u
efluentu brzo raste od vrednosti bliskih nuli do one koje se nalaze u ulaznoj vodi.
Proizvoljno uzeta niska vrednost Cg je izabrana kao probojna koncentracija, a kolona
se smatra potroSenom kada se koncentracija u efluentu popune na drugu proizvoljnu
vrednost blisku vrednosti C,

1.2 Co
1 -+ W
Q 0.8 - $
(o)) L 4
£ 0.6 - .
© 0.4 - .
*
0.2 e ®
&
0 M ‘ ‘ ‘ |
0 5 10 15 20 25

t (time)

Slika 4.1. Kriva proboja
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Adsorpciona zona, deo adsorbenta u kome se koncentracija menja od Cg do
blizu Cy ima konstantnu visinu Z, (m). Adsorbent iza zone je kompletno zasi¢en
rastvorkom. U okviru zone, stepen zasi¢enja varira od 0-100%. Visina zone zavisi od
brzine adsorpcije i brzine protoka rastvora. Smanjenje veliCine Cestica ugljenika,
povecanje koeficijenta difuzije adsorbata i jaa adsorpcija (vec¢a vrednost Freudlich-
ovog parametra K) smanjuju visinu adsorpcione zone.

U situaciji u kojoj je probojna koncentracija definisana kao minimalna
koncentracija koja se moze detektovati, kriti¢na visina kolone sa aktivnim ugljem je
jednaka visini zone transfera mase. Ukoliko je adsorber visok ta¢no koliko 1 zona
transfera mase, to dovodi do trenutne pojave supstance u efluentu u koncentraciji
protoka i povrSinski presek kolone se koriste za racun vremena zadrzavanja
(minimalna zapremina adsorbera ispunjena ugljem i1 podeljena sa zapreminskim
protokom, eng. empty bed contact time):

Z .
critical — EBCT

/ min

(4.10)

EBCT ima znacajan efekat na ucinak uglja. Za datu situaciju kriti¢na dubina
GAC 1 odgovaraju¢e minimalno EBCT postoje koje more biti premaseno ako zelimo
da nam adsorber proizvodi vodu prihvatljivog kvaliteta.

Kada je probojna koncentracija ve¢a od minimalne koncentracije koju
mozemo detektovati , kriticna visina je manja nego visina zone transfera mase.

EBCT=V/Q=ﬂ 4.11)
0/ A

Gde je

V- zapremina uglja u kontaktoru
Q- zapreminska brzina protoka
Lped-dubina sloja

A-povrsina sloja

Masa supstance adsorbovana po jedini¢noj masi adsorbenta povecava se kako
raste procenat iskoriS¢enja adsorbenta i shodno tome broj bed volumena vode koji je
obraden pre proboja takode raste do maksimalne vrednosti. Povecanje EBCT, ili
dubine sloja uti¢e na troSkove procesa. Ako je adsorber veci, fiksni troskovi rastu.
Operativni troskovi opadaju jer opada brzina kori$¢enja uglja i frekvencija njegove
zamene. Zbog toga je izuzetno vazno raditi sa optimalnom dubinom sloja i vremenom
kontakta.

4.4. Model difuzije po homogenoj povrsini (HSDM)

Nekoliko korisnih matematickih modela adsorpcionih procesa su dostupni.
Jedna od njih je model difuzije po homogenoj povrsini (eng. homogenous surface
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diffusion model (HSDM)) koji se zajedno sa svojim modifikacijama Siroko koristi u
predvidanjima rada adsorpcionih sistema.

U slucaju jednokomponentnog sistema HSDM model za disperzni tok sastoji
se od nekoliko elemenata: kocentrisanje u tecnosti, transport advekcijom, disperzija i
adsorpcija:

acg;Z)"‘VF .Gc(t,z)_D .gazc(t,z)_k 6-5. '(1_5).(c(tyz)—c*(t,z))= 0

g .
Oz ‘ oz* dp (4.12)

Gde su

- poroznost sloja

vg- linearna brzina filtera

D,- difuzioni koeficijent

Br- koeficijent transfera u filmu
d, —gustina Cestica

Model linearne pokretacke sile (eng. Linear Driving Force Model (LDF))
(Kummel, 1990; Worch 1991) je zasnovan na HSDM modelu za disperzni tok. U
njemu je pretpostavljen linearni gradijent za difuziju po homogenoj povrSini zrna
GAC. Model je zasnovan na gore pomenutoj jednacini, bez izraza za disperziju i
njime su obuhvacene spoljaSnja difuzija kroz film i unutra$nji transfer mase kroz
Cesticu:

dq_kear (. (4.13)
dt P
Gde je

kray- koeficijent zapreminskog tranfera mase za difuziju kroz film (koeficijent
transfera mase, kr, pomnozen sa povrSinom dostupnom za transfer mase
normalizovanom na zapreminu filtra, ay),

cs-koncentracija na spoljasnoj povrsini Cestice, py- gustina sloja

d
73: ksa, (g5 —q ) (4.14)

gde je
ksay- koeficijent zapreminskog transfera mase za unutraSnji transport kroz

Cestice (koeficijent transfera mase), ks, pomnoZen sa povrSinom dostupnom za
transfer normalizovanom na zapreminu filtra, ay,
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g je opterecenje i gs je opterecenje na spoljasnjoj povrsini Cestice.

U slucaju difuzije kroz film, razlika u koncentraciji izmedu rastvora i
spoljasnje povrSine zrna je pokretacka sila procesa. Kod unutrasnjeg transporta unutar
Cestice pokretacka sila je razlika optere¢enja na spoljasnjoj povrsini Cestice i srednjeg
opterecenja Cestice. Koeficijent prenosa mase ksay povezan je sa koeficijentom
difuzije kroz pore, Dp_kao is a povrSinskim difuzionim koeficijentom, Ds:

15D
ka, =——* (4.15)
r
P
15D
sa, =—2—0 (4.16)
rp qup
Gde je

1p- precnik zrna,

co-pocetna koncentracija,

qo-ravnotezno opterecenje povezano sa Co,
pp- gustina zrna.

U slucaju jednokomponentne adsorpcije koncentracija i1 optereéenje na
spoljasnoj povrsini zrna su povezani sa Freundlich-ovom izotermom, dok je u slucaju
multikomponentnih sistema neophodno koristiti druge modele.

Program LDF (verzija 2.3) (Worch (2007)) moze se koristiti za proracun
adsorbera 1 krive proboja za jednokomponentne 1 viSekomponentne sisteme
upotrebom pomenutih IAST i1 LDF modela. Ulazni podaci zahtevaju za krivu proboja
koncentracije, Freundlich-ove koeficijente 1 eksponente za adsorbate ili smesSe,
koeficijente transfera mase za difuziju u filmu i unutar zrna, masu adsorbenta,
volumetrijsku brzinu protoka i gustinu sloja.
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5. Dodatak- Rast biomase i kinetika u tretmanu voda

Tretman optadnih voda koristi biorazgradnju za uklanjanje organskog
zagadenja odgovornog za visoku biolosku i1 hemijsku potro$nju kiseonika u
komunalnim 1 nekim industrijskim otpadnim vodama. Bakterijska zajednica
razgraduje organsku materiju aerobnom respiracijom i proizvodi ugljen-dioksid, vodu,
energiju i novu biomasu. Organski azot se pretvara u amonijum jon ili nitrat, organski
fosfor u ortofosfat. U sluaju da se voda ne preraduje, procesi se deSavaju u
recipijentu, Sto vodi do potrosnje kiseonika u vodotoku i moguceg pomora ribe.

Postoje dva tipa tretmana: u suspendovanoj biomasi (primer konvencionalnog
tretmana sa aktivnom muljem) ili sa fiksiranim biofilmom (kapaju¢i filtar, rotirajuci
biodisk ili filtri sa bioloski aktivnim ugljem).

Konvencionalni tretman sa aktivnim muljem koristi mikroorganizme za
razgradnju organskog zagadenja u njihovoj log fazi rasta. Nakon toga celije poCinju
da flokuliSu i formiraju lako talozivu ¢vrstu materiju. Deo mulja se recirkuliSe nazad
u proces, a deo se dalje preraduje stabilizacijom u cilju dobijanja kondicionera za
zemljiste 1 proizvodnju metana.

U kapaju¢im filtrima otpadna voda kaplje preko stenja ili nekog cvrstog
materijala prekrivenog mikroorganizmima. Vazduhom se obogacuje rasprsivanjem.

Rotirajuéi bioloski reaktori su plasticni diskovi do pola uronjeni u vodu i na
povrSini nose miikroorganizme koji vrSe razgradnju zagadenja. Rotiranjem se
snabdevaju kiseonikom neophodnim za Sroces aerobne respiracije.

Bioloski aktivni ugljevi mogu da se koriste 1 u tretmanu ¢istih 1 u tretmanu
otpadnih voda. Oni kombinuju procese adsorpcije na aktivnom uglju i mikrobioloske
razgradnje organskih materija pomoc¢u biofilma pricvr§¢enog na povrsinu aktivnog
uglja.

Da bi biomasa rasla u nekom sistemu njeno vreme zadrazavanja mora biti
dovoljno dugo da se dostigne faza reprodukcije. Duzina neophodnog vremenskog
perioda za dostizanje ove faze zavisi od brzine rasta celije koja je funkcija

metabolizma i iskoriS¢enja zagadenja.

Brzina rasta bakterijskih ¢elija definiSe se:
r, = uX (5.1
gde su
r,- brzina rasta bakterija, masa/jedinica zapremine X vreme
I - specifi¢na brzina rasta, vreme”

X — komcentracija mikroorganizama, masa/jedinica zapremine

U protocnoj kulturi rast mikroorganizama ograni¢en je koncentracijom
supstrata. On je definisan Monod-ovom jedna¢inom:
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S
Ky +S

“=p, (5.2)

gde su

u - specifi¢na brzina rasta, vreme™

lm - maksimalna specifiéna brzina rasta, vreme™

S- koncentracija ograniavajuéeg supstrata u rastvoru

Ks-polusaturaciona konstanta, koncentracija supstrata pri kojoj mikroorganizmi
dostizu polovinu maksimalne brzine rasta, masa/jedinica zapremine

Kombinacijom jednacina (5.1) i (5.2) dobija se jednacina za brzinu rasta:

o HuXS
¢ Kg+S

(5.3)

Da bi bio precizniji, izraz za brzinu rasta se koriguje za onu koli€inu energije
koja se troSi na odrzavanje Celije, njenu smrt i predaciju. Smatra se da je smanjenje
biomase usled ovih procesa proporcionalno koli¢ini biomase, odnosno koncentraciji
mikroorganizama. To je endogeni raspad koji se definiSe na slede¢i nacin:

r, =—k,X (5.4)
gde je
kq- koeficijent endogenog raspada, vreme™

Kombinovanjem sa prethodno navedenim jednaCinama dobija se izraz za

ukupnu brzinu rasta (masa/jedinici zapremine x vreme):

r'_ lleXS
¢ Kg+S

—k,X (5.5)

Uticaj temperature na brzinu bioloskih reakcija je vrlo vaZzan jer ne samo
metaboliCka aktivnost nego 1 transfer gasa, kao i talozne karakteristike se sa
temperaturom menjaju:

rp =1y, 07 (5.6)
gde je

rr-reakciona brzina na T°C

I0- reakciona brzina na 20°C

6- temperaturni koeficijent
T-temperatura, °C
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Procesi sa suspendovanom mikroflorom

Za reaktor sa potpunim meSanjem i odvodenjem viSka biomase iz reaktora,
vazi maseni bilans da je akumulacija biomase jednaka razlici ulazne i izlazne biomase
uvecanoj za rast mikroorganizama u elementu zapremine koji se posmatra.
Matematicki, to glasi:

‘Z—er =0X, -[0, X +0,.X 1+V.(r,) (5.7)

gde je

Qw- protok te¢nosti kojim se iznosi viSak biomase iz reaktora
Qe- protok efluenta na izlazu iz taloznika
Xe-koncentracija mikroorganizama u efluenta iz taloznika

Ako u jednacinu (5.7) uvrstimo jednacinu za brzinu rasta (5.9) uz pretpostavku
da je koncentracija ¢elija u ulaznoj vodi nula i da vaze ravnotezni uslovi (dX/dt=0)
dobija se:

QWX+QeXe - _ rS_U_kd (58)

VX X

ili

—

v
=Yk, (5.9)

gde je Oc srednje vreme zadrzavanja celija definisano kao masa
mikroorganizama u reaktoru, podeljena sa masom mikroorganizama koja se uklanja iz
sistema svakoga dana.

Parametar Oc je moguce koristiti kao kontrolni parametar procesa, bez potrebe
da se odreduje aktivna biomasa ili koli¢ina supstrata koja je iskoris¢éen. To je
zasnovano na ¢injenici da u cilju kontrole rasta mikroorganizama, a time i stabilizacije
otpada, odredeni procenat ¢elijske mase mora biti izveden iz sistema svaki dan. Tako,
ako je utvrdeno da parametar ima vrednost 14 dana za postizanje Zeljene stabilizacije,
onda svakog dana 1/14 ¢elijske mase treba izbaciti iz sistema.

Procesi sa imobilisanom mikroflorom

Biofilm predstavlja ¢vrstu fazu sa ekstracelularnim polimernim gelom,
¢elijama i1 drugim razliitim cesticama inkorporiranim u njegovu strukturu. 1-D
modeli biofilma odnose se uglavnom na transport mase i biohemijske reakcije, a
kasnije su razvijeni stratifikovani modeli sposobni da predstave dinamiku
multisupstratnih biofilmova sa vise vrsta mikroorganizama. 2-D i 3-D modeli biofilma
imaju 1 morfoloski, odn. strukturni elemenat. Velika paznja poklanja se heterogenosti
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biofilma (geometrijska, hemijska, bioloska i fizicka). Pri modeliranju biofilma
neophodno je definisati nekoliko podmodela:

1. model rasta biomase odnosno razgradnje biomase zasnovan na
potro$nji nutrijenata

2. model raspodele 1 Sirenja biomase koji mogu da obuhvate 1
proizvodnju i Sirenje ekstracelularnih polimera

3. model za transport supstrata 1 kinetiku odn. ravnotezu reakcija

4. model za odvajanje biofilma

5. model protoka te¢nosti

6. model pri¢vrs¢ivanja biofilma

Jedan od osnovnih problema pri modeliranju jeste prilagoditi istom modelu
sve relevantne, kako spore (rast biofilma, raspad, odvajanje), tako i brze procese
(difuzija, reakcije).

Postoje dve grupe modela: modeli zasnovani na aktivnostima i osobinama
individualnih ¢elija (IbM, eng. individual based modeling) i modeli zasnovani na
biomasi kao multifaznom sistemu (BbM, eng. biomass-based models).

Sto se ti¢e rasta biomase, Celija se uvecava apsorpcijom nutrijenata i kada
dostigne kriticnu masu deli se u dve ¢elije. UopStena jednacina za brzinu koja opisuje
promenu mase m bakterije i smeStene u momentu ¢/ na mestu x /x y z/ moze se
napisati:

dm;
Tz‘l = ry (m, (1), Cs (x,1),.. (5-10)

Gde je Cs veliCina koja sadrzi sve koncentracije substrata i proizvoda koji mogu
uticati na rast bakterija.

Jednostavna Monodova kinetika je u najveéem broju sluCajeva sasvim
prihvatljiva. Ponekad je model neophodno komplikovati inhibicijom supstrat-
proizvod, zahtevima za odrzavanjem i raspadom mase.

Najjednostavniji modeli za Sirenje novonastalog biofilma sli¢ni su modelima
rasta kristala.

Osnovni procesi koji doprinose povecanju zapremine biofilma su odredeni
dostupnos¢u nutrijenata. Procesi raspadanja su takode odredeni koncentracionim
nivoima pojedinih supstanci. Transport i reakcije supstrata su opisani dobro poznatim
zakonima fizike. Rastvorene supstance mogu biti transportovane molekulskom
difuzijom i konvekcijom (ponekad se koristi i termin advekcija). Difuzija je odredena
koncentracionim  gradijentom 1 opisana Fikovim  zakonom. Konstanta
proporcionalnosti fluksa mase koncentracionom gradijentu zove se difuzioni
koeficijent Di (m?/h). Gradijenti koncentracije nastaju usled potrosnje supstrata i
formiranja proizvoda u biofilmu. Konvektivni fluks rastvorka u bilo kojoj tacki u
prostoru proporcionalan je brzini teGnosti (m?/s), koncentraciji transportovane
supstance 1 Cg;, Prostorna raspodela koncentracije svake relevantne hemijske vrste
raCuna se na osnovu sistema dinamicke materijalne ravnoteze. To znaci da brzina
akumulacije supstance i u elementu zapremine mora biti u ravnotezi sa brzinom
transporta u okviru granica date zapremine i ukupnom brzinom transformacije u datoj
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zapremini (odn. hemijske reakcije R;). Tako, materijalni bilans za hemijsku vrstu i u
elementu zapremine biofilma matematicki glasi:

oC

—=DV?Cy, —-uVg + R, (Cs,C.
8t i Si u S1+ 1( S x) (511)
Rast biofilma na bioloski aktivnom kapajuc¢em filtru dat je jednac¢inom:
re = fohk,S* (K, +5) (5-12)
Gde je

15 brzina rasta u tankom sloju,
h- dubina sloja,
ko- maksimalna brzina uklanjanja supstrata,
S-srednja koncentracija supstrata,
K- konstanta polubrzine i
fo-faktor

maseni bilans za uklanjenje supstrata definisan je jednacinom :

(6S/6t)dV = QS — O(S + (8S / 6z)dz) + dzW (— f, hk,S* | K, + S) (5-13)
Q-protok vode,

W-Sirina povrSine na kojoj raste biofilm i

Z-visina adsorbera.

Kako u ravnoteznom stanju vredi 0S/0t=0 gore pomenuti maseni bilans se
pojednostavljuje

Q(dS/dZ)= -fokohWS*/(KintS)

(5-14)
A kako je K, ( S moZemo pisati
dS/dZ=-fokohWS/Q (5-15)
Intergaljenjem od S do Sp1 od 0 do Z dobijamo:
Johko)WZ 1 Q
S /S, =e" (5-16)

Gde je S. koncentracija supstrata u efluentu,
So koncentracija supstrata u ulaznoj vodi
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Dalje vredi
WZ/Q=As/Q=ZA/QxAs/V=S,ZA/Q (5-17)
gde je

Ag povrSina punjenja filtra,
V-zapremina biofiltra,

Sa- specifi€na povrsina punjenja,
A —poprecni presek

Proizvod fyhky mozemo zameniti jednom konstantom uklanjanja supstrata, k,
pa se moze pisati

S, /8, =e 5 (5-18)

e

Literatura:

» Picioreanu C. And M.C.M. van Loosdrecht (2003) Use of mathematical
modelling to study biofilm development and morphology in Biofilms in
Medicine, Industry and Environmental Biotechnology-Characteristics,
Analysis and Control (Ed. Lens, P., Moran, A.P. Mahony T., Stoodley, P.,
O’Flaherry, V.) IWA Publishing

= Metcalf & Eddy, Inc (1991) Biological Unit Processes in Wastewater
Engineering: Treatment, Disposal and Reuse (Eds. Tchobanoglous G. and
Burton F. L) McGraw-Hill.

499



	00 Preface-glavni.pdf
	ATakaci-naslovna strana.pdf
	01 ArpadTakaci-za knjigu A4.pdf
	01a SPilipovic-naslovna strana.pdf
	01b atpilprojedan.pdf
	02 Herceg-naslovna strana.pdf
	02a Introduction to GeoGebra.pdf
	02b  GeoGebra.pdf
	03 DjTakaci-naslovna strana.pdf
	05 Masulovic-naslovna strana.pdf
	05a Masulovic-ChemInf-ENG.pdf
	05b Masulovic-ChemInf-SRB.pdf
	06 AKapor-naslovna strana.pdf
	06a OSCILACIJE-A.Kapor.pdf
	07 ITumbas-naslovna strana.pdf
	07a Chemistry_models_engl.pdf
	07b Chemistry_models_srpski.pdf


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




